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CHAPTEE L 

MEASUREMENT. 

Physical Science. — ^We live in a world of matter, space and time. 
We do not know what these are in themselves and we cannot ex- 
plain or define any one of them in terms of the others. 

Thus we recognize matter in certain states which we call solid, 
liquid or gaseous. We distinguish also different kinds of matter, 
such as iron, wood, glass, water, air, etc., which we call substances. 
We also recognize limited portions of matter of definite shape and 
volume, such as a pebble, a rain-drop, a planet, etc., which we call 
material bodies. But what matter is in itself we do not know. 

We also recognize matter as occupying space and we note suc- 
cessive events as occupying time. But what space and time are in 
themselves we do not know. 

We also recognize force as causing change of motion of matter. 
But what force is in itself we do not know. 

Yet although we thus know nothing of matter, space, time and 
force in themselves, we can and do investigate them in their measur- 
able relations^ and such investigation is the object of all physical 
science. 

Mechanics — ^Kinematics and Dynamics — ^Statics and Kinetics. — 
That branch of physical science which treats of the measurable 
relations of space alone is called geometry. 

That whicn deals with the measurable relations of spcice and 
time only, that is with pure motion, is called kinematics {Ktvjj/na^ 
motion). To the ideas of geometry it adds the idea of motion. 

That which deals with the measurable relations of space, time 
and w/itter, involved in the study of the motion of material bodies 
under the action of force, is called dynamics {6vyajuti, force). To 
the ideas of kinematics it adds the idea of force. 

We divide dynamics into two parts : statics, which treats of 
material bodies at rest under the action of force, and kinetics, 
which treats of material bodies in motion under the action of 
force. Statics is thus a special case of dynamics which it is con- 
venient to consider separately. 

In the study of machines, or of moving bodies generally, under 
the action of force, we have to make use both of the principles of 
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kinematics and of dynamics. The term mechanics is therefore used 
to include the general principles of hoth kinematics and dynamics, 
while their special application to machines is called applied me- 
chanics or mechanism. We treat in this work of mechanics as thus 
defined, or the general principles of kinematics and dynamics. 
We have then as the scheme of the present work : 

C Vol. I, Kinematics ; 

Mechanics: < Vol. II, Statics; ) ^k — .---. 

l Vol. m. Kinetics ; \ Dyn»«i<»- 



Measnrement. — Since then we have to do in all that follows with 
the measurable relations of force, matter, space and time, the sub- 
ject of the measurement of these quantities should first engage our 
attention. 

Unit. — In order to measure any quantity whatever, we must 
always compare its magnitude with the magnitude of another 
quantity of the same kind. The quantity thus taken as a standard 
of comparison is called the unit of measurement. 

Thus the unit of length must itself be some si>ecified length, as, 
for instance, one foot, one yard, one centimeter or one meter. The 
unit of time must be a specified time, as one second. The unit of 
mass must be a specified mass, as one pound or one gram or one 
kilogram. 

Tne units of mass, length and time are called ftindamental units, 
because not derived from any others. 

statement of a ftuantity.— The complete statement of a quantity 
requires, therefore, a statement of the unit adopted and also a state- 
ment of the result of comparison of the magnitude of the quantity 
with the magnitude of the unit. 

The result of this comparison is always a ratio between the 
magnitudes of two quantities of the same kind and is, therefore, 
always an abstract number. 

This ratio or abstract number is called the numeric. 

Thus we say 3 feet, 4 seconds, 5 pounds. In each of these cases 
we state both the unit and the numeric, or ratio of the magnitude 
of the quantity to that of the unit. Thus 3 feet denotes a quantity 
whose magnitude is three times the magnitude of one foot. 

So for any quantity. In general, if L stands for any length and 
[L] stands for the unit of length, we have L = l[L], or the length 
equals I times the unit of length. Here I is the numeric and is an 
abstract number. 

Again, if T is a certain interval of time, and [T] stands for the 
unit of time, we have T= t[T], or the time equals t times the unit 
of time. Here t is the numeric and is an abstract number. 

So also if Jlf is a certain mass and [M] stands for the unit of 
mass, we have Af = in[M], or the mass equals m times the unit of 
mass. Here w is the numeric and is an abstract number. 

Derived Unit. — ^A unit of one kind which is derived by reference 
to a unit of another kind is called a derived unit. 

Thus the unit of area may be taken as a square whose side is one 
unit of length, or one square foot. The unit of volume may be 
taken as a cube whose edge is the imit of length, or one cubic lOot. 
The unit of speed may be taken as one unit of length per unit of 
time, or one toot per second. 

Such units are derived units, while the units of mass, space and 
time, not being thus derived from any others, are fundamental 
units. 



CHAP. I.] MEASUREMENT — HOMOGENEOUS EQUATIONS. 3 

Dimensions of a Derived Unit.— A statement of the mode in 
which the magnitude of a derived unit varies with the magnitudes 
of the fundamental units which compose it is a statement of the 
dimensions of the derived unit. 

Thus let [A] denote the unit of area and [L] the unit of length. 
Then it A = alA] is the area of a square whose side is L = l[L], 
where a and I are abstract numbers, we shall have a[A] = r[LY. 

Now we shall have the numeric equation a = Z^ or the number 
of units of area equals the square of the number of units of lengthy 
provided we have [A] = [i]', or the unit of area equal to the square 
of the unit of length. 

The statement [A] = [LY is a statement of the dimensions of the 
unit of area. 

Again, let [L] denote the unit of length and [T] denote the unit 
of time and [V] denote the unit of speed. Then if i = l[L] is any 
distance and T=t[T] is the time occupied in describing that 
distance, and the mean speed is T= v[V]y we have 

^^ *^ -• t[TY 

We shall then have the numeric equation v = j, or the number 

of units of speed is equal to the number of units of length passed 
over divided by the number of units of time occupied, provided we 
have 

or the unit of speed equal to one unit of length per unit of time. 
This is a statement of tne dimensions of the unit of speed. 

Meaning of "Per.^* — It will be observed that the statement 

[•p*] = U is read, ** the unit of speed is equal to the unit of length 

per unit of time," and the word per is indicated by the sign for 
^^ divided hy.^^ 

Now we can divide the numeric I by the numeric #, because these 
are abstract numbers. But it would be nonsense to speak of divid- 
ing length by time, or a unit of length by a unit of time. We there- 
fore avoid such a statement by the use of the word per. If then 
we give to the symbol of division this new meaning, we can then 
treat it by the rules which apply to the old meaning, and thus avoid 
the invention of a new symbol by using an old one in a new sense. 

Whenever, then, the word " per ** is used, it can be replaced by the 
sign of division. 

Homogeneous Equations. ^The symbols in all formulas or state- 
ments of the relations of quantities always stand for the numerics 
of these quantities, and the units are always understood though not 
written. 

Thus such an equation as r = ^ or Z = «f is a numeric equation, 

§iid the units are understood and must always be supplied in inter- 
preting them. When the units are thus supplied, all the terms on 
both sides of the equation which are combined by addition or sub- 
traction must always be of the same kind, whatever the system of 
units adopted. Such equations are called homogeneous. 

If any numeric equation is not thus homogeneous, it is incor- 
rectly stated. 
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It is also evident that all algebraic combinations of such homo- 
geneous equations must always produce homogeneous eq[uations. 
if not, some error must have been made in the algebraic work. 

Error can thus often be detected in the result of an investigation 
without following through its successive steps, by simply inserting 
the omitted units, and no equation or result shoiud be accepted, or 
even discussed, which does not stand this test. 

Thus in the equation Z = v^, if we supply the omitted units, we 
have 

l[L] = r[^ X t[T] = vt[Ll 

The equation is therefore homogeneous, since the imit of length i» 
to be understood in both terms. 

Unit of Time. — ^The unit of time ordinarily adopted in dynamict 
is the second or some multiple of the second. 

It is the time of vibration of an isochronous pendulum which 
vibrates or beats 86400 times in a mean solar day of 24 hours, each 
hour containing 60 minutes and each minute 60 seconds (24 x 60 
X 60 = 86400). 

The sidereal day contains 86164.09 of these mean solar seconds. 

Unit of Length. — The unit of length ordinarily adopted in 
dynamics is the foot or the meter or some multiple of these. 

Unit of Mass. — ^The unit of matter or mass ordinarily adopted in 
dynamics is the pound or the kilogram. 

Standard Unit. — All units adopted are defined by reference to 
certain standard units. A standard unit, in general, should possess, 
so far as possible, a permanent magnitude unchanged by lapse of 
time and unaffected by the action of the elements or by change of 
place or temperature. It should be capable of exact duplication 
and should admit of direct and accurate comparison with other 
quantities of the same kind. 

Standard Unit of Time. — The standard unit of time is the period 
of the earth's rotation, or the sidereal day. This has been proved 
by Laplace, from the records of celestial phenomena, not to have 
changed by so much as one eight-millionth part of its length in the 
course of the last two thousand years. 

The length of the solar day is variable, but the mean solar day, 
which is the exact mean of all its different lengths, is the period 
already mentioned, which furnishes the second of time. It is 
1.00273791 of a sidereal day. 

The second can therefore be defined, with reference to the stand- 
ard unit of time, as the time of one swing of a pendulum so ad- 
justed as to make 86400 oscillations in 1.00273791 of a sidereal day. 

Standard Units of Length. — The English standard unit of length 
is the length of a standard bronze bar, deposited in the Standards 
Department of the Board of Trade in London. 

Since such a bar changes in length with its temperature, the 
length is taken at the specified temperature of 62° Fah. 

The length of this bar at this temperature is the English stand- 
ard unit of lengthy and is called the standard yard. Accurate 
copies of this standard are distributed in various places, and from 
these all local standards of length are derived.* 

The foot is defined as one third the length of the standard yard 
at 62° Fah. 

* The English standard yard is 1 part in 17230 shorter than the U. S. oopy. 
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The French standard of length is the meters and is the length of 
3, bar of platinum at the temperature of melting ice, or 0° C. This 
bar is preserved at Paris. Its length was intended to be the ten- 
millionth part of a quadrant of the earth's meridian through 
Paris. 

The quadrant of the meridian through Paris is 10001472 stand- 
ard meters, according to Colonel darkens determinations of the 
size and figure of the earth, which are at present the most authori- 
tative, and thus the standard Paris meter is slightly less than the 
length upon which it was founded. The material oar is therefore 
the standard^ just as is the case with the English standard. 

The relation of the meter to the meridan was intended as a 
means of reproduction in case of destruction of the standard, but 
in such case the standard would probably be reproduced from the 
Tjest existing copies. 

This was actually the case with the original English standard, 
which was destroyed by fire in 1834. It had been originally de- 

fined as having at 62° Fah. a length of ^ of the length of a 

pendulum vibrating seconds in the latitude of London at the sea- 
level. But this provision for its restoration was repealed and a 
new standard bar was constructed from authentic copies of the old 
one. 

The English inch, or the 36th part of the length of the standard 
yard, is very nearly equal to the five-himdred-millionth part of the 

len^rth of the earth's polar axis [ 1 

, , Fv. lo V500482296y 

The utility of the standard, however, does not depend upon any 
such earth relations, the only value of which is for reproduction in 
case of destruction — a, value which, as we have seen, is practically 
disregarded. 

The ultimate standards are therefore the actual bars. 

Standard Units of Mass. — ^The English standard unit of mass is 
a piece of platinum deposited in the Office of the Exchequer at 
London and called the ''Imperial Standard Pound Avoirdupois." 

The French standard unit of mass is a piece of platinum pre- 
served at Paris and called the kilogram. 

Unit of Angle. — ^There are two units of angle in use, the degree 
and the radian. 

The degree is that angle subtended at the centre of any circle 

by an arc equal in length to ^^ part of the circumference of that 

circle. It is subdivided sexagesimally into degrees (°), minutes ('), 
and seconds ("). The seconds are subdivided decimally. Minutes 
and seconds of time are distinguished by being written mtw., sec. 

The radian if that angle subtended at the centre of anjr circle by 
an arc equal in length to the radius. It is subdivided decimally. 

If then the length of any arc is s[L], or s units of length, and 
the length of the radius is r[Z/], or r units of length, and if the 
angle subtended at the centre is 6 radians, we have 

Ths number of radians in any angle is then found by dividing the 
number of units of length in the subtending arc by the number of 
units of length in the radius^ and this number is independent of the 
particular unit of length adopted, whether feet or centimeters. 
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If the subtending arc is the entire circumference, the number of 
radians is — = 2ir. Hence 2ie radians correspond to 360 degrees, or 1 

T 



radian corresponds to g— = = 67.29578 degrees = 57** 17' 44".8. 

Any angle expressed in radians may then be converted into 

180° 
degrees by multiplying the number of radians by = 67.29578 

degrees = 1 radian. 

Any angle expressed in degrees may be converted into radians 

by multiplying the number of degrees by -— = 0.0174533 radians 

loU 

= 1 degree. 

(1) Eicpresa 12° 34' 66'' in terms of radians; and 3 radians in 
terms of degrees. 

Ans. 0.2196 radians ; 171' 53' 14".424. 

(2) The radius of a circle is 10 feet; what is the angle subtended at 
the center by an arc of S feet f 

Ans. ^ radian, or l?** 11' 19. "44. 

(3) How much must a rail 30 feet long he bent in order to fit into 
a curve of half a mile radius f 

Ans. ^Q radian, or 0" 39' 3".92. 

(4) Eocpress 45 degrees in terms of radians^ and 4.5 radians in 
terms of degrees. 

Ans. I radians = 0.7854 radians ; 257' 49' 51".636. 

(5) The angle subtended at the centre of a circle by an arc whose 
length is 1.57 feet is 15** ; whut is the radiusf 

8 167t 157X180 ^,. 

Ans. - = 7^7:, or r = — t-= = 6 ft. 

r 180 157r 

(6) What is the sin ^ radians; cos ^ radians; cos ^ radians; 

3 

tan— radians % 

4 
Ans. 5; ^ V3; 0.5; 1. 

(7) Eocpress in degrees and in radians the angle made by the 
hands of a clock at 35 minutes past 3 o^clock. 

Ans. 102.5 degrees; 1.79 radians. 

Unit of Conical Angle. — ^Let the area of any portion of the sur- 
face of a sphere be A [A], or A units of area, and let the square 
of the radius be r^[A], or r' units of area. 

If lines are drawn from the centre C of the sphere to every point 
of the area, they form a cone, and the angle subtended at the centre 
C by the area we call a conical angle. 

The conical angle subtended at the centre of a sphere by a por- 
tion of its surface whose area is equal to the square of its radius we 
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call a square radian. If we denote the conical angle subtended by 
the area Ahy oo square radians, we have 

AlA] A , . 

r*[A] r' 

The number of sqtmre radians in any conical angle is thus found 
by dividing the number of units of area in the subtending area by the 
number of units of area in the square of the radius, and this number 
is independent of the unit of area adopted. 

If tne subtending area is the entire surface of the sphere, the 

^Tcr^ 
number of square radians is — — = in. Hence the surface of a 

sphere subtends a conical angle of 4^ square radians. 

[The terms solid angle amL solid radian are usuallv employed in 
place of conical smgle and square radian as defined, but as they 
seem in no way descriptive, we have employed the latter terms as 
more expressive.] 

Curvature. — ^The direction of a plane curve at any point is that 
of the tangent to the curve at this point. 

Thus the direction of the 
curve AB at the point A is 
that of the tangent AC. 

The change of direction be- 
tween any two points of a 
plane curve is the angle be- 
tween the taneents at these 
two points, ana is called the 
integral cnrvature. 

^us the angle 6, or change 
of direction between the tangents at A and B, is the integral curva- 
ture for the curve between A and B, 

The integral curvature for any portion of a plane curve divided by 
the length of that portion is the mean curvature. 

Thus if the length from A to B of the curve is «[Zf], or s units of 

length, the mean curvature is ,M"* Since is given in radians, the 

unit of curvature is one radian per unit of length of arc. When we 

say, therefore, that the mean curvature is -, we mean— radians per 

s s 

unit of length of arc. 

The limiting value of the mean curvature when the two points 
are indefinitely near is called the curvature. 

The curvature, therefore, is the limiting rate of change of direc- 
tion per unit of length of arc. Its unit is one mdian per unit of 
length of arc. 

Curvature of a Circle. — If the curve is a circle, the angle at the 
centre between the radii at A and B will be equal to the angle B 
between the tangents at A and B. 

We have then = — radians. The mean curvature is then 

r 

6 1 

— = — radians per unit of length of arc. 
s T 

Since this is independent of s, the curvature at every point of a 

circle is constant and equal to the mean curvature for any two 

points, viz., — radians per unit of length of arc. 
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Cnryatnre of any Plane Curve. — For any plane curve whatever a 
circle can always be described whose curvature is the same as that 
of the given curve at the given point. This is the circle of curvature 
of the curve at that point. Its radius is the radius of curvature of 
the curve at that pomt. 

If then p is the radius of curvature of a curve at any given 

point, the curvature of that point is ~ radians per unit of length of 

arc. 

Since curvature then depends only upon the radius of curvature, 
the circle is the only curve whose curvature is constant. 

(1) A circle has a radius of 10 feet. What is its curvature $ 
Ans. -f^ radian per foot of arc, or 5**. 78 per foot of arc. 

(2) If the radius is 10 yards, what is the curvature ? 

Ans. -^ radian per yard of arc, or S'^.TS per yard of arc, or ^ radian per 
foot of arc, or 1*.91 per foot of arc. 

Dimeniions of Unit of Curvature. — If C is the curvature and c 
the number of units of curvature, we have by definition c[C] = 



, where [C] is the imit of curvature, and [Q] is the unit of angle, [X] 



m 

s[L-\ 

the unit of length, and 6, s the number of units of angle and length. 

We shall always have c = --, provided we take [C] = 7!^, that is, 

s {L\ 

provided the unit of curvature is equal to the unit of angle divided 

by the unit of length. 

This is a statement of the dimensions of the unit of curvature. 

The unit of curvature is then one unit of angle per unit of 
length of arc, as, for instance, one radian per foot of arc, or one de- 
gree per foot of arc. 

A railway curve has a length of one mile, the curvature is uniform, 
and the integral curvature is 30 degrees. What is the curve, the 
curvature, and the radius of curvature % 

Ans. A circle ; 0.5236 radian per mile arc ; 1.9 miles radius. 

Tables of Measures. — We shall deal in the course of this work 
with many other derived units, which will be explained as they 
occur. It will be useful to collect here for convenience of reference 
a number of such units. 



I. MEASURES OF SPACE. 

A. LENGTH. 

Centlmeten 

J L_. L 



3=C 



T 



I I 'l I 



xn: 



ncx 



10 



I I I 



Z3: 



3=Z 



f= 



z=z 



2 
Inches 
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Table 1. 

1 centimeter = 0.3937079 inch 

39.37079 inches 
3.2809 feet 

1 tn«,T.^*^, J 0.62137 mile 

1 kilometer = \ 0.535987 nautical m. 



1 meter 



Table 2. 

1 inch = 2.539954 centimeters 

1 foot = 30.479449 

1 yard = 0.91438347 meter 

1 mile =r 1.60935 kilometers 

1 nautical mile, I __ , .85327kUometers 



or 6080.26 



it:}=i-' 
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The following are approximate : 

The centimeter is about f inch. The meter is about 8 ft. 3f inches. 
The decimeter is fibout 4 inches. One kilometer is about f of a mile. 
Distance from pole to equator is about 10000000 meters. 
Earth's polar radius is about 500000000 inches. 



B. AREA. 



Table 3. 



Table 4. 



1 sq. centimeter = 0.155006 sq. inch 
1 sq. meter = 10.7643 sq. feet 

'^r-i*'rJ^r'''!=3-«114 acres 

1 sq. kilometer = 0.38611 sq. mile 



1 sq. inch = 6.45137 centimeters 

1 sq. foot = 928.997 

1 sq. yard = 0.836097 meter 

1 acre = 0.404672 hectare 

1 sq. mile = 2.58989 6q. kilometers 



C. VOLUME. 



Table 5. 



Table 6. 



1 cubic centimeter = 0.0610271 cu. inch 
1 liter, or 1 cubic } = 61 .0271 cu. inches 

decimeter J = 1.76172 pints 
1 cubic meter = 35.3166 cubic feet 



1 cubic inch =16. 3866 cubic centimeters 

1 cubic foot=28.3158 liters 

1 cubic yard =0.764513 cubic meter 

1 pint =0.567627 liter 

1 gaUon =4.54102 liters 



II. MEASUEES OF MASS. 
Table 7. Table 8. 



1 centigram = 0.154323 grain 
1 ««-«> i 15.4323 grains 

1 gram = ^ 0.0353739 oz. 

1 kilogram = 2.20462 lbs. 



1 grain = 0.064799 gram 

1 oz. = 28.3496 grams 

1 lb. or 16 oz. = 0.453593 kilogram 
1 ton or 2240 lbs. = 1016.05 kilos 



1 gram = mass of 1 cubic centimeter of pure water at 4* 0. 

1 kilogram = 1 liter of pure water at 4** C. 

1 gallon = 277.274 cubic inches. The gallon contains 10 lbs. of pure water 
at 62° F. 

1 cubic foot of water contains about 1000 oz. or 62^ lbs. 

The pint contains 20 fluid oz. 

Acceleration of gravity at London = 32.182 feet-per-second per second = 
980.889 centimeters-per-second per second. Average value 32 J feet-per-second 
per second or 980.3 centimeters-per-second per second. 

1 dyne = force which will give a mass of 1 gram an acceleration of 1 centi- 
meter-per-second per second = about ^Jy weight of gram = weight of about 1 
milligram. 

1 poundal = force which will give a mass of 1 pound an acceleration of 1 
f oot-per-second per second = about weight of ^ oz. 



CHAPTER IL 



POSITION. TERMS AND DEFINITIONS. 




Ploint. — ^A mathematical point has neither length, breadth, nor 
thickness. It is therefore without dimensions and indicates posi- 
tion only. 

Point of Reference. — When we speak of a point as having position, 
some other point or points must always be assumed, by reference 
to which the position is given. Such a point is a point of reference. 
It is also called a pole, or origin. 

Position then is always relative. We know nothing of "abso- 
lute" position. 

Thus the position of tlie point C is known with 
respect to A when we know the length of the line AG 
and the angle BAG or the direction of the line AG. 
The points A and B are points of reference, by means 
of which G is located. 

Position of a Point. —The position of a point 
with reference to other assumed points is then known when we 
have sufficient data to locate it. These data give rise to two 
methods of location : 

1st, by polar co-ordinates. 

2d, by Cartesian co-ordinates, so called because first employed by 

Descartes. 

Plane Polar Co-ordinates.— The data necessary for locating a 
point by polar co-ordinates, when the point is situated in a given 
plane, consist of a distance and an angle. If the point is not in a 
known plane, of a distance and two angles. 

Thus, if the point P, in the plane of this 
page, is to be located, we first assume a line 
OX in the plane, as a line of reference. Then 
the position of P with reference to O is given 
by tne angle AOP and by the distance OP. 

The assumed point O is called the pole: OA 
is the line of reference; the distance OP is^ 
called the radius vector, and its magnitude is 

usually denoted by r ; the angle AOP is the direction ang^le ; its 
magnitude is denoted by 0, and it is measured around from OA to 
the left. 

The polar co-ordinates for a point in a given plane are therefore 
r and 0, or a distance and an angle. These are plane polar co- 
ordinates. 

Space Polar Co-ordinates.— If the point P is not in a given plane, 
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we assume as before a pole 0, and a reference line OA in space. 
Tlirough this line we assume any 
plane, as the plane of this page, ' 
OABO, and let OB be the inter- 
section of this plane with a plane 
OPB, perpendicular to it and 
passing through OP. The location 
of P is then given by the length 
OP or the radius vector r, the 
angle AOB or ip, and the angle ^ 
BOP or 9, 



The polar co-ordinates for a point not in a given plane are there- 
ire r, (p and 9, or a distance and two angles. These are apace 
polar co-ordinates. 



forer 



If O is a point on the earth's surface, and the reference line OA 
is a north and south line in the plane of the horizon, the angles 6 
and <p would be the astronomical azimuth and altitud'e of the point 
P. . 

Cartesian Co-ordinates. — Plane.— The data necessary for locating 
a point by Cartesian co-ordinates, if the point is in a known plane, 
consists of two distances, parallel to two assumed lines of reference 
in that plane, passing through the point of reference, which is called 
the origin. The assumed lines of 
reference are usually taken at right 
angles. 

Thus if the point P is known to 
be in the plane of this page, we 
assume an^r origin O and draw two 
reference lines OX and OV through 
in this plane and at right angles. 
J These two lines are called the axes 
of co-ordinates, the horizontal one 
the axis of x, or the x axis, the 
other the axis of y, or the y axis. 
The distance BP or OA is denoted 
by X and called the abscissa of the point P. The distance APia 
denoted by y and called the ordinate of the point P. 

The abscissa x is positive to the right, negative to the left of the 
origin, while the ordinate y is positive when laid off above and 
negative when below the origin. 

Any point in the plane is thus located with respect to O. If a 
point IS m the first quadrant, its co-ordinates are + x, +y;ifia the 
second quadrant, —x and + y 

y\ if in the third quadrant, 
— X and —y ; if in the fourth 
quadrant, + x and — p. 

When the point is in a 
known plane, the co-ordi- 
nates are called plane co-or- 
dinates. 

Space Co-ordinates. — If 
the point P is not in a known 
plane, we take three axes 
through the origin, all at right 
angles usually. Two of these 
we may denote by Z and Y 
as before; the third, at right 
angles to the plane of XY, 
we call the axis of z, or the z 




12 INTRODUCTION. [CHAP. XL 

Thus the position of the point P is giv^i by the distance OA = 
Xj the distance AC = z, and the distance CP ==■ y. 
These are the ^xice co-ordinates of the point J?. 
The signs prenzed to the co-ordinates indicate the quadrant in 
which the point is located as before. Thus, + x, + y and ± z 
denote a point ia the first quadrant either in front of or beMnd the 
plane of XY; — a?, -f y and ± z, & point in the second quadrant, 
either in front of or behind the plane of XY; — a?, ~ j/, ± z^ and 
+ oc, — yy ±Zy points in the third and fourth quadrants, either in 
front of or behind the plane of XY, 

Direction Cosines. — If we join the origin O and the point P by a 
line, and denote the angle of OP with the x axis by tr, with the y 
axis by p, and with the z axis by r, we have the relations 

X = OP cos a, 2/ = OP cos /5f, z = OP cos y- 
These cosines are called the direction cosines of OP. 

Since OP is the diagonal of a parallelogram, we have 
OP* = a?' + 2/' + 2^' = OP* (cos' a + cos' fi + cos* r). 
Hence 

cos" a + cos' p + cos' y = 1 (1) 

If, therefore, any two of these direction cosines are given, the 
third can always be found. 

Since cos 2a = 2 cos' a — 1, cos 2/3 = 2 cos* /^ — 1, cos 2y = 
2 cos' ;' — 1, we have also 

cos 2a + COS 2fi + COS 2r = — 1 (2) 

Again, since cos (a + fi) = cos a cos /? — sin a sin fi, cos (a^ fi) = 
cos (X cos fi + sin a sin fi, we have also 

cos (a + /^ cos (a - /O + cos' r = (3) 

Dimensions of Space. — ^A point in a given line is at once located 
by a statement of the distance of the point from either end of the 

line. 

A point in a given plane is located either by two distances or by 
a distance and an angle. 

A point in space is located either by three distances or by a 
distance and two angles. 

Hence space is said to have three dimensions, a plane surface to 
c have two dimensions, and a line one dimension. 

A point has no dimensions and indicates 
position only. 

System. — Any definite and limited assem- 
_ blage of points is called a system. Thus the 
B assemblage of points represented by A, P, C, 
constitutes a system. 

Configuration. — The relative position or arrangement of any 
system or assemblage of points is called the configuration of the 
system. 

A knowledge of the configuration of a system at any instant 
requires a knowledge of the relative position of every point of the 
system with reference to every other point at that instant. 

Thus the configuration at any instant of the system represented by the 
points Ay B, G, is known when the position at that c 

instant of A relative to B and (7, of B relative to A 
and (7, and of G relative to A and B, are known ; 
that is, when all the sides and angles of the triangle 
are known at that instant. 




Eigid System. — When the configuration 
does not change, the system is a rigid system. 




A 
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Thus when the angles and sides in the triangle ABC remain un- 
changed, the system is rigid. 

Best. — ^When the straight lines drawn from a point to any as- 
sumed points of reference do not change their length or inclination 
to each other, the point is at rest with reference to these points. 

The points of a rigid system are therefore at rest relatively to 
each other. The entire system may, however, be in motion with 
reference to some external point. 

Rest, then, like position, is relative only. We know nothing of 
** absolute " rest. 

Thus if the lines OA and GB in the preceding figure do not change in 
length and the angle AOB does not change, the point Gib at rest with refer- 
ence to A and B, 

The system is then a rigid system, and A is at rest with reference to G and 
B, and B is at rest with reference to A and G. 

The entire system of A, B, Cmay, however, be in motion with reference to 
some point external to the system. 

The stationary objects in a room are all at rest relatively to each other. The 
straight lines joining any three do not change their length or inclination to 
each other. 

But, as we know, all these objects partake of the motion of the earth, and 
are therefore not at rest with reference to the sun. 

Motion. — ^Motion is change of position. A pdint moves when the 
straight lines joining it to the pomts of reference change either in 
length or inclination to each other. 

Motion, therefore, like rest and position, is always relative. 
Such terms as ** absolute " position, " absolute " rest, and " absolute" 
motion have no scientific value. All our knowledge, both of posi- 
tion and change of position, must be essentially relative. 

'* When a man has acquired the habit of putting words together, without 
troubling himself to form the thoughts which ought to correspond to them, it 
is easy for him to frame an antithesis between this relative knowledge and a 
so-called absolute knowledge, and to point out our ignorance of the absolute 
positioii of a point as an instance of the limitation of our faculties. Any one, 
however, who will try to imagine the state of a mind conscious of knowing the 
absolute position of a point will ever after be content with our relative knowl- 
edge." C* Matter and Motion" by J. Clerk Maxwell. Pott, Young & Co. , New 
York, 1876.) 

Path of a Point. — The line joining the successive positions of a 
point during its motion is called its path. 

The path thus described by a point may be either a straight or a 
curved line, or a combination of straight and curved lines. If the 
path is without angles or abrupt changes of direction, it is con- 
tinuous. 

Motion of Translation. —When a rigid system moves so that 
every straight line in it joining every two points remains always 
parallel to itself, the system is said to have a motion of translation. 

The paths of all the points are therefore parallel at every instant 
and equal for any given interval of time, and the translation of the 
system is that of any one of its points. 

Motion of Botation. — When a rigid system moves so that all its 
points describe arcs of circles in parallel planes about a common 
straight line or axis passing through the centers of the circles and 
perpendicular to their planes, the system is said to rotate or have a 
motion of rotation about that axis. 

Since the system is rigid, every point must describe an equal 
angle in the same time. 
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A point has no dimensions and therefore cannot have motion of 
rotation, but only one of translation. 

Combined Translation and Rotation. — ^A rigid system may have 
a motion of rotation and translation at the same time. Thus, for 
instance, a rolling wheel has a motion of rotation about an axis 
through the hub at right angles to the plane of the wheel, while at 
the same time every point of the wheel has a motion of translation. 

Material Point or Particle. — We have just seen that a point can- 
not have motion of rotation. Rotation is possible only to systems 
of points. 

A material body so small that the distances between its points 
may be neglected is called a particle. 

When the body is not small, whatever its magnitude, if the dis- 
tances between its various points have no influence upon the motion 
considered, we call the body a material point or particle and may 
represent it by a point without dimensions. 

Thus if we are investigating the motion of the earth about the sun, so far 
as the motion of translation of the earth is concerned, we may regard both the 
earth and sun as points. But we cannot treat them as points when we wish to 
study their rotation. 

Material System. — A number of material points or particles con- 
stitute a material system. When we confine our attention to such 
a system, all relations or actions between one point of such a system 
ana another are called internal relations or actions. Those between 
the whole or any part of the system and bodies not included in the 
system are called external relations or actions. 



KINEMATICS. 

GEJ^ERAL PRINCIPLES. 



OHAPTEE I. 

SPEED. 



Kinematics. — ^That branch of science which treats of the measur- 
able relations of time and space only, that is, of pure motion, is 
called kinematics. It adds to the ideas of pure geometry the idea 
of motion. 

Mean Speed of a Point. — ^The distance described by a moving 
point per unit of time is called the mean speed of the point. There- 
fore the number of units of distance described in a given time, 
divided by the number of units in that time, gives the number of 
units of mean linear speed. The mean speed is then the mean 
time-rate of motion in the path. 

When the mean speed varies with the interval of time it is 
variable. When it has the same magnitude no matter what the 
interval of time it is uniform. A point moving with uniform mean 
speed evidently describes equal distances in equal times. 

Instantaneous Speed of a Point. — ^The limiting value of the mean 
speed when the interval of time is indefinitely small is called the 
instantaneous speed. 

When the instantaneous speed at any instant is equal to the 
mean speed for any interval or time it is uniform. When the instan- 
taneous speed is variable the mean speed has different values for 
equal intervals of time. 

The term speed always signifies instantaneous speed unless 
otherwise specified. 

Dimensions of the Unit of Speed.— Let us denote any speed by 
V, the unit of speed by [V] and the number of units of speed by v, 
so that V=v[V]. Then if [L] is the unit of length and 8 the num- 
ber of units of len^h, or the distance passed over in the time t[T]j 
we have by definition 

^^^^ t[Tr 

We shall always have the numeric equation t; = -, if we take 

V 

15 
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[V] = Ur.) or the unit of sx)eed equcds the unit of length per unit of 

time. 

This is the statement of the dimensions of the iinit of speed. 

The unit of speed is therefore always taken as one unit of length 

per unit of time, as, for instance, one foot per second. 

Numeric Equations of Speed.->-If si denotes, then, the number of 

f units in the initial distance OA, measured 
along the path, of a moving point from a 
fixed point O in the path, taken as origin, 
and 8 the number of units in the final 
distance OJB, measured along the path, from 
the same origin O, and t the number of 
units in the interval of time in describing 

the distance AB = « — 81, we have for the mean speed the numeric 

equation 

«='-=^ (i> 

When the interval of time is indefinitely small we have, in the 
notation of the Calculus, dt in place of t, and ds in place of « — Su 
The instantaneous speed, or the speed, is then 

ds ,ax 

''=m <"> 

Sign of Speed. — From (1) we see that if OB or a is numerically 
greater than OA or Si, the value of v will be positive, or v equals a 
plus (+) quantity. If, however, Si is numerically greater than s, 
the value of v will equal a negative (— ) quantity. When, then, the 
distance from the ori^n, measured along the path, is increasing, 
the value of 1; is positive (+). When the distance is decreasing, 
the value of v is always negative (— ). Moreover, if «i is on the 

opposite side of the origin from s, we have v = — - — . 

Equation (1) will therefore hold good generally if we take dis- 
tances from the origin in one direction as (+) and in the other 
direction as (— ). In such case, if the value of v comes out (+) it 
indicates motion in the assumed (+) direction, and if (— ) it indi- 
cates motion in the other direction. If t comes out (— ) it denotes 
time before the start, if (+) time after the start or beginning of 
motion. 

Speed a Scalar Quantity. — It will be evident from the preceding^ 
that the sign of v has no reference to any special direction in 
space. It simply indicates that the distance along the path from 
the origiQ is increasing or decreasing, without reference to the 
actual direction of the path at any instant. 

Speed, then, whether uniform or variable, mean or instantane- 
ous, is independent of direction of the path. A point moving with 
any given speed has that speed no matter what the shape of the 
path. 

Speed, therefore, is a quantity which has magnitude and sim, 
but IS independent of direction. Such a quantity is called a scalar 
quantity. 

The student is cautioned here not to confound speed with ** velocity," 
which, as we shall see hereafter (^age 48), has direction as well as sign and 
magnitude. Such a directed quantity is called a vector quantity. 
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Homogeneous Equations.— We have already called attention in 
the Introduction (page 3) to the fact that the units in all numeric 
equations are always imderstood, and when these units are inserted 
the equation must be homogeneous, that is, every term in it must 
stand for a quantity of the same kind. When this is not the case 
some error must have been made in the derivation of the equation, 
and the relations indicated by it are incorrectly stated. By siimply 
inserting the units, then, in each term of any numeric equation we 
can at once check the result arrived at and often discover without 
further investigation if the result is incorrect. 

Thus suppose that the result of some investigation is expressed 
by 

S8^2t = lOv. 

Without reference to the various steps by which this result may 
have been reached, we can at once say that the result is incorrect. 
Thus if we insert the units, we have 

S8[L] + 2t[T] = lot^], 

and we see at once that the quantities in each term are not the 
same. The equation is not homogeneous. If, however, we had 

S8 + 2tv= lOvt, 

this equation is homogeneous, because when we insert the tinits 
we have 

S8[L] + 2t[T]v^^ = 10v^^t[Tl or S8[L] + 2tv[L] = 10vt[Ll 

Here all the terms are quantities of the same kind, and the.equation 
is homogeneous. The relation expressed by it is possible, that ex- 
pressed Dy the first is impossible, because we cannot add and sub- 
tract quantities of different kinds. It does not follow that the 
relation Ss + 2tv = lOi;^ is correct. It may still have been incor- 
rectly deduced. All we can say is it is not on its face absurd, while 
38 + 2t = lOi? is manifestly so. 

The student should make it a rule to first test in this manner 
any equation the truth of which is suspected, as it may often save 
him the trouble of examining in detail the entire investigation by 
which it has been deduced. If, however, it stands this test, then 
the derivation must be examined also. 

EXAMPLES. 

(1) Water iaatiea from an orifice having an area of croaa-aection 
denoted by a, vnth a speed of v. If the discharge in cubic feet is 
denoted by g, criticise the formula q = av. 

Ans. Since a is the area of cross-section, its unit mast be the unit of area, 
as, for instance, one square foot. The unit of v is the unit of speed, or one foot 
per second. The unit of q by statement must be the unit of volume, or one 
cubic foot. We have then 

.. ^. ^^ -0 ft. cu. ft. 

q cu. ft. = a sq. ft. X :; = <m) -z 

^ ^1 sec. 1 sec. 

The equation is therefore not homogeneous. We have cubic feet on one side, 
equal to cubic feet pdi second on the other. If, however, q denotes discharge 
in cubic feet per second instead of discharge, then the equation becomes homo- 
geneous. 
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Eren then it does aol foUow th«t the equation is ooireet as compared with 
fact. The actual discharge per second may be less than given by 9 = oo. 
But the equation as corrected is homogeneous and maj^ be correct, whereas 
before we know it is incorrect, because it states an impossible equality be- 
tween unlike quantities. 

(2) A passenger sitting in a railroad car counts n rails passed 
over in ^ seconds. If the length of a rail is 29i feet, what is the 
speed in miles per hour f 

Ans. n miles per hour. The number of rails in 20 seconds is the number 
of miles per hour. 

(3) If the radius of the earth is 4000 mt'/es, and if it describes a 
path of 600 millions of miles in 365i dags, find (a) the speed of a 
point on the equator with reference to a fixed point at the equator, 
disregarding the motion about the sun ; (6) the tpeed in the path with 
reference to a fixed point in the path, disregarding the motion of 
rotation, 

Ans. (a) 1535.89 ft. per sec. ; {b) 19.01 miles per sec. nearly. 

(4) If the unit of speed is taken at SO feet per second, and the unit 
of length at 20 inches, what should be the corresponding unit of 
timet 

Ans. [ F] = Y^di or the unit of speed must always equal the unit of length 

* #*• Ti r^i [-^1 20 in. __- 20 in. XI sec. 1 

per umt of tune. Hence [T] = '^=-^^^ or [T] = -^^^^^r^^ -^ sec. 



1 sec. 



(5) If 1 minute is the unit of time adopted, and 1 decimeter per 
second is the unit of speed, what is the unit of length f 

Ans. [L] = [F] X [T] = \^' X 60 sec. = 60 decimeters. 

X sec. 

(6) The distance of a moving point from a fixed point measured 
in its path is given by s = at -\- bV, where s is the number of feet 
passeaover in the number of seconds t (a) What is the unit of a 
and b f (b) What is the mean speed between the beginning of the 
6th and the end of the 12th second from the start f (c) What is the 
instantaneous speed f 

Ans. (a) In order that the equation may be homogeneous, a should be given 
in ft. per sec. units and b in ft,-psr-sec, per sec. units. (6) For £ = 5 sec. the 
space passed over is 5a -\- 25b. For ^ = 12 it is 12a + 144^. The distance 
passed over in the interval 12 — 6 = 7 sec. is 7a -{- 1196. Hence the mean 

speed is ^"^^ = a + 176. («) We have for t = tx «i = o^i + bti* and 

hence « — «. = «(« - ^,) + 6(^ - ti^) or i^> -a + b{t + U). When the in* 

t — ti 

terval of time ^ — ^1 is indefinitely small the instantaneous speed is a 4* 2bt. 

By Calculus ^ = a + 26* 
at 

(7) The distance of a moving point from a given point in its path 
is given by 8 = 3 + St, where sis the number of feet passed over in 
the number of seconds t. (a) What is the unit for 3 and 8 ? (6) What 
is the mean speed f (c) What is the instantaneous speed ? 

Ans. (a) The number 8 should stand for 8 ft., the number 8 for 8 ft. per 

sec. (6) When t = 0, the initial distance is «i = 8 ft. Therefore — r-^= 8 ft. 
per sec. (c) Since this is constant, the instantaneous sx>eed is the same. Or 
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we can write ."^ * sc 8 ft per sec. which we see ia independex^t of the interval 
* — »i 

d8 
t — ti. Or — = 8 ft. per sec. 
at 

(8) Suppose the distance is given by s = 7t + 8^^ (a) What is the 
mean speed and the instantaneous speed f (b) What is the mean speed 
between the beginning of the 10th and the end of the 12th second f 
(c) What is the instantaneous speed at the end of the ^th second f 

Ans. (a) - — -^ = 7 + 8(< + <i) = mean speed. 1 -\-l(U ss instantaneous 

t — ti ^ 

speed, (b) 175 ft. per sec. (c) 108 ft. i>er sec. 

(9) A train runs 40 miles per hour for half an hour^ 30 miles an 
hour for 20 minutes, and 36 miles an hour for 40 minutes. Find its 
mean speed. 

Ans, 36 miles per hour. 

(10) A point moves in a circle whose radius is 25 feet and makes 
6 revolutions in 15.708 seconds. What is the, mean speed f 

Ans. 60 ft. per sec. 

(11) Eedvee (a) 60 feet per minute to centimeters per second; (6) 1 
kilometer per hour to centimeters per second ; (c) 36 feet per second 
to yards per minute ; (d) 10 yards per second to kilometers per hour. 

. , 60 ft. 60 X 80.479 cm. ^^ .„^ 

Ans, (a) z — i— = STT ^ = 30.479 cm. per sec 

1 min. 60 sec. ^ 

,.^ 1km, 100000 cm. .„ „ 

<^) ThT = ISooiiSr =' ^^-^ ^- P"' ^• 

8Ji!:==^ = 720yds.permin. 
Isec. Amin. 

_, 10 yds. 10 X 0.0091488 km. o«n^««i- i. 

{d) -^7-^ — = r — r = 82.9177 km. per hour. 

1 sec. Tstnr ^• 

(12) Compare the magnitudes (a) of the foot per second and the 
mile per hour ; (6) of the mile per hour and the yard per minute. 

1 mile 
, , Ihr. 5280 ft. _ 1 sec. 5280 22 „ . „ 

^' (^>Tfr = 8600^,^ Ta =3600 = 15' Hence 1 mile per hour 

1 sec. 

22 
is to 1 ft. per see. as :t^ to 1, or as 1.466 to 1. 

Imile 

,. , 1 hr. 1760 yds. ^ 1 min. 1760 ^^ tt ^ n i. 
(6)-= — J- = a/\ » — X T — V- = SiT = 39^. Hence 1 mile per hour 
^ 1 yd. 60 mm. 1 yd. 60 *^ 

1 min. 
is to 1 yd. per min. as 29i to 1, 

(13) A point describes 60 feet in 6 minutes and another point de- 
scribes 50 centimeters in 6 seconds. Compare their mean speeds. 

50 ft. 

. 6 min. 50 X 80.47946 cm. _ 6 sec. 80.47945 ^ ^^ „ 

Ans. -gjr = 55jr- X kT^ = — Ba — = 0-508. Hence the 

50 cm. 860 sec. 50 cm. 60 

6 sec. 
mean speed in the flnat case is to ^hat in the second as 0.508 to 1. 

(14) A man h feet in height walks along a level street at a uniform 



20 KINEMATICS— GBKEBAL PBIITCIPLBS. [CHAP. I. 

speed of v miles per hour^ in a straight line from an electric light I ft* 
in height. Find the mean speed of the end of his shadow. 

Ans. I — h:vt :i l:x^ 

X I 

v^ Hence — = - — -v = speed required. 

iC^iv^ t i — A 

\^ aeV^ (^^) '^passenger in a railroad car moving 

— -^vnth uniform speed counts 60 telegraph poles 

at equal intervals of 100 ft. passed in one 
minute. What is the mean speed of the train f 
Ans. 56.8 miles per honr. 

(16) Three planets describe paths which are to each other as 15, 19, 
and 12, in times which are as 7, 3, and 5. Find their comparative 
speeds. 

Ans. 225, 665, and 252. 

(17) Two bodies A and B describe the same path in the same direc- 
tion, with uniform speeds v and t/, and at the start the distance be- 
tioeen them is a. Find the time t when they wiU be at the distance b 
in the path, and the distance of eaeh from the initial position of A 
at the end of that time. 

Ans. Take, as tlie example requires, the position of A, when t = 0, as the 
origin, and let distaAces in front of this origin be (4-) and behind it be (-). 
Then for the distance of A from the origin at the end of any time t we have 
8 = vt For the distance of B from the origin at the end of the same time, if 
B is initially in front of the origin A, we have a' =a-{-v't; it B is initially 
behind the origin ^, «' = — a + r/t. In general, then, «'= v't ± a, where the 
(-|-) sign is taken for a, when B is initially in front, and the (—) sign when B 
is initially behind the origin A. We have, then, < — «'=«)* — vi T a. 

But by the conditions of the problem s — s' =b. Hence 

I ^ #j ^ & ± fit 
= Dt — vt T a, or t = 7 • 

f> — V 

Substituting this value of t, we have 

b ± a , , ,h ±a vb ±a/o 

where the (-{-) sign or (— ) sign for a is taken according as B starts ahead of or 
behind A. 

(18) In the preceding example, suppose the bodies move in the 
path in opposite directions. 

Ans. For the distance of A from the origin at the end of any time t, we 
have, as before, 8 = "ot. If B is initially in front of A and moves in the oppo- 
site direction, we have ff = a — v't. If Bis initially behind A, we hctve tl = 
— a — 'dt. In both cases, then, «' = — tit ± a, where, as before, the (+) sign 
is taken for a when B is initially in front of Ay and the (— ) sign when B is 
initially behind A. We have, then, «—«' = & = tit^^'t T a ; hence 

""«-[-©" ""« + «'* "~ © + «' 

(19) B/equired the time when the two bodies are together. 
Ans. In this case & = 0, and 

, ±a , ±a/D 



where the (+) sign or (— ) sign is to be taken for a according as B starts ahead 
or behind A, and the (4-) sign or (— ) sign for i/ according as the bodies move 
in opposite or in the same directions in the path. 
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(20) OivefinaUy the general solution. 

. ^ h ± a h ± a . ±a/o ± "i/b 

-where a has the (-f ) or (— ) sign according as J9 is in front or behind A, and ^' 
has the (4-) or (— ) sign according as the bodies move in opposite or in the 
same directions in the path. 

(21) Tico bodies -4 and B move in the circumference of a circle 
of length c, with uniform speeds v and t/, the distance apart at the 
beginning of the time being a. Find the time of the nth meeting , the 
spaxie described by A and B^ and the interval bettveen two successive 
meetings. 

Ans. Placing & = in the valae for t in example 20, we have 

± a 

ti = 7 = time of the first meeting. 

t> ± t> 

Then t% = ■—- = time of the second meeting, 

tt = ' , = time of the third meeting. 

In general, tn = -^-^ — ; — — = time of the »th meeting. 

Also, « = 1)^ = V — ^ "T = space described by A, 

and « T a =  — ^-7 — = space described by B. 

Hie interval between two successive conjunctions is 

c 



t% — t\^=:t% — t% — 



'0*±V'' 



We take (+) or (— ) sign for a according as J9 is in front of or behind A at 
start, and (4-) or (— ) sign for v' according as the bodies move in opposite or 
same directions in the path. 

(22) When the earth is in that part of its orbit nearest to Jupiter, 
an eclipse of one of Jupiter^s satellites is seen 16 min. 30 sec. sooner 
than when the earth is most remote from Jupiter. The radius of the 
earths orbit being 92390000 miles, what is the speed of light f 

Ans. 186000 miles per sec. 

(23) A train of cars moving with a speed of 20 miles an hour had 
been gone three hours, when a locomotive vxis dispatched in pursuit, 
vnth a speed of twenty-five miles an hour. Find the time of meeting, 
the speeds being maintained uniform during the time. 

Ans. « = 12 hours. 

(24) Had the trains in the preceding example started together and 
moved in opposite directions around the earth, 24840 miles, in what 
time woulamey meet f 

Ans. 23 days. (See example 21.) 

(25) It is Just one o'clock by a dock. Find the time elapsed when 
the minute and hour hands will be together. 

Ans. 5^ minutes. (See example 21.) 

(26) The daily motion of Mercury in his orbit is 4''.09239 ; that of 
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Venus 1^.60216; that of the earth 0'.»8668. Wliat are the intervals 
hettveen the epochs at which Mercury and Venus resp&stively vnU be 
in the same airection from the sun a>s the earth f 

Ans. 115.876 days and 588.913 days. (See example 21.) 

(27) A man caught in a shower in which the rain fell wrticaUy. 
ran with a speed of 12 feet per sec. He found that the drqpscamearid 
to strike his face at an angle of 10" vnth the vertical. What was 
the speed of the drops f 

Ans. 12 tan SO"" = 68 ft. per iseo. 

(28) When the path of the earth in its orbit is perpendicular to a 
line drawn from a star to the earthy the direction of the star appears 
to make an angle of 20" .445 with the perpendicular to the path of the 
earth. The mpeed of the earth being 68180 miles per hour^ what ts the 
speed of light % 

Ans. 191030 miles per sec. 

(29) Compare the speeds of two locomotives, one of which travels 
897| miles in llf hours and the other 262iV miles in 8f hours. 

Ans. 91 to 81. 

(30) A car mokes a circuit of 4i miles in one hour, stopping at 
two stations five minutes and two minutes respectively, ana moking 
twenty othet stoppages of an average duration of 10 sec. each; find 
the average speed. 

Ans. 5.44 miles per hour. 

(31) An ordinary train takes ten hours to. a certain trip, besides 
two hours ifi all of stoppages. The express goes 60 per cent faster, 
and makes the trip in 4 hours less. What time does it lose in 
stoppages f 

Ans. 1 hour 20 min. 

(32) A man rides a certain distance and walks book in six hours. 
He could ride both ways in 3i hours. How long would it take him 
to walk both ways t 

Ans. 8i hours. 

(33) The speed of the periphery of a ^heel 12 feet in diameter is 
6 feet per sec.; finathe revolutions per minute. 

Ans. 9.5 rev. per min. 

(34) A person inquiring the time of day is told thai it is between 
5 and 6 o'clock, and that the hour and minute hands are together. 
Find the time. 

Ans. 5 hr. 37 min. 16y\ seo. 

(35) Fifkd the number of revolutions per fnile made by a wheel 
^feet diameter. 

Ans. 373 rev. per mile. 

(36^ How soon after 8 o^ctock are the hour and minute hands 
directly opposite f 

Ans. 10^^ min. 

(37) Two men walk opposite warn round a circular course. They 
m>eet for the first tims at the north point, the siocth time at the east 
point. Where will they meet for the sixteenth time, and what are 
the relative speeds f 

Ans. At the west point. Ratio of the speeds, 19 to 1, or 3 to 1. 
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(38) A courier starts from a given point with a speed of b miles 
in a hours. After n hours a second courier^ travelling at the rate 
of d miles in c hourSy sets out from a point q miles ahead or behind 
trie first pointy and travels over the sams route. In what tims will 
the second courier overtake the first f (See example 19.) 

Ans. —T — -^c hours, where the (— ) sign is taken if q is ahead and the (+) 
sign if q is behind. 

(39) A hollow ball A floating upon the surface of a stream is 
observed to have a speed of Vo. If A is united by a thin wire to 
another ball B which sinks in water, the speed of A is now observed 
to be V\, Find the speed Vi of the water at the aepth of B. 

AjWi We haye the combined speed « = ° ^ S hence Vi = 2i) -^ 94. 



CHAPTER n. 

BATE OF CHANOK OF SPEED. 

EQUATIONS OF MOTION UNDBB DIFFEBBNT BATES OF CHANGE OF SPEED. 
GBAPHIG BBFBB6BNTATION OF BATE OF CHANGE OF SPEED. 

Change of Speed.— When the speed of a point is variable, the 
difference between the final and initial inst^taneous speeds for 
any interval of time is the total or integral change of speed for 
that time. 

Mean Bate of Change of Speed. — ^The integral change of speed 
per unit of time is the mean rate of change of speed. Therefore the 
number of units in the integral change of speed for any interval of 
time, divided by the number of units in that time, gives the number 
of units in the mean rate of change of speed. 

When the mean rate of change of speed varies with the interval 
of time, it is variable. When it nas the sajne magnitude, no matter 
what the interval of time, it is uniform. 

Instantaneous Bate of Change of Speed.— The limiting value of 
the mean rate of change of speed, when the interval of time is in- 
definitely small, is the instantaneous rate of change of speed. 

Bate of change of speed should always be understood as mean- 
ing the instantaneous rate of change imless otherwise specified. 

Rate of change of speed may be zero, uniform or variable. 
When it is zero, tne speed is uniform and is the same as the mean 
speed for any interval of time. 

When it is uniform, the rate of change of speed is the same as 
the mean rate of change for any interval of time. 

When it is variable, the mean rate of change has different values 
for eq[ual intervals of time. 

Dimensions of Unit of Bate of Change of Speed.— Let us denote 
the rate of change of speed by A and its unit byj A ] and the nimiber 
of units by a, so that A = a[A]. Then if Vi[V] and v[V] are the 
initial and final instantaneous speeds and t[T] the corresponding 
interval of time, we have the integral change of speed (i? — Vi)[V], 
and by definition the mean rate of change ot speed is 

We shall always have the numeric equation 

V — Vi 

a= — T — 

t ' 

if we take 



[A] = [~] = [^.(pagel(J). 
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The unit of rate of change of speed is then one unit of speed per 
unit of time, as for instance one foot-per-sec. per sec. 

Numeric Equations of Bate of Change of Speed.— -We have then 
the numeric equation for the mean rate of change of speed 

a = — 7— , (1) 

where v and t^i are the number of units in the final and initial 
instantaneous speeds during the interval of time t units. 
< For the instantaneous rate of change of speed we have the 
limiting value in the notation of the Calculus 

^ = 5-^=5? ^^^ 

Sign of Bate of Change of Speed.— From (1) we see that if v is 
numerically greater than Vi the value of a will be positive (+), and 
if Vi is numerically- greater than v the motion is retarded and the 
value of a is negative (— ). The value of a then is positive (+) when 
the speed increases, and negative (— ) when the speed decreases 
during the interval of time t. 

Bate of Change of Speed a Scalar Quantity.— It is evident that 
the sign of a has no reference to any special direction, but simply 
shows whether the speed is increasmg or decreasing numericaUy. 
Eate of change of speed is therefore, like speed (page 16), a scalar 
quantity. 

The student is cautioned here not to confound rate of change of speed with 
"acceleration," which, as we shall see hereafter (page 49), has direction as well 
as magnitude and sign, and is therefore a vector quantity. 

EXAMPLES. 

(1) A point moves at a given instant with a speed of 12 ft, per 
sec,, ana at the end of 3 sec. after, with a speed of 16 ft, per sec. 
What is the change of speed, and the mean rate of change of speed f 

Ans. + 4 ft. per sec. ; + 1 ft.-per-sec. per sec. The (+) sign indicates that 
the speed increases. 

(2) A train starts from rest and in 8 min, attains a speed of 30 
miles an hour. What is the uniform rate of change of speed f 

Ans. + 225 miles-per-hour per hour. 

(3) Compare the foot-per-sec, per sec, and the yard-per-min, per 
min, 

Ans. 1 ft.-per-sec. per sec. is equivalent to 1200 yards -per-min. per min. 

(4) Reduce 400 ft, -per-min, per min. to kilometers-per-hour per 
hour, to feet-per-sec, per sec., and to centimeter s-per-sec. per sec. 

Ans. 438.9 kil.-per-hour per hour ; J ft.-per-sec. per sec. ; 3.38 cen.-per-sec. 
per sec. 

(6) Reduce 1 mile-per-min. per min. to centim^ters-per-sec per sec. 
Ans. 44.7. 

(6) If we take S2.2 ft.-per-sec. per sec. a« the unit of rate of 
change of speed, and 5 yards as tJie unit of length, what should he 
the unit of time f 



Ans. [!•] = -/[§= 4/3^ 1 «ec. = 0.68 sec. 
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(7) In 15 eec, the speed of a point changes from 400 to 100 ft, pet 
sec. Find the uniform mean rate of change of speed, 

Ans. — 20 ft.-per-860. per seo. The minas sign shows that the speed 
decreases. 

(8) The distance measured in the path of a moving point from a 
fixed point is given by s = at + bt*y where s is the number of feet 
passea over in the number of seconds t. What is the mean speed, 
Instantaneous speed, mean rate of change of speed, instantaneous 
rate of change of speed f 

Ans. Mean speed, - — ^ =:a-\-b{i-^ ti), TtistantAneons speed, ^'^ a + 
25^ Mean rate of change of speed, - — ~ = 2b. Instantaneons, the same. 

(9) ^ the distance is ffiven by s = 2t •\'ZV + U*, what is the mean 
speed between the origin and final position at the end of 5 sec. f 
what is the instantaneous speed at the origin and at the end of 5 
sec. f What is the mean rate of change of speed betu^een the origin 
and at the end of 5 sec. f What is the instantaneous rate of change 
of speed at the origin and at the end of 5 sec. f 

Ans. Mean speed, *^^'* ^2 + d(t + tx) + i{t* + tt, + <i*). If we let », = 

* — *i 

when L = 0, the time t counts from the origin, and we have for t = S mean 

speed = il7 ft. per sec. 

ds 
Instantaneous speed, v ss -^ =s 2 -{- dt + 12<*. For 1 = this giTes 2 ft. per 

sec. For ^ = 6, 832 ft. per sec. 

Mean rate of change of speed, - — j = 6 + 12(* + ti). For *, = and t = 

6, this gives 66 ft.-per-sec per sec. 

df) 
Instantaneous rate of change oi speed, -r-> = 6 -{- 24^* For 1 = this gives 

6 ft.-per-sec. per sec. For t = 5, 126 ft.-per-sec. per sec. 

(10) If a point traverses in t units of time a distance measured 

a 
in the path of s units of length, given by s = -7+ bt*, where a and b 

are constants, what is the mean speed, the instantaneous speed, the 
mean rate of change of speed, the instantaneous rcUe <\f change of 
speed f 

Ans. Mean speed, - — -* = — tt- + &(* + *i)' 

Instantaneous speed, 17 = -*-= — ^ + ^» 

Mean Mite of chMige, V^ = ^^rfer^ + »• 

Instantaneous rate of change, -^r == -r + 2&. 

dt t* 

(11) A steamer leaves Liverpool for New York, and a vessel leaves 
New York for Liverpool at the sametims; they meet, and when the 
steamer reaches New York, the vessel has as far to go as the steamer 
had when they met. If the distance is 3000 miles, note far out from 
Liverpool did they meet f 

Ans. 1854 miles. 
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(12) A walke ai the 3peed of Sf milee per hour and atartB IB 
minutes before B, At wnat $pem must B walk to overtake A at the 
ninth milestone f 

Ans. 4.29 miles per hoar. 

(13) A tourist left behind by his companions, wishes to rejoin 
them on the following day. He knows they are 5 miles ahead, will 
start in the morning at 8 o'clock, and will walk at the rate of 3i miles 
an hour. When must he start in order to overtake them al 1 d* clock 
p.m., walking at the rate of 4 miles an hour,, and resting once for 
naif an hour on the road f 

Ans. 7 h. 12 m. a.m. 

(14) A man walkinq 4 miles an hour meets 20 street cars in an 
hour and is overtaken oy 4. What is the average ^ speed of the cars, 
and what is the average distance between su>ccesstve cars f . ' 

Ans. 6 miles per hour ; \ mile. 

(15) A statta from a railway station, u^alkin^ 5 mileii ait hoiir / 
at the end of an hour B starts, walking 4 miles an hour. At the end 
of another hour a train starts and passes A 25 minutes after it 
passes B. Find the Upeed of the train, 

Ans. 20 miles an hour. 

(16) A passenger-train going 41 miles an hour and 4Blfeet long 
overtakes a freight on a parallel line. The freight-train is 713 feet 
long and is goirtg 28 miles an hour^ HoUb long does it take the pas- 
senger-train to pass f 

Ans. 1 minute. 

(17) In a mile race A gives B 50 yard^. B passes the line S 
minutes after the start. A passes it 6 seconds later. Which would 
win in an even race, and by what distance f 

Ans. A by 21^ yards. 

Equations of Motion of a Ifoint under Different Bates of Change 

of Speed. — The rate of change of speed may be zero, uniform of 
variable. When variable, it may vary according to any law. 

(a) Rate of Changre of Speed Zero. — ^When the rate of change of 
speed is zero, the speed is uniform, and the instantaneous speed at 
any instant is equal to the mean speed for any interval of time. 

In this case, if Si is the number of units m the initial distance, 
measured along the path from the origin, and s the number of units 
in the final distance, we have 

8 — ^1 

V = — 7 — , or vt = S'-Si (1) 

This equation will be general if we take distances frbm the origin 
in one direction as (+) and in the other direction as (—). In such 
case, if the value of v comed out (+) it denotes motion in the assumed 
(+) direction; if (— ), it denotes motion in the other direction. If t 
comes out (+) it denotes time after, if (— ) time before the start, or 
beginning of motion. 

(b) Rate of Change of Speed Uniform. — ^When the rate of change 
of s^eed is uniform, the instantaneous rate of change of speed at 
any instant is equal to the mean rate of change of speed for any 
interval of time. 

In this case, if v and vi are the number of units in the initial and 
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final ixustantaneous speeds for anv interval of time i units, we have 
for the uniform rate of change of speed 

«=^ (2) 

The value of a is (+) when the speed increases and (^) when it de- 
creases during ^e interval of time t. 
From equation (2) we have 

v = Vi + at. (3) 

The average speed during the interval t is 

, r+t?! 1 ^ 
mean speed = — ^ — = Vi + gOrf (4) 

The distance (s — 8i) between the initial and final positions, de- 
scribed in the time f , is the mean speed multiplied by the time, or 

V -k- Vi 1 

« — «, = -^ — t = vit + gO*' (6) 

Inserting the value of t from (2) we have 

*-*' = -25-^ («) 

Hence t?" = t?i» + 2a{s — «i) (7) 

In applying these formulas, a is positive (+), when the speed in- 
creases, and negative (—), when the speed decreases, without regard 
to direction of motion. 

If distances a, Sx , from the origin, in one direction are taken as 
positive (-H), distances in the opposite direction are negative (— ). 

Speeds r, v^ are positive (+) when motion is in the assumed 

fositive direction, and negative (— ) when in the other direction, 
f Hs minus (— ), it denotes time before the beginning of motion; if 
plus (4-), time after. 

By means of these equations, if we have given the initial position 
of a point moving in emj path, its initial speed and uniform change 
of speed, we can determine its final position and speed and the dis- 
tance described in any given interval of time. 

[(c) Bate of Change of Speed Variable.] — If the rate of change of speed is 
variable, we have from (1), in Calculus notation, for the instantaneous speed, 

^=% <«) 

and from (2), 

and from (8), 

8-8^ = / vdt (10) 

The preceding equations for constant rate of change of speed can be directly 
deduced from these three general equations. 

Thus if we suppose a constant, we have, by integrating (9), « = a^ 4- (7, where 
€ is the constant of integration. When t = Q,we have « = Vj , and hence C = 
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V, . Hence 9 = r, +at, which is equation (3). Inserting this value of i) in (8) 
and integrating, we have « = «i^ + ^at* + C, But when i = we have < = «» , 
hence G =: s^, and, therefore, a — a^ z= Vit -{- iat*. This is equation (5). 

In any case, if the law of variation of a is given, we can find the relation 
between v, s and t. 

Graphic Bepresentation of Eate of Change of Speed.— If we rep- 
resent intervals of time by distances laid off horizontally along tne 
axis of Xj and the corresponding speeds by ordinates parallel to the 
axis of y, we shall have in general a curve for which the change of 
y with X will show the law of change of speed with the time. 

(a) Rate of Change of Speed Zero. — Lay off from A along AB 
equal distances, so that the distances from A to 1, 1 to 2, 2 to 3, etc., 
are all equal and represent each one second of time, and let AB 
represent the entire time t. y 

Then at A, 1, 2, 3, and B 
erectthe perpendiculars AM, 16, |^ 

2Cj 3d, BNy and let the length of 
each represent the speed at the 
corresponding instant. 

Since there is no change of 
speed, these perpendiculars will 

all be of equal length, we shall 

have AM =lb = 2c = M = BN "■ 1= ^ 

= V, and the speed at any interval of time will be givisn by the 
ordinate at that instant to the line MN parallel to AB, 

The space described in anv time is given by 8— «i = vt. This is 
evidently given by the area AMNB in Sie diagram. Thwefore, the 
area corresponding to any timegivea the apogee described in that time. 

(b) Bate of Change of Speed Constant.— Lay off as before the time 

along ABy and at A, 1, 2, 3, jB, 
the corresponding speeds, so 
that AM is the initial speed Vi 
and BN the final speed v. Draw 
MC, be', cd', parallel to AB. 

Then bb' will be the change 
of speed in the first sec, cc' the 
change of speed in the next sec, 
XI and so on. Since these are to 
be constant, NM is a straight 
line, the ordinate to which at 



B€Gm 



2 
9eo. 



3 
«ee. 



B 




any instant will give the speed at that instant. 

hb' 
The rate of change of speed is then 



cc' 



dd' 



bb' 



1 sec. 1 sec. 1 sec. 



= a. 



t?— r. 



= a. Hence the rate of change of speed is the tan- 



But ^ 

1 sec. t 

gent of the angle NMC which the line MN makes with the horizontal. 
Hencea = — - or NC = at. 

V 



The distance described in the time t is from equation (5) given 
t. But this is the area of AMNB. Therefore, the area 



V + V 



by 

corresponding to any time gives the space described in that tims. 
We have then directly from the figure, since NC = at. 



« - «i = ^^-^'* = ^^^ + l^c xt = v,t + ya*. 
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If V. is greater than t), a will be negative, and the line 3iNiB in- 
clined below the horizontal MC* 

[(c) Bate of Cliaaffe of Ipotd Variable.]— If the rate of change of speed is 

not constant, we shall have in general a curve MNn» The tangent to this 

curve at any point N makes an angle with 

j_ 

the axis of X, whose tangent is -^ = a, 

equation (9), or the rate of change of speed. 
The elementary area BNrd> = vdt = ds, 
equation (8), and the total area AMNB =: 

vdt =x: #— «|, equation (10). 

dv d'tf 

When 3^ = 0. or ^ = 0. or « = 0. 

the tangent to the curve is horizontal at the corresponding point, and we have 
the speed at that point a maximum or minimum, according as the curve is con- 
cave or convex to the axis of X. 
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EXAMPLES. 

(1) The speed of a point changes from SO to dO ft. per see. in pass- 
ing over 80^. FincTthe constant rate of change i^ speed ana the 
time of nation. 

. «i-V 900-8500 .^ .^ rm. • 

Ans. a = ST \ = ^ ^^ ^^ = — 10 ft,-per-sec. per sec. The nunus 

sign indicates deereasing speed, t = 5 = ^^ = 2 eee. 



a 



-10 



(2) Draw a figure representing the motion in the preceding eooam- 
pie, and deduce the results directly from it 

Ans. Average speed = — 5 — = 40 ft. per sec. Hence 

v-w r-so 40* = 80, or « = 2 sec. Also a = ??Lzi? = _ 10 ft. -per- 

t I « 

sec. per sec. 

(3) A point starts from rest and moves vHth a constant rate of 
change of speed. Show that this rate is numerically equal to twice 
the number of units of distance described in the first second. 

8 —8\ 1 



1 sec/ 



■t = 2«' or a = 



Ans. We have ^ = 1 and «i = 0; hence from eq. (5) 
^ "" \\ which is ntimericaUy equal to 2(« — «,). 

(4) In an air-brake trial, a train running at 40 miles an hour was 
stopped in 625.6 ft. If the rate of change of speed was constant 
during stoppage, what was it f 

40 V 6280 
Ans. Prom eq. (6), we have for c = 0, « — «i = 625.6, and Vi = , 

oO X 60 

- _ g|« _ _ (40 X 5 280)* 

^ "" X 625.6 "" (60 X 60)« X 2 X625.6 



= — 2.75 ft.-per-sec. per sec. 



The (— ) sign shows retardation. 

(5) A point starts with a speed Vi and has a constant rate of 
change of speed — a. When will it come to rest, and what distance 
does it describe f 
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Ana. From eq. (8), when • s Q, we have o^ *^ o^ ss Q, or ( ?% ^i. From eq. 

r6) il poif^f describes 160 ft, in thejirat t/iree seconds of its motion 
and 50 ft, in the next two seconds. If the rate of change of speed is 
constant^ when wUl it come to rest % When will it have a speed of 
SO ft, per sec, f 

Ans. From eq. (5) we have for « — «, = 150 and ^ = 3, ISQ = 8«, 4- ^a ; and 

2o 
for « — «j s 900 and £ = 6, SOO = 6v, -}- -o~^- Combine these two equations and 

we have a = — 10 ft.-per-sec. per sec., and c, = 65 ft. per sec. From eq. (8), 
if « = 0, we have 65 — 10^ = 0, or i = 6.5 sec. From eq, (3) we also have, 
if « = 30. 80 = 65 - 101, or « = 3.5 sec. 

(7) A point whose tpeed is initially 80 meters per sec. and is 
decreasing at the rate of 40 centimeters-per-sec. per sec., moves in its * 
path until its speed is 240 meters per minute, Fiivd the distance 
traversed and the tim>e. 

Ans. We have Oi c= 80 and <) s 4 meters per sec, and a = — 0.4 meters- 

Ifi — - fiOO 
per-sec. per sec. From eq. (6) ^ — «i = jr-^— = 1105 meters. From (8) we 

have 4 = 80 - 0.4*, or * = 65 sec. 

(8) A point has an initial speed of Vx and a variable rate of 
change of speed given bv + ht, where k isa constant What is the 
sp^and distance described at the end of a time t f 

dv h^ 

Ans. From eq. (9) we have a = -=- = JW, and integrating, « = -q- + C If, 

when ^ = 0, we have v = 9, , we obtain O = Vi , and hence « = «, -f- •—-. 

From eq. (8) (i« = «ft = -oM H o— Integrating, « = «j< 4. — . _l C*. If, 

^ a O 

when i = 0, we have « s 0, we obti^n C = 0, and hence « = «,< + -^, 

o 

(9) A point has an initial speed of 60 ft- per sec. and a rate of 
change of speed of + 40 ft. -per-sec. per sec. Find the speed after 8 
sec. ; the ttme required to traverse 800 ft.; the change of speed in 
traversing that distance ; the final speed, 

Ans. From eq. (3) we have « = 60 + 40 X 8 = 880 ft. per sec. From eq. 

(5) we have 360 = 60^ + 20*', or « = ± V -p- r = + 3.66 sec. or — 5.65 sec. 

The first value only applies. __ 

Fromeq. (8) we have « — «, =40t = a0(± V69^3) = + 106 ft, per sec. or 
— 226 ft. per sec. The first value only applies. 

We have for the final speed =s + 166 ft. per see. or — 166 ft. per see. 
The first value only applies. 

That is, the point starts from A with the spee4 1^ = 60 ft. p» sec. mid de- 
scribes the path AB = 300 ft in ^ = 2.65 sec., 

the speed at B being v = 166 ft, per sec. ^ 

In order to interpret the negative values ^„^^^ 200 ft, 
obtained, we observe that « = — 166 ft. per •A v^^itte "^«— +166 

sec. means that the point moves in the opposite f « ^65 

direction. 
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Let the point them stert from B in the opposite direction with the speed «. = 
— 166 ft. per sec. Then from eq. (3) we have « = — 166 + 40*. We see that 

when t = 4.15 sec., « := 0, and the point 
has passed to some point P, where the^ 
speed is zero. This point is the turning- 
fVi* -166 point. For t greater than 4.16 sec. v lie- 
comes positive ; that is, the point moves 
f-.8.6S back towards B, and arrives at a point 

^v-'O A where the speed is « = + 60 in the 

time given by 60 = 40t, or < = 1.5 sec. 
The entire time from P to P and back to ^ is < = 6.65 sec. This is the time 
given by the negative value of f in the example ; that is, it is the time before 
the start, during which the point moves from B to P and back to A, The 
change of speed « — <>iis+60 + 166 = + 226, which is the negative value in 
the example. 

For the space BA described between the initial and final positions, we have- 

?±£!^ or +^-"^ Jg X 5.65 = - 300 ft., the (-) sign showing that the dis- 

2 2 

tance is on the other side of the origin, from the case of the example. 

We see then that our equations are general if we have regard to the signs 
of V, Vi , s, Sy, and a. 

(10) If the motion in example 9 is retarded^ find (a) the distance 
described from the starting to the turning point; (6) the distance de- 
scribed from the starting-point after 10 sec,^ the speed acquired and 
the distance between the final and initial positions; (c) the distance 
described during the time in which the speed changes to —90 ft. per 
sec.y and this time; (d) the time required by the moving point to 
return to the starting-point, 

Ans. The initial speed is «, z= + 60 ft. per sec., the rate of change of speed 
is a = — 40 ft.-per-sec, per sec. Let the time count from the start at A, so- 
that «i = 0, when ^ = 0, and let dis- 
tances and motion from A towards P 
be positive. 

(a) We have from eq. (6) for the 
distance from A to the turning-point 
P, where v = 0, 



S-r«52^?.4 




^ V 340 



p'U-0 



« = 



— V 



_ ~J600 _ 






(b) From eq. (5) we have for the distance between the initial and final posi- 
tions after 10 sec. AB = « = v^t + ^at* =60x10 — 20x100= - 1400 ft. 

The minus sign shows distance on left of A, The total distance described is 

«4-60 
then 1490 ft. The speed acquired is given by eq. (5) - 1400 = -^ — X 10 

or V = — 340 ft.-per-sec. The minus sign shows motion from A towards B, 

(c) From eq. (6) the distance between the initial and final positions, when 

-r^/v - . ^ ^ «* — « * 8100 — 3600 

the speed is — 90 ft. per sec., is AC= s = — rr — *— = ^rr- — = — 66.25 

2a — oO 

ft. The minus sign shows that is on left of A, The total distance described 

from the start is then 56.25 -|- 90 = 146.25 ft. The time, from eq. (5), is 

- 56.25 = zJI^±i?^, or t = 3.75 sec. 

((2) The time to reach the turning-point, as we have seen, is 1.5 sec. The 

time to return is, from eq. (5), 45 = ^r-^ = 1.5 sec. The entire time to go and 

letum is then 3 sec. 
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(11) A railrvay train runs at a speed of 20 milea an hour, and its 
yoeed is increasing uniformly at the rate of 14: feet-per-min. per min. 
Pind its speed after 1^ hours, and the distance traversed in thai time. 

Ans. 14 feet-per-min. per min. = 9.54 miles-per-hour per hour. From eq. 

(3) t? = 20 + 9.64 X 1.5 = 34.3 miles per hour. From eq. (6) the distance de- 

.^ ^ . 34.3» - 20« ._ „ ., 
scnbed is ^ ^^ ^ ., . = 40.7 miles. 

(12) A railway train moving with a »peed of 50 miles an hour 
has the brakes put on, and the speed diminishes uniformly for 1 

' minute, when it is found to he 20 miles per hour. Find the rate of 
change of speed, and the distance traversed. Also the tims in which 
it wul come to rest and the distance traversed. 

Ans. From eq. (3), a = — - — - = — = — 1800 miles-per-hour per hour. 

V 1 

60 

^ ,«s X,. ^. X X J . 400 — 2500 7 ., - , , 
From eq. (6) the distance traversed is — = -r^ nme. In order to come 

to rest, t = — — r-HKA = ss liour = 100 sec. The distance in coming to 

_«« -2500 25 ., 
'"«* =^ = ^3600 = 36°"^"- 

(13) Express a rate of change of speed of 500 centimMers-per- 
second per second, in terms of the kuometer and minute. 

Ans. 18 km.-per-min. per min. 

(14) The speed and rate of change of speed of a moving point at a 
certain moment are both measured by 10, the foot and second being 
the units. Find the number measuring them when the yard and 
minute are the units. 

Ans. 200 yards per min. ; 12000 yards-per-min. per min. 

(15) What is meant when it is said that the rate of change of speed 
of a point is + 10, the units being foot and second f If the point were 
moving at any instant at the rate of 7i feet per second, after what 
time uxmld its speed be quadrupled f and what distance would it de- 
scribe in that time % 

Ans. 2isec.; 42.1875 ft. 

(16) A body describes distances of 120 yards, 228 yards, 336 yards^ 
in successive tenths of a second. Show that this is consistent with 
constant rate of change of speed, and find the numerical value if the 
units are a minute and a yard. 

Ans. 38880000 yards-per-min. per min. 

(17) A point is moving at the rate of 6 feet per sec., a quarter of a 
minute after at the rate of ^Qfeet per sec., hmf a minute after at 96 
feet per sec. Show that this is consistent vnth a constant rate of 
change of speed, and find its value. 

Ans. 3 ft.-per-sec. per sec. 




CHAPTEB nL 

DISPLACEMENT. RESOLUTION AND COMPOSITION OF 

DISPLACEMENTS. 

Displacement. — ^The total change of position, measured in units 
of length, of a point, between its initial and final i>ositions, witJiout 
reference to the path described, is the linear displacement of the 

point. 
Ai<^^ Thus if a point moves from the position Ai 

to the positionAt, the distance AiA% is the linear 
displacement, no matter what the path may 
'*« have been from Ai to At. 
The term displacement always means linear displacement unless 
otherwise specined. 

Line Eepresentative ot Displacement. — The displacement of a 
point is therefore completely represented by a straight line. The 
length of the line gives the magnitude of the displacement, and the 
direction as denoted by an arrow gives the direction of the dis- 
placement. 

Thus the straight line AiAt represents bv its a^ 
length the magnitude of a displacement, and the 
arrow shows that the displacement is in the direction 
from Ai to A^. 

A displacement then has both magnitude and ' 

direction, and such a quantity is called a vector quantity. AH 
vector quantities can be represented thus by a straight line.* 

Relative Displacement. — Since the displacement of a point is 
change of position, it can only be determined by reference to some 
chosen point of reference. 

Thus if Ai and At are the initial and final positions of a moving 

point Aj and Bi is some chosen point of ref er- 

B^^- -^^ ence, we call AiA^ the displacement of A with 

\ / \. reference to Bi, because to an observer at jBi 

\ / >y the point A woiild move from ^i to ^9 in the 

\ / \^ direction A1A9. 

Bj' A« But to an observer on the moving point A , 

the point jBi would appear to move from Bi to 
Bt , and this is really the displacement of B relative to A, 

That is, any change in the relative position of two points A and 

* As we shall see hereafter, linear velocity and acceleration, angnlar Te- 
locity and acceleration, moment of linear velocity and acceleration, moment of 
angular velocity and acceleration, are all vector quantities, and the same prin- 
ciples apply to all of them as to displacements. 
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B may be regarded either <i8 a displacement of A rekUtve to Boras 
an equal ana opposite displacement of B relative ta A. 

Relative Displacement — Two Points. — If then the straight line 
AB represents the displacement of a point A 
with reference to a point J5, the equal and op- 
posite line BA represents the displacement of ^ 
relative to A, 

We shall always denote therefore relative 
displacement by a line, the length of which 
gives the magnitude of the displacement, the 
arrow its direction, and the letters at the end the two points. Thus 
in the figure one line gives the displacement of A relative to B, the 
other gives the displacement of B relative to A, 

Aelative Displacement — Three Points. —Triangle of Displace- 
ments.*— Let a moving point A have the dis- 
placement AB with reference to a point B^ 
and at the same time let B have the displace- 
ment BC with reference to a point C, , and let 
B^y Bs be the initial and final positions of the 
point B. 

Then it is evident that since the point has 
the displacement AB with reference to B, and 
at the same time B moves from Bx to B^ , the point moves from A to 
C and AC is the displacement of A with reference to O. 

Conversely, from the preceding article, CA is the displacement 
of C relativelv to A» 

Hence, if two sides of a triangle ABC taken the same way round 
represent the displacements of A relative to B and B relative to C 
respectively^ the third side taken the opposite way round will repre- 
sent the displacement of A relative to C, and taken the same way 
round, the aisplacement of G relative to A, 

This is called the principle of the triangle of displacements. It 
evidently makes no difference whether the displacements are 
simultaneous or successive. The same principle holds true in 
both cases. 

Polygon of Displacements. — Let AB, 
BC and CD be the given displacement of 
A relative to B, B relative to C, and C 
relative to Z>. Then if we lay off succes- 
sively AB and BC in ^ven direction and 
magnitude, the line -Au gives the displace- 
ment of A relative to C. If we lay off 
CD, the line AD gives the displacement of 
A relative to Z>. 

Hence, if any number of displacements 
in the same plane are represented by the 
sides of a plane polygon, ABCD, etc, taken 
the same way round, the line AD which closes the polygon taken the 
opposite way round will give the meignitude and direction of the re- 
sultard displacement of tne first point relative to the last, and taken 
the same way round, of the last point relative to the first. 

This principle is called the polyeron of displacements, and it evi- 




G 

/ 



* We shall see hereafter that all the principles which follow in this chap- 
ter relating to displacements hold equally good for linear and angular veloci- 
ties and accelerations, for the moments of linear and angulai* velocities and ac- 
celerations, and for forces and moments of forces. 



36 



KIKEMATICS — GENEBAL PRIXCIPLES. [CHAP. IIL. 





dently holds good whether the dispUicementa are successive or 
simultaneovs. 

Eesolation of Displacements. — ^67 the application of these prin- 
ciples a given displacement or any number of given displacements- 
may be resolved into two components in any two given directions. 

Thus suppose the displacement of A relative 
to £ to be given by the line AB. We can re- 
solve this displacement into components in any 
two directions given by the arrows a and 6, by 
drawing lines from A and B parallel to these 
directions till they intersect at some point 0. 
Then the displacements AC and CB taken the 
other way round are the component displacements 
of AB in the required directions. 
If any number of displacements AB, BC, CD, etc.,^ 
are given, we have the resultant displacement AD^ 
and this displacement can be resolved as before into 
any two directions required. ''^ '^c 

Eectangnlar Components.— When a displacement 
is thus resolved into two directions at right angles, 
the components are called rectangular components. 
Unless otherwise specified, when we speak of the components of 
any displacement, the rectangular components are always under- 
stood. 

The Component of the Resultant is equal to the Algebraic Sum 
of the Components of the Displacements. —It is evident that the 

resultant of any two given displacements is equal 
. B ^ ^^^ algebraic sum of their components in the 
direction of the resultant. 

For ii AC and C-Bare the given displacements, 
the resultant AB is equal to the sum of the com- 
ponents AD and DB. 

So also for any number of displacements, the 

resultant AE is equal to the algebraic sum of the 

ccMnponents of the displacements in the direction 

oiAE. 

The component in any given direction, of this 
resultant itself, is then equal to the algebraic sum 
of the components of the displacements in the 
same direction. 

Thus the projection of the resultant AE upon 
the line OP, or the component of AE in the direc- 
tion OP, is the algebraic sum of the components 
Y of AB, BC, CD and DE in 

the direction OP. 

Components not in the 
Same Plane.— The same principles apply for 
components not in the same plane. 

Thus if OA is a given displacement, and we 
^ draw AB perpendicular to the plane of XZ 
meeting it at B, we have the components OB 
and BA. 

Again, we can resolve OB into the compo- 
nents OC and CB, The components then are 0(7, CB and BA, 

Sign of Components of Displacement. — A sign of (+) or (— ) pre- 
fixed to the magnitude of a component displacement indicates 
direction. Thus for three rectangular axes OX, OY, OZ, a com- 
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ponent displacement in the directions OX, OY, OZ is positive, and 
m the opposite directions negative. 

If polar co-ordinates are used, the com- 
ponent displacement along the radius vector 
IS positive when away from the pole, nega- 
tive when towards the pole. 

Evidently, then, we measure angles in 
the plane XY from OX around towards 
OY; in the plane YZ from OY around 
towards OZ; in the plane ZX from OZ 
around towards OX, as shown by the 
-arrows in the figure. 

Analytical Determination of the Resultant for Conenrring Bis- 
placements. — When the line representatives meet in a point they 
are called concurring. All displacements of a single point must be 
concurring. The magnitude and direction of any number of such 
concurring component displacements being given, to find expres- 
sions for the magnitude and direction of the resultant. 

(a) When there are Two Given Components. — Let OB = dt and 

BC = da be two component displacements 
maJdng the angle a and in the indicated 
directions. 

Then the resultant is OC = dr and is 
given at once in magnitude from the tri- 



B ^^-- 




angle OBC, 

dr* = (di + dt cos ay + (da sin ay = di' + 2d,dt cos a + d%\ 
The resultant dr makes with di an angle a, given by 

di + da cos Oa 



(1) 



COS a = 



dr 



(2> 



(6) When there are Any Number of 
Components in any Given Direction. — 
Take three rectangular axes, OX, OY, 
OZ, through the point O, and let the 
-component displacements di, da, dt, 
etc., make the angles oti, /?,, ;^ ; aa, /?,, 

ra, etc., with the axes of X, F, Z respect- 
ivelv. 

Then we have for the sum of the 
components in the direction of X, Y, 
and Z, 

dx = d, cos ai + dt cos ojj + . . . 
dy = di cos fii + da cos /?a + 




.. =2dcosa; 
.. = 2d cos/?; 
de = di cosri + da COS xa -f . . . = ^dcosr. 



(3) 



In these smnmations we must take components with their proper 
signs as directed in the preceding Article. 

We have then for the magnitude of the resultant dr, 



dr = Vdx* + dy* + dz^. 



(4) 

This resultant makes with the axes angles a, &, c, respectively, 
given by 

cosa = 3-, cos6 = ^, cosc = -r- (6) 

dr <*r (^r 



38 KIKBMATI08 — GBKERAL PBIKCIPLE8. [CHAP. m. 

The projections on the planes XF, FZ, ZX make angles with X» 
F, Z, respectively, whose tangents are 

^ A *». ^gv 

Cob. 1. If all the displacements are in one plane, make <^ = 0. 
Then 

dr=Vd.* + d/ (7) 

cosa = :i^, oos& = ^; (8) 

dr dr 



and, since cos & = sin a. 



tana = ^ (9) 

dj 



•3B 



Cob. 2. When there are hut two displacements, di and d, take 
OX corresponding with d, . Then d, = di + d cos a,dy=^d sin a, and 
we have at once equations (1) and (2). 

Cob. 3. If the two displacements are in the same direction or in 
opposite directions, a = or 180°, and 

dr = di ± d. 

That is, the resultant is the algehraic simi of the displacements. 
Cob. 4. If the two displacements are at right angles, a = 90" and 

(^ = |/di' + d*, sina = :=-, sin 6 = -- = cos a, tana = :^* 

Or Or ^1 

Cob. 5. If the two displacements are equal, di = d and 

dr* = 2d'(l + cos a) = 4d* cos* ^, 

hence dr = 2d cos ^. 

A 1 . d sin a . a , a 

Also, sm a = = sm -s, hence a = — 

« , <3: 2 2 

2d cos- 
2 

Cob. 6. If the two displacements are equal and a = 120'', then 
dr = d, and a = 60% 



EZAMPLSa 

(1) A wheel whose raditis is r rolls on a horizontal plane until it 
turns through a quarter revolution. Find the displacement of the 

point of the wheel initially in contact vnth 
the plane relative to the point diametric- 
ally opposite. 

Ans. Let C represent th^ initial point of con- 
tact of the plane, A the point of the wheel in con* 
tact with C in the plane, B the point of the wheel 
diametrically opposite A. 

The displacement of B with reference to C7 is 
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given by BiB%, The dlsplaoement of A with reference to C7 is giyen by AiA^, 

and therefore the displacement of C with reference to 
A is given by A^Ai. We have then, by laying off 
these displacements, the displacement of A relative 

to B equal to 2r 4/i3 , making an angle of 45"* with 
the vertical. 




(2) Find the displacement of the end of 
the minute-hand with reference to the end of 
the hour-hand of a clocks between 3 and 3.30 
o'clock^ the length of each hand being r. 

Ans. The displacement of the minute-hand with reference to ZII is 
MiM% , and of the hour-hand with reference to XII, Hifft . 
Therefore the displacement of XII with refer- 
ence to ^is H9H1. Laying off these displace- 
ments, we have - 




2r: 



Mff= r 4/6 - 2 cos 15*' - 4 sin 15% 

and for the angle of iffl'with the vertical 

2 sin« 7i" 




sin£afXII = 



4/6 - 2 cos 15** - 4 sin 15* 



(3) A river now8 in a direction N, 33' E. , and a boat headed directly 
across at right angles to the current reaches a point on the other 
shore from which the starting-point is found to bear 8, 3° W. If the 
distancefrom the starting-point is 500 ft,, how far has the boat been 
carried by the current, ana what is the distance across the river if the 
banks are parallel f 

Ans. The course of the boat makes an angle of 80° with the bank. The 
distance across is 250 ft. ; the distance parallel to the bank 433 ft. 

(4) A point A moves SO ft, in a given direction relative to a fixed 
point O. Another point B moves relative to O 40 ft. in a direction 
at right angles to AJs motion. Find the displacement of A relative 

to jD. 

Ans. 50 ft. in a direction inclined to A*s motion by an angle whose sin 
. 4 

IS rr. 

5 

(5) Two points move in the circumference of ttvo circles of radius 
r and 2r respectively. Both start from the point of contact. One 
moves through an angle of n radians, the other through an angle of 

- radians. Find the di^lacement of either relative to the other, 

Ans. If one point moves through the angle ^ in the small circle and the 

other through — in the large, the displacement is 2r f^S , making an angle 

with the vertical whose tangent is 2. 

If one point moves through the angle le in the large circle and the other 

through ^ in the small, the displacement is rV26 and it makes an angle with 
the vertical whose tangent is 5. 

(6) Jn the preceding example let the radius of tJte small circle be 
r, and of the large circle r,. Find the displacement as before. 
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Aug. ^4r,« + 4r,ri + 3rt« and twigent --^~. 

or 

y'4r,« + 4r,riH-2ri« and tangent ^'"^*'\ 

(7) jHie displacement of A relative to B is a distance a towards 
the south, and relative to C, c towards the west. If C is initially a 
distance b south of B, find th^ final position of C relative to B. 

Ans. We have CB for the displacement of 
C relative to B, Therefore if Ci is the initial po- 
sition, Ct will be the final position, C^C* being 
equal to CB. Hence the distance of C'b final 
position from B is BCt = ^(ft-f a)* + c*, and 
the direction from Bto C» iB east of south an 

angle whose tangent is 



I ^ - 


A 

a 


i 

b 












B 


C 


\c 






\\ 










^^ 


a 








( 


^ 



b+a 



(8) A^s dispkusement relative to B is a to the west. CPs displace- 
ment relative to B is c in a direction 30° west of south. Find the 
displacement of A relative to C. 

Ans. Displacement is ^a* — ac + c*. Tangent of the angle with the merid- 

Ian is r=-. If this is positive, the angle is west of north; if negative, east 

ci/3 
of north. 

(9) Two trains A and B start from the same point and A runs 
60 miles north and 50 miles northeast. Find the displacement of B 
relative to A. 

Ans. 43.104 miles in a direction 34*" SS' south of east. 

(11) A point undergoes two component displacements, 100 feet W. 
30° 8. and SO ft. N. What is the resultant f 

Ans. 88.88 ft. 13" south of west. 

(12) Three component displacements have magnitudes represented 
by 1,2 and 3 and directions given by the sides of an equilateral tri- 
angle, taken the same way around. Find the magnitude of the re- 
sultant. 

Ans. 4/3. 

(13) Two railway trains run on parallel roads, one 5 miles north, 
the other 6 miles south. Find the displacement of the last relative 
to the first. 

Ans. 11 miles south. 

(14) Two railway trains run, the one northeast a distance d, the 
other southeast the same distance. Find the displacement of the 
-first relative to the Uzst. 

Ans. d |/2^ direction north. 

(16) A point undergoes three component displacementSy N. 60** E. 
4^ ft., S. 50 ft, W. 30** N. eoft. Find the resultant. 

Ans. 10 4/^ft. W. 

(16) If the diagonal AC of a quadrilateral ABCD is produced to 
E, so that CE is equal to AC, show that AE is the resultant in the 
direction AC of the displacements AD, DB, BC and AC. 

(17) ABCD is parallelogram. E is the middle point of AB. Find 
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the components^ in the directions of AB and AD^ of a displctcement 
which lias the direction and half the magnitude of the resultant of 
ixymponent displacements represented by AC and 
Ans. AE and AD, 

(18) Prove that the resultant of two equal displacements of mag- 
nitude a, inclined 60% is equal to the resultant of a and 2a inclined 
120^ 

(19) Prove that if ttvo component displacements are represented 
by two chords of a circle drawn from a point P in the circumference 
perpendicular to each other ^ the resultant is represented by the diame- 
ler through the point. 

(20) To an observer in a balloon the 8tarting-j)oint bears N. 20" E., 
and is depressed 30" below the horizontal. A point at the same level 
us the starting-point and 10 miles from it ts vertically below him. 

What are the component displacements of the balloon with reference 
to the starting-point f 

Ans. 9.39 miles south, 3.42 miles west, and 5.77 miles up. 

(21) A point has the component displacements in the same plane, 
dj = 40 ft. J di = 50 ft., di = 60 /f., making the angles with X and Y, 
a, = 60% /? = 150" ; a, = 120% /?a = 30' ; a, = 120% /3u = 160°. Find the 
resultant aisplaeement. 

Ans. rfa» = + 20 - 25 - 30 = - 35 ft.; 

dy = - 34.64 + 43.3 - 51.96 = - 43.3 ft.; 



dr = ydx^ + dy* = 55.67 ft. 

{^) A point has the component displacements di = 40 ft., d^ = 50 
ft., di = QOft., making unth X, Y, Z, the angles a, = 60°, /?, = 100% 
r, obtuse; a, = 100% /?9 = 60% y^ acute; a, = 120% /Ja = 100% r« 
aeute. Find the resultant displacement. 

Ans. We find the angles y^ (page 12) by the equation 

cos' y = — cos {a + /3) cos (a — /S), 
Hence y, = 148° 2' 31".7, y,, = 31° 57' 28".3, r« = SI** 57' 28".3. 

^ = 4- 20 - 8.6824 - 30 = - 18.6824 ft. 

dy = - 6.946 + 25 - 10.419 = + 7.635 ft. 

dz =- 33.937 + 42.421 + 50.907 = + 59.391 ft. 

dr = j/da,' + dy* + d,' = 62.73 ft. cos a = ^^ , oi a = 107' W 36" ; 
co86 = ±|^, or 6 = 83' C 83"; cos c = "tg|^, or = 18° 46' 42". 



CHAPTEB IV. 



VELCKJETY. RESOLUTION AND COMFOfilTION OF 

VELOCITIES. 



SBCrAJrODLAB OOXFOmKTB OV YKLOCITT. 8IGK OF OO MPOWEWTO OV TKLOGITT. 
AHALTTIC DKTKBMUrATIOH OF BB8ULTAHT TKEiOCITT. 




^— The distance described by a moving point per 
unit of tune we have called the mean si>eed of the point (page 1^. 

The displacement (page 34) of a point per unit of time we call 
the mean linear velocity. Therefore the number of units in the dis- 
placement of a point in any eiven time, divided by the number 
of tmits in that time, gives the number of units of mean linear 
veloci^ — or the magnitude of the mean linear velocity — ^while the 
direction of that velocitv is the same as that of the cUisplacement. 

The term velocity always signifies linear velocilnr unless other- 
wise specified. 

Mean speed, then, is mean time-rate of distance described (page 
15). Mean velocity is mean time-rate of displacement. 

Thus if a point moves in any i>ath P, AP, from 
the initial position P. to the position P% in the time t 
units, the magnitude of the mean speed is given by 

•£- — j^ ?, while the magnitude of the mean ve- 

lodty is given by «f^to<«^ -P-J*., ^^A its direo- 
tion by the direction of P^Pt, 

If a point xnoYes with uniform speed in a circle of radius r units and the 
time of revolution is t anits, the mean speed is —r- units of speed. But the 
mean velocity in the time of one revolution is zero, because the displacement 
in that time is zero. Again, the mean speed in one half a revolution is -— or 

ft »■ M 

unite of speed, as before, but the mean velocity for the same time has for 

its magnitude jr or --- units cf velocity, and the direction is that of a diameter 
from the initial to the final position of the point. 

Inftantaneons Velocity. — ^The limiting magnitude of the mean 
speed when the interval of time is indefinitely small we have called 

42 
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(page 15) the instantaneous speed. In the same way, the limiting 
magnitude and direction of tne mean velocity when the interval of 
time is indefinitely small is called the instantaneous velocity. 

The terms speed and velocity should always be understood to 
mean instantaneous speed and instantaneous velocity imless other- 
wise specified. 

Usmg the terms thus, we see that when t is in- 
definitefy small, distance described and displacement 4 
coincide and hence the speed at Pi is the magni- 
tude of the velocity at P, , while the direction of this 
velocity at any instant is that of the tangent to the 
path at that instant. Velocity is directed speed. Speed is nutgni- 
tude of velocity. 

Unit of Velocity. — Since, then, the magnitude of the velocity at 
any instant is the speed in the direction of the velocity at that in- 
stant, it follows that the unit of velocity is the same as the unit of 
speed (page 16), or one unit of length per unit of time, as, for 
instance, one foot per second. For this reason we have used (page 
25) the letter v for the numeric for speed. 

TTniform Velocity. — ^When the velocity has the same magnitude 
and direction whatever the interval of time, it is nniform. 

Uniform velocity, then, is necessarily uniform speed in a straight 
line in a given direction. The velocity in such case is the same as 
the mean velocity for any interval of ttme. 

Variable Velocity.— When either the magnitude or direction of 
the velocity changes it is variable. 

When the magnitude alone changes, we have variable speed in 
a straight line. When the direction only changes, we have uniform 
speed in a curved line. When both change, we have variable speed 
in a curved line. In all these cases the velocity is variable. 

Thus we can speak of a point moving in a circle with uniform speed, but 
we cannot speak of a point moving in any curve at all with uniform velocity. 
If the velocity is uniform, the path must be straight, as well as speed constant. 

A point can be projected with the same speed in many different directions, 
but we cannot speak of the same velocity in different directions A change of 
direction is a change of velocity whether the speed changes or not. 

Velocity a Vector ftuantity.— Since velocity is speed directed, or 
time-rate of displacement, it has not only sign and magnitude like 
speed (page 15), but also direction like displacement, and is there- 
fore a vector quantity. 

Line Bepresentative of Velocity. — ^Velocity, then, can be repre- 
sented like displacement (page 34) by a straight line. The length 
of this line represents the magnitude of the velocity, and the direc- 
tion as denoted by an arrow gives the direction. 

Thus the straight line AjA^ represents by its 
length the magnitude of a velocity, and the arrow 
shows its direction. 

Triangle and Polygon of Velocities.— The prin- 
i ciples therefore of page 35 hold good for velocities 
as well as displacements. We have then the 
trian^^le and polygon of velocities. 

Eesolution and Composition of Velocities. — ^We can also combine 
and resolve velocities in the same way precisely as displacements, 
and the principles of page 36 apply here also. 
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Ef^tangwlar Cooipoiieiitc at Yeloeity.— If a point moves in any 

path from Pi to P in the time /, the dis- 
placement is the chord PiP, and the mean 

_, ., . chord PiP 
velocity IS © = . 

'tx If Xi and If I are the co-ordinales of Pi, 



PiP^ T^' ' ' 

r L and xand y of P, then the horizontal and 

r' j_ vertical components of the mean velocity 



If the time is indefinitely short, we have in the notation of the 
Calculus, for the instantaneous velocities, 

dx dy 

Sign of Components of Velocity.— We see that if rx is directed 
towarids the right, we have in the 1st and 4th quadrants x numeric- 
ally greater than Xi and both are positive. In the 2d and 3d quad- 
rants, if t;x is directed towards the right, Xi is numerically greater 
than X and both are negative. In all quadrants, then, Vx will be 
positive when directed towards the right. In the 1st and 2d quad- 
rants, if Vy is directed upwards, y is numerically greater than yi 
and both are positive. In the 3d and 4th quadrants, if r^ is direct^ 
upwards, Vi is numerically ^eater than y and both are negative. 
In all quadrants, then, Vu will be positive when directed upwards. 

We have then the following general rule for the signs of the 
components of the velocity in any quadrant : 

If the direction of the line representative is towards the rights 
Vz is positive ; if towards the left^ Vx is negative. If upwards, Vy is 
positive ; if downwards, negative. 

The sign then as applied to component velocities indicates direc- 
tion of motion. For rectangular co-ordinates (-I-) signifies towards 
the right or upward, (— ) towards the left or downward. 

For three rectangular axes OX, OF, OZ, let a point P be given 

by the space co-ordinates x, y, z. Let the 
velocity v of the point make the angles n^ 
p and r with the axes of X, Fand Z. 
Then we have 

(j^.^^^ Vx = v COS a, Vy = v cos /5, Vz = v cos X 

' *" for the components in the direction of the 

axes. When the angles a, fi, y are acute 
or less than 90% these components are posi- 
tive ; when the angles are obtuse or more 
than 90% these components are negative. 
Therefore, as before, Vx towards the right is positive, towards 
the left negative, Vy upwards is positive and downwards negative, 
and Vz in the direction OZ is positive, in the opposite direction 
negative. 

If polar co-ordinates are used, the component velocity along the 
radius vector wAist he taken as positive when it acts away from the 
pole^ and negative when it acts towards the pole,* 

* Evidentlj, then, we measure angles in the plane XFfrom OX around to- 
wards OT; in the plane TZ from Y around towards OZ ; in the plane ZX 
from OZ around towards OX, as shown by the arrows in the figure. 
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Analytical Determination of the Besnltant for Concurring Veloci- 
ties. — When the line representatives meet in a point they are 
called concurring. We have then the same expressions for the 
magnitude and direction of the resultant of any number of concur- 
ring component velocities as for displacements (pages 36 and 37). 
We have only to substitute v in place of d. 



EXAMPLES. 

(1) To a man driving eastward vrith a speed of 4 miles an hour, 
th3 vnnd blows apparently from the north, but when he doubles his 
speed the unnd appears to blow from the northeast. Find the real 
direction and velocity of the unnd, 

Ans. The wind blows from tlie northeast with a velocity of 4 ^2 miles an 
hour. 

(2) A point moves in a straight line from A to B, 60 ft. W. 30° 8^, 
in 10 sec, and thence in a straight line to C, SO ft, N,, in 20 sec. Find 
the mean speed and the mean velocity. 

Ans. The length of path is 90 ft. traversed in 30 sec, or mean speed_is 3 ft. 
per sec. The displacement is 30 4/3 ft. W., or the mean velocity is i/S ft. per 
sec. W. 

(3) A ship sails N. 30° E. at 10 miles an hour. Find its easterly 
velocity ana its northerly velocity. 

Ans. 5 miles an hour; 5f/3 miles an hour. 

(4) A river 1 mile broad has a current of 5 miles per hour, and 
a boat capable of making 10 miles an hour in stilt water is to go 
straight across. In what direction must the boat be steered f 

Ans. Up stream in a direction inclined 60" with the bank. 

(5) Find the vertical velocity of a train moving up a 1-per-cent 
gradient at a speed of 30 miles per hour. 

Ans. 0.3 mile per hour. 

(6) A mxin travelling 4 miles per hour east finds the wind to come 
from the southeast. When he stands still it shifts 5** to the south. 
Find its velocity. 

Ans. 32.52 miles per hour N. 40" W. 

(7) A point moving with uniform speed in a circle of radius 30 
ft. describes a quadrant in 10 sec. Find the mean speed, the mean 
velocity, the instantaneous speed and the instantaneous velocity. 

Ttr 
Ans. The length of path described in 10 sec. is -q- = 47.12 ft. The mean 

speed is then 4.712 ft. per sec, and since this is uniform it is also the instan- 
taneous speed. The displacement is r vT= 42.42 ft. at an angle of 45° with 
the diameter through the starting-point. The mean velocity is then 4.242 ft. 
per sec in the same direction. The instantaneous velocity is at any instant 
tangent to the circle at the point at that instant, and equal in magnitude to the 
instantaneous speed, or 4.712 ft. per sec. 

(8) A m^an walks at the rate of 4 miles per hour in a rain-storm, 
and the drops foil vertically with a speed of 200 ft. per sec. In whut 
d/irection will they seem to him to fall ? 

Ans. Inclined 1" 40'.8 to the vertical. 
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(9) A ship sails east with a speed of 12 miles an hour, and a shot 
is fired so as to strike an object which bears N.E. If the gun gives 
the shot a mean horizontal velocity of ^ft per sec,, towards what 
point of the compass must it point f 

Ans. N. 37° 3' E. 

(10) A mxin 6 ft. tall walks at the rate of 4 miles per hour directly 
away from a lamp-post 10 ft. high. Find the velocity of the ex- 
tremity of his shadow, 

Ans. 10 miles per hour in the direction he is walking (see Ex. 14, page 19). 

(11) Two points rnxming with uniform speed v start at the same 
instant in the sams direction from the point of contact of their 
paths. The one moves in a circle of radius r, the other in a tangent 
to the circle. Find their relative velocity at the end of the time t. 

Ans. 2v sin r- radians in a direction inclined to the tangent at an angle 



1 / vt\ 



radians. 



(12) A moves N.E, with a velocity r, and B moves 8. 15° E, with 
the same velocity. Find As velocity relative to B. 

Ans. V 4/3; direction N. 15° E. 

(13) A railway train runs 30 miles per hour north. Another 
running 15 miles per hour appears to a passenger in the first to be 
running at 25 mites per hour. Find the direction of the velocity of 
the latter. 

Ans. N. 56° 15' E. or N. 56° 15' W. 

(14) Two candles A and B, each 1 ft. long and requiring 4 and 6 
hours respectively to bum out, stand vertically at a distance of 1ft. 
The shadow of B falls on a vertical wall at a aistance of 10 ft. frirni 
B. Find the speed of the end of the shadow. 

Ans. 8 inches per hour. 

(15) A ship has a northeasterly velocity of 12 knots per hoar 
Find the magnitude of her velocity (a) in an easterly direction ; 
(6) in a direction 15° w. of N, 

Ans. (a) 6 ^% ; (6) 6 knots per hour. 

(16) A hoat-crew row 3i miles down a river and back again in 1 
hour 40 minutes. If the river has a current of 2 miles per hour, 
find the rate at which the crew would row in Stillwater, 

Ans. 5 miles per hoar. 

(17) A steamer goes 9.6 miles per hour in still water. How long 
will it take to run 10 miles up a stream and return, the velocity of 
the stream, being 2 miles an hour ? 

Ans. 2 hours 11 minutes. 

(18) A steam tug travels 10 miles an hour in still water, hut 
draws a barge 4 miles an hour. It has to take the barge 10 miles y/p 
a stream which runs 1 mile an hour, and then return unthout twR 
barge. How long will it take for the job ? 

Ans. 4^ hours. 

(19) A vessel makes two runs on a m^easured mile, one with the 
tide in a minutes and one against the tide in b minutes. Find the 
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velocity of the vessel through the vxiter, and of the tide, supposing 
both uniform. 

Ans. 80 , and 80 "T miles per hour. 

(20) A point receives simultaneously three velocities, 60 ft. per sec. 
N., 88 /if. per sec. W. 30' S., and 60 ft. per sec. E. 30' S. Give the 
magnitude and direction of the resultant velocity. 

Ans. 28 feet W. 30* S. 

(21) A ship sailing due north at the rate of 8 miles per hour is 
carried to the east by a current of 4 miles per hour. Find the ve- 
locity with reference to the land. 

Ans. 8.94 miles per hour N. 26° 34' E. ' 

J 22) A ship is sailing E. 22^"" S. at the rate of 10 miles an hour 
the windseem^ to blow from the N. W. with a velocity of 6 miles 
an hour. Find the actual velocity of the wind. 
Ans. 15.7 miles an hour W. 30° 55' N. 

(23) A point moves in t seconds from A to B, the positions being 
aiven by the co-ordinates Xx , j/i and Xt,y^. What is the mean ve- 
locity f 

__ |/(a?«-a?i)' + (y«-yi)' ^ making an angle a with the axis of « 
z 

ya-yi 



Ans. « — . 



given by tan a = 



iCa — Xi 



(24) A point has four component velocities in the same plane, of 
12, 24, 36, 48 ft. per sec., making with the aocis of X the angles of 
16% 29°, 33% 75° respectively. What is the resultant velocity f 

Ans. Vx = 75.14; Vy = 80.915; Vr = 110.424; angle with axis of aj, a = 47° 
7' 10"; angle with axis of p,b = 42° 52' 60". 

(25) A point has three component velocities in the same plane 
given by v, = 40, Ua = 50, v* = 60 ft. per sec., making with the axes 
of X and x angles given by cxi = 60°, /?i obitise; /?» = 30°, «» obtuse; 
o^t = 120°, fit obtuse. Finathe resultant velocity- 

Ans. We have /?, = 150°, a, = 120°. /?> = 150°. Hence «„. = — 85 ft. per 
sec, ®« = — 48.8 ft. per sec. , «r = 55.67 ft. per sec., making the angles with X^ 
and Fgiven by a = 128° 57' 17", h = 141° 2' 48 ". 

(26) A point has the component velocities Vi = 40, v% = 60, Vt = 60 
ft. per sec., making the angles with X, Y, Z, or. = 60°, fix = 100°, yx 
obtuse ; or, = 100°, fi^ = 60°, r% acute ; a« = 120°, fit = 100°, y* acute. 
Find the resultant velocity. 

Ans. We find the angles y (page 12) by the equation 

cos' ^ = — cos (a -\- fi) cos (a — /3). 
Hence ^i = 148° 2' 81". 7, r* = 8^ 57' 28 '.8, ^i = 31° 57' 28". 8. 
D;c = — 18.6824 ft. per sec, »y = + 7.685 ft. per sec, «« = + 59.891 ft. per sec., 

Dr = 62.78 ft. per sec., 
making with the axes of X, F, Z, angles given by 

a = 107° 19' 86 ", & = 88° 0' 88", e = 18° 46' 42". 
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ACCELERATION. RESOLUTION AND COMPOSITION OF 

ACCELERATIONS. 




Fig. (6). 

in the time t isa = 



Vi — Vi 



ANALYTICAL DETERMINATION OF RESULTANT FOR CONGTTRRINO AGGBLERA* 
TIONB. EQUATIONS OF MOTION. THE HODOGRAFH. TANOENTIAL AND 
NORMAL ACCELERATION. 

Mean Acceleration. — Let P,,Piy etc., Fig. (a), be the path of a 
moving point P, and let the corresponding instantaneous velocities 
Fig. (a). be u, , Va , etc. 

Each velocity is tangent to the path 

at the corresponding point and is equal 

in magnitude to the speed at that pomt. 

If ^ is the number of units of time in 

passing from Pi to Pa , the mean speed 

for that time (page 15) {qP^^^ILEiEi 

V 

units of speed. The integral change of 
speed m the time t is t?a — Vi (page 24), 
and the mean rate of change of speed 

(page 24). 

If now in Fig. (&) we draw OQi parallel and equal in magnitude 
to Vi and OQi parallel and equal to i?a , then the integral change Of 
speed is represented by OQn — OQi and the mean rate of change of 

speed by . -» 

The change of velocity, however, in the time t is represented in 
magnitude and direction by QiQ^ , and this we call the integral ac- 
celeration. 

The mean time-rate of change of velocity is given in magnitude 

by ^iMl^ and in direction by QiQt. We call this the mean linear 

V 

acceleration. The term acceleration always means linear accelera- 
tion urJess otherwise specified. 

Mean acceleration is then time-rate of change of velocity, whether 
that change takes place in the direction of motion or not. 

Instantaneous Acceleration. — ^The limiting magnitude and direc- 
tion of the mean acceleration, when the interval of time is indefi- 
nitely small, is the instantaneous acceleration. 

The limiting direction is not necessarily tangent to the path 
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except in the case of rectilinear motion, and the limiting magnitude 
is not the rate of change of speed in the path, except in the case of 
rectilinear motion. 

The term acceleration always signifies instantaneous accelera- 
tion unless otherwise specified. It is the limiting time-rate of 
change of velocity, whether that change tgike place in the direction 
of the motion or not. 

Acceleration may be zero, uniform or variable. When it is zero 
the velocity is uniform, and we have uniform speed in a straight 
line. 

When it is uniform, it has the same magnitude and the same 
unchanged direction, whatever the interval of time. In such case 
the acceleration at any instant is equal to the mean acceleration for 
any interval of time. If its direction coincides with that of the 
velocity, we have uniform rate of change of speed in a straight line. 
If it does not so coincide, we have uniform acceleration and motion 
in a curved line. 

When it is variable, either direction or magnitude changes, or 
both change. 

, Unit of Acceleration. — The magnitude of the unit of acceleration 
is evidently the same as that for rate of change of speed, viz., one 
unit of length-per-sec. per sec, as for instance one foot-per-sec. per 
sec. We denote the magnitude of the acceleration thus measured 
by the letter/, to distinguish it from rate of change of speed, which 
we have denoted by a (page 25). 

Line Bepresentative of Acceleration. — Since acceleration is time- 
rate of change of velocity, and is therefore, like velocity and dis- 
placement, a vector quantity, it can be represented like them by a 
straight line, whose length and direction give the magnitude and 
direction of the acceleration (pages 34, 43). Bate of change of speed 
is given by stating sign and magnitude only. It is a scalar quantity 
(page 25). 

Triangle and Polygon of Accelerations.— The principles, there- 
fore, of page 35 hold good for accelerations also, as well as dis- 
placements. We have then the '* triangle and polygon of accelera- 
tions." 

Composition and Resolution of Accelerations. — For the same 
reason we can combine and resolve accelerations in the same way 
as displacements, and the principles of pages 
35, 36 apply. 

Let uB and OD be the initial and final 
velocities of a point in any given time t. 

Then BD is the integral acceleration and 

BD 

—— is the mean acceleration, or the instan- 
t 

taneous acceleration if it is uniform. If not 

BB 

uniform, , where t is indefinitely small, gives the acceleration. 

Draw OA and DC at right angles to any line AC through jB in 
any given direction. 

BC 

Then -— - is the component of the acceleration in this direction. 

BC AC — AB 

But — - = , and AC and AB are the components of the 

t t • 

velocities in the direction AC. 

Hence the component in any direction of an acceleration is equal 

to the acceleration of the component velocities in that direction. 
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Bifn of Components of Acceleration. — ^We have the same rule for 
the signs of the horizontal and vertical components /* and fy of any 
acceleration/, as for the horizontal and vertical components of Vx 
and Vy of aiiy velocity v (page 44). 

If the direction of the linear representative is towards the right 
or upwards, fx and fy are positive ; if towards the left or down- 
ward, fx andfy are negative. 

The sign, tnen, applied to component accelerations indicates di- 
rection of action. For rectangular co-ordi- 
nates (-*-) signifies in the direction OX, OF, 
OZy (— ) in the opposite directions. 

If polar co-ordinates are used, the compo- 
nent acceleration along the r£uiius vector is 
positive (+) when it acts away from the pole, 
and negative (— ) when it acts towards the 
pole. 

Evidently, then, we measure angles in the 
plane XY from OX around towards OF, in 
the plane YZ from OY around towards OZ, 
in the plane ZX from OZ around toward OX, as shown by the ar- 
rows in the figure. 

Take, for instance, the case of a particle projected vertically away from the 
earth with the initial velocity «, and attaining the final velocity «. 

As long as the particle ascends, the direction of v is upwards, and % Vi are 
both positive. The acceleration due to gravity is always downwards, and 
hence is negative. 

When the particle is descending with the initial velocity t)i , then both V\ 
and V are negative, and the acceleration is negative as before. 

Anal3rtical Determination of the Resultant for Concurring 

Accelerations. — ^When the line representatives meet in a point, they 
are said to be concurring. We have then the same expressions for 
the magnitude and direction of the resultant of any number of con- 
curring component accelerations as for displacements (pages 37 and 
38). We have only to substitute/ i;i place of d. 

Equations of Motion of a Point under Different Accelerations. — 
The magnitude of the acceleration in general is not the same as 
rate of change of speed, except in the case of rectilinear motion. 
We have therefore denoted it by /, to distinguish it from rate of 
change of speed, which we have denoted by a. If, then, we denote 
hj ft the magnitude of the tangential acceleration, or the tangential 
component of /, we have ft = a, or the magnitude of the tangential 
acceleration is ecjual to the rate of change of speed. 

(a) Acceleration Zero. — We have in this 
case the line representative QiQ^ = 0, and 
hence the line representative of the velocity 
does not change either in direction or magni- 
tude. 

We have then rectilinear motion with constant velocity, and for 
any interval of time 

"=1- <i) 

where 8, and s are the initial and final distances of the i)oint from 
any fixed 'point in the line. This equation is general if we pay 
attention to the sign of displacement and velocity (pages 37 and 44). 
(6) When the Direction of the Acceleration coincides with the 
Direction of the Velocity. — In this case the line representative QiQt 
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coincides in direction with PQi = Vi. We have then rectilinear 
motion with varying velocity. 

If / is uniform, the instantaneous acceleration is equal to the 
mean acceleration for any interval of time. 

Hence, if v, is the initial and v the final velocity, we haYeforf 
constant 

V — Vi 

f=-t- (2) 

This value off is general when we pay attention to the sign for 
velocity and acceleration (pages 44 and 50). 
From (2) we have 

v = vi +ft (3) 

The average speed is 

V+ Vi 1 

-|- = «' + 2^« (4) 

The displacement is 

V + Vi 1 
s-8, = --^t=^vd + -^ft' (6) 

Inserting the value of t from (2) we have 

^-«.= 2f (^^ 

Hence v^ = Vi" + 2f(8 — a,) (7) 

[Iff is 'Doridble, we have from (1), in Calculus notation, 

and from (2), 

do cPs 

f=m = w- («) 

and from (8), 

« — «i = 

The preceding equations can be deduced from these as on page 28.] 
All these equations are precisely similar to those on page 28, except that 
we have /in place of a. 

(c) When the Acceleration is Constant in Magnitude and Direction, 
but maJces an Angle with the Initial Velocity. — In this case we 
have motion in a curve, and Q1Q2 =^ft. Hence 

t?« = {vx + ft cos <f>y + {ft sin 0)" = vi^ + 2vift cos <t> + /"*•. . (11) 

The tangent of the angle QiPQ% is 

tan OiPOa = -^ s^ ^ (12) 

^ ^ vi+ft cos ^^ 

The displacement in the time t is given by 

d^ = (v,t + ^ft' cos 0y+ f|/^« sin ^V; . • . . (13) 

and the tangent of its angle of inclination to Vi is 

ift' sin ,- .. 

Vit + ift^co8<P ^ ^ 



-81= / vdt (10) 
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The Hodograph. — ^Let a point P moving in anv curve have the 
positions Pi , Ps , Pt , etc., and let the magnitude of the corresponding* 

velocities be Vi, «,, tJt, etc. These 
velocities are tangent to the path at 
Pi, Ps, Ps, and are equal in magni- 
tude to the speed at these points. 

If from a point O we draw lines. 
OQt, OQt, 0Q%, etc., parallel and 
equfid tovx^Vy^vty the extremities of 
these Lines will form a polygon. 

If, however, the pomts jTi, Pa, Pt 
are indefinitely near, the polygon be- 
comes a curve QiQ^Q*^ such that when 
the point Pdescrioes the path PiP^P%^ 
we can conceive another point Q to describe the curve QxQtQ^. 
This curve is called the hodograph.* The point O is called the pole 
of the hodograph. The points ^i, Q%^ Q» are called the points cor- 
responding to A, Pi, Pt. 

Any radius vector, as OQt, OOt, in the hodograph, represents in 
magnitude and direction the velocity at the corresponding point 
Pi, Pa, etc., of the path. The magmtude of OQi, 0Q%, etc., is the 
speed Vj, t?a, etc., at P,, P,, etc. The direction of OQi, 0Q% is the 
direction of ri , ««, or that of the tangent to the path at Pi , P«. 

If t is the interval of time in moving from P, to Pa, then the 
chord QiQi in the hodograph gives the magnitude and direction of 

the integral acceleration for that time, and ^ ^ ViV« ^ which is 

V 

the mean velocity in the hodograph, gives the mean acceleration in 
the path. 

When the time is indefinitely small, QiQ^ becomes tangent to 

the hodograph and ^i^, which is now the instantaneous velocity 

in the hodograph, gives the instantaneous acceleration in the path. 

The tangent to the hodograph at any point, therefore, gives the 
direction of the instantaneous acceleration at the corresponding 
point of the path. The instantaneous speed in the hodograph gives 
the magnitude of this acceleration. 

Hence, the velocity at any point of the hodograph is the a^ccelera- 
tion at the corresponding point of the path. 

Tangential and Normal Acceleration.— The entire resultant ac- 
celeration / at any point of the 
path may oe resolved into a com- 
ponent tangential to the path ft 
and a component no rmal to tne 

path/n, so thatf= ^ft^ + fn\ 

The magnitude of the tangential 
component ft is the rate of change 
of speed in the path. Its direction 
is always tangent to the path, or 
parallel to the radius vector of the 
hodograph at the corresponding 
point of the hodograph. 

In order to find the normal com- 
ponent /n , let us first suppose a point to move in a circle with con- 
stant speed V, 

 Invented by Sir W. R. Hamilton. 
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Let the radius of the circle be r, and take any two points Pi and 
Pa on the circle. Then the velocity at Pi is r taiigent at Pi or per- 
pendicular to r at that point, and the velocity at Ps is t? tangent at 
Pa or perpendicular to r at Pa. 

Now construct the hodograph by making OQi parallel and equal 
to the velocity at Pi and UQt parallel and equal to the velocity at 
Pa, etc. 

Evidently the hodograph is also a circle of radius v, and the 
speed in the hodograpn is also constant, since the point P moves 
with constant speed and makes a revolution in the same time as its 
corresponding point Q in the hodograph. Let t.he the time of revo- 

lution; then —r— is the speed of Q in the hodograph or the accelera- 

tion of P in the path ; and since this speed at any point Q. is at right 
angles to OQi or v, it is normal to the path at Pi or parallel to CPi. 

Wehave then/n = -T-. But the speed in the path is t? = -— -. 

V V 

Hence t = — , and substituting, we have 

f -"' 

r 

We can obtain the same result as follows : Since the point P 
moves from P^ to Pa in the same time that Q moves from ^ to ^a , 
and the angle PiCPa is equal to the angle QiOQt , we have 

fn:v::v:r, or /n = — . 

T 

Since we have supposed v constant in ma^^tude, the tangential 
acceleration /« is zero, and therefore /n in this case is the magnitude 
of the total resultant acceleration f. 

A normal acceleration, then, has no effect upon the speed, bnt 
only changes the direction of motion. 

Let us now suppose that the speed v is not constant, the point 
still moving in a circle. Then the nodograph will not be a circle. 

But if the two points Pi and P, are indefinitely near, so that the 
arc Pi Pa is indefinitely small, the velocities at Pi and P can be 
taken as equal still, and we shall still have 

V* 

fn:v::v:r, or /»= — . 

r 

Again, if the point P moves in any curve whatever, a circle can 
always be described whose curvature is the same as that of the 
curve at any given point. The radius of this circle is the radius of 
curvature p at the point. 

In this case, then, we should have 

\ ^* 

fnlViiVip, or fn=—. 

Therefore, in general, whatever the path may be and whatever 
the speed in the path — 

The magnitude at any instant of the normal covnponent of the 
acceleration is equal to the square of the speed az that instant 
divided by the radius of curvature. 
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CL) ApaininwfveswUhuiuformveiocUyinatirai^ What 

is the hoaoffrapht 

Ada. a point. 

(2) A paint moves with uniform acceleration either in a straight 
line or a curve. Whatisthenodographf What is the speed in the 
hodographf 

Ans. A straight line. Unif onn. 

(3) Show that the direction of motion of any point B on the cir^ 
cumference of a circle rolling with velocUy v on a straight line is 
perpendicular to AB at any instant^ when A is the point of contact 
of the circle with the straight line at the instant considered, 

(4) AB is a diameter of a circle of which BC is a chord. When 
is the moment about A of a velocity represented by BCthe greatest f 

Ans. When BC and AC are equal. 

(5) A point is moving with uniform speed of a mile in 2 min. 
40 sec, round a ring of 100 ft. radius. Find the acceleration, 

Ans. 10.80 ft.-per-sec. per sec. towards the centre. 

(6) A point moves in a horizontal circle toith uniform speed o, 
starring from the north point and moving eastward, Mnd the 
integral acceleration when it has moved {a) through a quadrant ; 
(b) a semicircle ; (c) three quadrants. 

Ans. (a) V j/%, 8W.; (ft) 2©, W.; (c) « ^^t, NW. 

(7) If the component velocities of a moving point are represented 
by the sides of a plane polygon, taken the same way rounds the 
algebraic sum of their moments about any point in their plane is 
zero. 

Ans. If the polygon closes, the resnltant Telocity is zero. If it does not 
close, the line necessary to make it close taken the other way round is the re- 
sultant. In either case the algebraic sum of the moments is zero. 

(8) Show that the hodograph of a point moving with uniform 
speed in a circle is a circle in which the corresponding point moves 
also with uniform speed. 

(9) Show that the locus of the extremity of a straight line repre- 
senting either of the two equal components of a given acceleration 
is a straight line perpendicular to me straight line representing the 
given a^celeroMon and through its middle point, 

(10) Let the velocity of a point moving in a straight line vary as 
the square root of the product of its distances from two fixed points 
in the line. Show that its instantaneous aeceteration varies as the 
mean of its distances from thefl^ced points. 

Ans. Let s be one distance and a-^s the other. Then from page 51, Chap. 

ds / 

V, « = 3- = * r «(« + «), where A; is a constant. 
at 

,- _dD _ kad$ + 2ksds _ k^a + 2k*s _ k*(a + 2s) 

dt-^2dt^^^ir- 2 - 2 • 

But the mean of the distances is ' + ^^ + ^^ = a + 28^ 
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(11) If the algebraic sum of the momenta of the component ve- 
locities of a moving point about any two points P and Q are each 
zero, show that the cUgebraic sum of their moments abotU any point 
in the line PQ will be zero. 

(12) A moving point P has two component velocities one of which 
is double the other. The moment of the smaller about a point O in 
the j)lane is double that of the greater, EH,nd the magnitude and di- 
rection of the resultant velocity, 

Ans. If a is the smaller component and a, ft are tlie inclinations of the 
gre ater and smalle r components respectively to PO, the resultant is 

a ^b -\- 4 COS {fi -{- a), and it is inclined to PO at an angle whose sin is 

2 sin a 4- sin /^ 
V5-f 4cos(/?+a) 

(13) Hie velocity v of a point moving in a straight line varies cm 
the square root qf its distance sfrom a fixed point in the line. WhcU 
is its instantaneous axiceleration f 

ds /— * 

Ans. We have d = — = X; ya, where A; is a constant. Hence 

(tt 

— *^^— ^^ _ fa> _ ^' _ ** 

(14) Two railway trains move in directions inclined 60*". The 
one. A, is increaMng its speed at the rate of 4 ft.'per-min per min. 
The other, B, has the brakes on and is losing speed at the rate of 8 
ft.-per-min, per min. Find the relative acceleration. 

Ans. 4 4/7 ft. per min. per min., inclined to the direction of A at an angle 
whose sin is y|^and to the direction of J? at an angle whose sin is | 4/f . 

(15) The initial and final velocities of a movinq point during an 
interval of two hours are 8 miles per hour E. 30** N'. and 4 miles per 
hour N. Find the integral and the mean ax:celeration. 

Ans. 4 VS^miles per hour W., 2 vTmiles-per-hour per hour W. 

(16) A point moves in a circle of radius 8 inches and has at a 
given position a speed of 4 in. per sec, which is changing at the 
rate of 6 in.'per-8ec. per sec. Find (a) the tangential acceleration ; 
(b) the normal acceleration; (c) the resultant acceleration. 

Ads. (a) 6 in.-per-sec. per sec.; {h) 2 in.-per-sec. per sec.; (c) 2 4/lOin.-per- 

sec. per sec 

(17) Newton assumed that the acceleration of gravity varied in- 
versely as the square of the distance from the earth's centre. He 
then tested this assumption by applying it to the moon. Assuming 
the acceleration at the eartivs surface 32.2 ft. -per -sec. per sec., the 
radius of the earth 4000 miles, the distance hetween centres of earth 
and moon 240,000 miles, and the speed of the moon in its orbit 
around the earth 3375 /f. per sec., show thai Newton's assumption is 
in accord unthfa>ct. 

Ans. The acceleration of the moon's centre towards the earth is — , or 

r 

' = 0.0089 ft.-per-sec. per sec. 
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But according to Newton's assumption, if g' is the acceleration at the dis- 

tance of the moon, ^ = J^^^^^ = gg^. Hence g' = 0.0089 ft.-per-sec. 

per sec. 
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(18) Mnd the resultant of four component accelerations repre- 
sented by lines drawn from any point P within a parallelogram to 
the angular points. 

Ans. If tS tlie intersection of the diagonals, PC represents the direction 
of the resultant, and 4P(7 its magnitude. 

(19) A ball is let fall in an elevator which is rising with an ac- 
celeration of 7.2 Jntometers-per-min, per min. The acceileration of 
the ball relative to the earth is 981 cm,-per-sec. per sec. Find its ac- 
celeration relative to the elevator. 

Ans. 1181 cm.-per-sec. per sec. towards the floor. 

(20) Assuming the m^ean radius of the earth 6370900 meters^ the 
speed of a point on the equator 466.1 m. per sec., acceleration of a 
falling body 9.81 m,-per-sec. per sec., find with what velocity a shot 
must befirea at the equator with either a westerly or easterly direc- 
tion in order that, if unresisted, it shall move horizontally round 
the earth, completing its circuit in H or H hours respectively, 

Ans. Westerly velocity, 8870.7 meters per sec. ; easterly velocity, 7440.5 
meters per sec. 

(21) If different points describe different circles with uniform 
speeds and with accelerations jyroporiiondl to the radii of their 
paths, show that their periodic times will be the same. 

(22) The resultant of two accelerations a and a' at right angles to 
one another is R, If a is increased by 9 units and a' by 5 units, the 
magnitude of R becomes three times tts former valve, and its direc- 
tion becomes inclined to a at the angle of its former inclination to a'. 
Find a, a' and R. 

Ans. 8, 4 and 5 units respectively. 

(23) If a tangent be drawn at any point of a conic section, the 
locus of the foot of the perpendicular let fall from a focus on this 
tangent is a circle in the case of the ellwse and hyperbola, and a 
straight line in the case of a parabola. Also the locus of the foot of 
a perpendicular from the vertex of a parabola on a straight line 
drawn through the focus is a circle. 

Assuming these properties, show that if a point move in either a 
circle, ellipse, hyperbola or parabola, so that the moment of its ve- 
locity about a focus is constant, the hodograph is a circle. 

(24) Show that if a point moves in an ellipse so that the moment 
of its velocity about the centre is constant, the hodograph is an 
ellipse. [Note that the area of the parallelogram formed by drawing 
tangents to an ellipse at the extremities of q pair of conjugate 
diameters is constant.] 

(25) A bullet is fired in a direction towards a second bullet which 
is let fall at the same instant. Show that the line Joining them wiU 
move parallel to itself and that the bullets will meet. 

(26) Determine whether any of the following equations are pos- 
sible or not : 

(1) lOavsf + 8v*» = Sgr** * ; 

(2) v"^ — 4as + 3a = ; 

(3) 6v + 2gf*a«'^« = 3a"«**. 

Ans. The first gives us hj^ in each term and is therefore possible. The 
second gives us L-J-, L_lj and .LJ , or each term refers to different kinds of 
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quantities, and the equation is nonsense on its face. The third gives us p^, 
[X]* and [X]', and is also nonsense. 

(27) A point moves in a straight line so that the number of units 

of distance sfrom the origin at the end of any number of seconds t 

5 3 6 

is given hy s^2 •\- —t + —P + •^. Find (a) the number of units of 

distance from the origin at the start; (&) the velocity v at any in- 
stant; (c) the acceleration a at any instant ; (d) the velocity at the 
start; (e) the acceleration at the start. 

Ans. {a) 2 units of distance ; (&) « = -5 + "o * + "o"*' * (<')*= o + -j^ ; 

R o 

(d) ^ units of distance per sec. ; {e) ^ units of distance-per-sec. per sec. 

(28) A point moves in a straight line so that the number of units 
of acceleration a at the end of any number of seconds t is given by 

a = 7 — 5-t + 2t*. If Vi is the number of units of velocity at the 
o 

starts and Si the number of units of distance from the origin at the 
starts find the velocity arid the distance from the origin at any in- 
stant. 

Ana. , = ,.+7.-it. + }^; 

(29) A point moves in a straight line so that the number of units 
of velocity v at the end of any number of seconds t is given by 

t? = 6 — — * + -t^. Find the acceleration a and the distance «, if Si is 

the initial distance, 

A 3,5^ 

Ans. a = - - + -^, 

(30) A point has three component accelerations in the same plane 
given byfi = 40, /« = 50, /« = 60 ft,-per-sec, per sec., making with the 
axes of X and Y angles given by ctx = 60% fix obtuse ; (i^ = 30% a, 
cbtuse; at = 120'*, /?» obtuse. Find the resultant acceleration. 

Ans. We have fix = 150% a, = 120% /?. = 150^ Hence 

/« = — 85 ft.-per-8ec. per sec. ; /y = — 43.3 ft.-per-sec. per sec., and 

fr = 55.67 ft.-per-sec, per sec, 

making the angles with X and T given bj 

a = 128" 57' 17", b = 141" 2' 43". 

(31) A point has three component accelerations, ft = 40, /« = 50, 
ft = 60 ft.'per-sec. per sec., making unth the aoces of X, F, Z angles 
given by ai = 60% % = 100% r 1 obtuse ; a, = 100% /?, = 60**, yt acute ; 
at = 120'', /3t = 100', yt acute. Find the resultant acceleration. 

Ans. We find the angles y (page 12) by the equation 

cos* y = — cos (a + /^ cos (a — /S). 



58 KINBMATI08— GENERAL PBIKOIPLES. [CHAP. V* 

Henee yi = 148" 2' 31".7, ^i = 81' 67' 28 '.8. r» = 81' 67' 28".8 ; 
/« = — 18.6824 ft.-perwsec. per sec., /y = + 7.635 ft.-per-8ec. per see.» 

I 

/« = 4- 59.801 ft.-per-8ec. per sec, /r = 62.78 ft.-per-sec. per sec, 
making with the axes of X, F, Z angles given by 

a= 07° 19' 86". 6 = 88" 0' 38", c ;= 18" 46' 42'. 

(32) Investigate the motion of a point whose initial velocity in a 
horizontal direction is 0, and in a vertical direction — 32 /i(. per sec. 
The horizontal acceleration is fx= + 16 ft-per-sec. per sec,^ and the 
vertical acceleration fy = + U ft,-per-sec. per sec. 

Ana. The resultant acceleration is (page 51) 



and it makes an angle A with the horizontal whose cosine is 

. 16 

cos Ar= 



4/(16)« 4- W* 
and an angle /i with the vertical whose cosine is 



008 M = 



The horizontal velocity at the end of any time iB 

vx = 16«. 
The vertical velocity at the end of any time la 

«y=-82 + 2«*. 
The resultant velocity is 

«= Vil^ty + (2<« - 82)« = 2^ + 881 
and it makes an angle a with the horizontal whose cosine is 

8^ 
^^ = ?+16' 

and an angle fl with the vertical whose cosine is 

The distance 8 described in any time is 

8= |«»+82e. 
The tangential acceleration is 

ft=.a=f^co8a+fyooefi=zlfix^-~ + ^tXp=;^^ 

The normal acceleration is (page 62) 

/n = Vlr^ j^ = 16. 
The radius of curvature is (page 53) 

_g«_ (2<« + 32)« 
^"A"" 16 • . 
The horizontal distance described is 
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The vertical distance described is 

Eliminating t, we have for the equation of the path 

(33) Investigate the motion of a point whose initial velocity in 
the direction of the a^xis of x is -^2 ft, per sec,; in the direction of 
the aods of y, 0; in the direction of the aods of z^ +4: ft. per sec. 
The acceleration in the direction of the aoois ofxisfx==0; in the di- 
rection of the aacis of y, /y = + Sft.-per-sec. per sec; in the direction 
of the axis of z,fn = +^ ft.-per-sec, per sec, 

Ans. The resultant acceleration is (page 61) 

/= |^o« + 3« + 5«= i/84, 
which makes an angle X with the axis of x whose cosine is 

cos A = — T= =0; 

with the axis of y an angle /i whose cosine is 

3 
cos )U = ^ ; 

V34 
with the axis of z an angle v whose cosine Is 

6 

cos y = — =-, 

4/34 
The velocities in the direction of x, y and z are 

«« = 3; «y = 3<; t)jB = 4 + 51 
The resultant velocity is 

«= 4/2« + (3«)« + (4+5«)« = V34<« + 40« + 20, 
which makes angles a, fi and y with the axes of x^ y and z given by 

a ^ 3* 

cos a = ; cos p = 



i/34<* + 40<+20 ' |/34««+40< + a0 ' 

4+5* 
cos y = — , 

V34«« + 40i + 20 
The distances described in tho direction of x, y and z are 

aj=x2«; y = |«'; « = 4« + |e«. 

If we eliminate t, we have 

y=^; 

z = 2x + -^. 

These are the equations of the projection of the path upon the planes of xy 
anda». 
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MOMENT OF DISPLACEMENT, VELOCITY, ACCELERATION. 

LINE REPRESENTATIVE. 



1 



BBSOLUnON AND GOMPOBITION OF MOMENTS OF DIBFLAGEMENT, YBLOOITT, 
ACCELERATION. ANALYTICAL DETERMINATION OF RESULTANT YELOCITT 
AND MOMENT FOR CONGURRINO VELOCmES, ACCELERATIONS AND DIS- 
PLACEMENTS. 

Moment of Displacement, Velocity or Acceleration about a Given 

Point. — ^The product of the magnitude of a displacement, velocity 
or acceleration by the magnitude of the perpendicular let fall from 
any given point upon its direction gives the magnitude of the 
moment of the displacement, velocity or acceleration with reference 
to that i>oint. 

The peipendicular is called the lever arm, and the point is the 
centre of moments. 

Thus if AB is the line representative of any displacement, ve- 
locity or acceleration, and the perpendicular 
? from any point O is p, the moment relative to O 

is ± AB X p. If AjB is a displacement d, we 
have ± dp. If it is a velocity v, we have ± t?p. 
If it is an acceleration/, we have ± fp. 

The (+) sign indicates that the radius vector 
moves aroimd O coimter-clockwise as in the 
figure. The (— ) sign denotes clockwise rota- 
tion. 

If we draw a line OCy through O parallel to AB, it is evident 

that the moment of AB is the same relative to any point in this line. 

Hence, so far as the moment is concerned, a displacement, 

velocity or acceleration may be considered as laid off from any 

point in its line of direction. 

Moment of Displacement^ Velocity or Acceleration about a Given 
Axis. — Let OF be a given axis and 
AB any displacement, velocity or ac- 
celeration. 

Take any plane XZ perpendicular 
to the axis Ox, intersecting this axis 
in O. Project AB upon this plane in 
A'B', Now AB can be resolved at A 
into a component parallel to A'B' and 
a component perpendicular to A^B^ 
and therefore parallel to the axis OY, 
The component parallel to OY 
causes no rotation about Y. The 
moment of AB about the axis is then the inoment of A'R aboutthe 

intersection O of the plane XZ with the axis. 

60 
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Hence the moment of a displacement, velocity or acceleration 
about a given aMs is the moment of the component in a plane per- 
pendicular to the ams about the point of intersection of that plane 
with the axis. 

Here again, so far as moment about any axis is concerned, a 
displacement, velocity or acceleration may be taken as laid off from 
anypoint in its line of direction. 

Moment of Displacement. — If AB = d is a displacement, we have 
then for its moment about any point O, 
ilf = ± dp, and dp is twice tne area of 
the triangle AOB. 

Hence the moment of a displacement 
about any point is twice the area swept 
through by the radium vector from that 
point. 

The unit of moment of a displace- ^^ 
ment is then the square of the unit of p\ ^ 

length, as one square foot. \ / 

If we draw OO' parallel to AB and V 

erect a perpendicular DO' at the middle "^ 

point of Ab, then DO' =p and the moment about O is equal to the 
moment about any point in the line 0(7. If O'A = O'B = r, and 
the angle AO'B,= 8, then we have for the displacement d 

d = 2rsm2. 

Moment of Velocity — Acceleration.— If AB = t? is a velocity, we 
have for its moment about any point O, M= ±vp. 

Hence the moment of a velocity about any point is twice the 
areal velocity of the radius vector. 

The unit of moment of a velocity is then the square of the unit 
of length per unit of time, as one square foot per second. 

If AB =/is an acceleration, we have for its moment about any 
point O, M= ±fp. 

Hence the moment of acceleration about any point ia.tvnce the 
areal acceleration of the radius vector. 

The unit of moment of an acceleration is then the square of the 
unit of length per unit of time squared, or one square ft.-per-sec. 
per sec. 

Line Eepresentative of Moment of Displacement — Velocity — Ac- 
celeration. — Since moment of displacement, velocity, acceleration, 
has thus both magnitude and direction, it is a vector quantity like 
displacement, velocity, acceleration themselves, and like them can 
be completely represented by a straight line. 

Thus the length of a line represents the magnitude of the 
moment dp, vp or fp. This line is always taken perpendicular to 
the plane of rotation of the radius vector, which is therefore known 
when the direction of the line representative is known. Finally we 
denote the direction of rotation in the plane by placing an arrow- 
head on the line, so that when tve look along the line in the direction 
of this arrow^ the rotation is always seen clockwise, 

B Thus the line AB denotes by its length the magni- 
tude of the moment dp, vp or fp. The plane of rotation 
of the radius vector is at right angles to this line, which 
is therefore coincident with the axis of rotation. The 
direction of rotation is clockwise in this plane when 
A' . ' we look from Ato B, 
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Besolution and Composition of Moments. — ^The principles, there- 
fore, of pages 35 and 36 hold good for moments of displacements, 
velocities and accelerations, as well as for displacements, velocities 
and accelerations themselves. We have then the triangle and 
polygon of moments. 

Sign of Components of Moments. — ^The signs of the line repre- 
sentatives of the components along the axes of X, F, Zof a moment 

of displacement, velocity or acceleration 
follow the same rule as for comi)onents of 
displacement, velocity or acceleration (pages 
36, 44, 50). 

Hence components in the directions OXy 
OY, OZ are positive (+), in the opposite 
direction negative (— ). If then we look 
along the line representatives of the compo- 
nents towards the origin O, the rotation is 
always seen counter-clockwise. Therefore 
rotation from JT towards F, F towards Z, Z 
towards JTis positive, in the opposite direc- 
tions negative. 

For polar co-ordinates, directions away from the pole are posi- 
tive, towards the i)ole negative.* 

The algebraic sum of the moments of any number of component 
displacements, velocities or accelerations, about any point in their 
plane, or about any axis, is equal to the moment of the resultant 
displacement, velocity or acceleration about that point or axis. 

Let AB, AC represent 
two component displace- 
ments, velocities or acceler- 
ations of a point A, Then 
the resultant is AR. Let O 
be any point in the plane of 
the components either out- 
side or inside the angle be- 
tween the residtant and either component. 

Then in the first case 

area OAR = area OAB + area BAR — area i20B, 

and in the second case 

area OAR = area OAB + area ROB — area BAR. 

In both cases 

area BAR = area ROB + area OACy 

since all three triangles have equal base BR, and the altitude of 
BAR is the sum of the altitudes of ROB and OAC. 
We have then in the first case 

area OAR = area OAB + area OAC, 

m 

and in the second case 

area OAR = area OAB — area OAC. 




•Evidently, then, we measure angles in the plane XF from OX around 
towards OF ; in the plane TZ from T around towards OZ ; in the plane ZX 
from OZ around towards OX, as shown by the arrows in the figure. 
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But twice the area 0AM is the moment of the resultant AR, and 
twice the areas OAB and OAC are the moments of the components 
AB and AC about O. Hence the moment of the resultant is equal 
to the algebraic sum of the moments of the components. 

If we have a third displacement, velocity or acceleration at A, 
the resultant of this and AE would be the resultant for all three. 
Hence the principle holds for any number of components. 

Again, let AB, BC, CD represent 
the components of a point A. Then 
the resultant- is AD, Let OF be an 
axis and XZ a plane perpendicular to 
the axis. Let a6, 6c, cd be the projec- 
tions on this plane of the component 
velocities. 

We have just proved that the mo- 
ment of ad about O is the algebraic 
sum of the moments of the compo- 
nents a6, 6c, cd. 

But the moment of each of these 
about O is the moment of AB, BC, CD about the axis (page 60). 
Hence the moment of the resultant AJ) about the axis is equal to 
the algebraic sum of the moments of the comx)onents AB, BC, CD. 
The moment of acceleration of a moving point relative to any 
fixed point in the plane of its motion is equal to the time-rate 
of chwge of the moment of its velocity about the same point. 

Let AB = Ui be the instantaneous velocity of 
a point A and Jt its instantaneous acceleration. 
Then in any indefinitely small time dt the 
change of velocity is BC=fdt, and the resultant 
velocity is AC = v in the plane of u, and/. TaJce 
a point O in the same plane and drop tiie per- 
pendiculars Zi, I and p upon the directions of 
t?i, vandf. 

Then, since the moment of the resultant is equal to the algebraic 
sum of the moments of the components, we have 





Vl = Vili i-fdt . p, OT fp = 



vl — Vih 

dt 



If the path is a circle of radius r, then l=zli s=r, and we have 
relative to the centre 

We obtain the same result as follows : 
Resolve the acceleration / into components ft 
tangent to the circle and A normal. The latter 
component passes through the centre, and its 
moment is zero. We have then the moment of / 

equal to the moment 
or the other com- 
ponent, or 

fp =ftr. 

General Analytical Determination 
of Eesultant Velocity and Moment 
for Any Number of Concurring Com- 
ponent Velocities in the Same Plane. 
—Let the point P be given by the 
co-ordinates a?, y. Let the component velocities of P oe Vi , Vj , t?i , 



.+Ma 
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etc., all in the same plane XY and mAlriiig with the axes of X and 
Fthe aneles ai, fi,; a, , /tf, ; a. , /Cf, , etc. 

Let V he the resultant velocity m^ilring the angles a and 5 with 
the axes of Xand F respectively. 

For the component velocities parallel to Xand F we have 

Vx = Ti cos ai + Vi COS tf« + t?i COS a, + . . . = ^VCOSOr; ) .^. 



;} 



Vy = t?i COS y^i + t?« cos /?, + r, cos /?« + ...= 2rcos ^. 

In these summations components towards the right or upwards 
are positive, towards the left or downwards n^ative. 
The resultant velocity is then 

Vr = Vvx' + V, (2) 

making with the axes of Xand Fangles a and b given hy 

cosa = 5f, cos6 = ^; (3) 

Vr Vr 

The moment of the resultant velocity with reference to O is the 
algebraic sum of the moments of the component velocities Vx and 
Vy. If jp is the lever arm of Vr , we have, paying regard to the sign 
for direction of rotation, for the moment M, about the axis OZ, or 
the moment in the plane XY, 

Mz = VrP = VyX — Vay (4) 

Hence the lever-arm is 

^=f <«> 

In these equations rx, Vy, x and y are positive in the directions 
OX, OF and negative in the opposite directions. With these con- 
ventions the equations are general. 

If Mz comes out positive, the direction of rotation about O is 
counter-clockwise ; if negative, the direction of rotation is clock- 
wise as shown in the figure. 

In the first case the line repreaeTdative is positive and therefore 
passes through O in the direction OZ. In the second case it has 
the contrary direction. In both cases, if we look along the line rep- 
resentative towards the origin, the direction of rotation will be 
seen as counter-clockwise. 

Since Vr may be considered, so far as the moment at O is con- 
cerned, as acting at anypoint in its line of direction (page 60), 
Jet us take it acting at ^C the intersection of the line of direction 

of V with the axis of F. Then we have for the distance OE, 

Mz 
Vx X OE ^-^Mz, or 0E= . The tangent of the angle which 

Vii 

Vr makes with the axis of Xis -^. Hence the equation of the line 
of direction of the resultant velocity v is 

Vy Mz .-. 

y = --^ - IT ^^^ 

Vx Vx 

If in this equation we make a; = 0, we find the ordinate of the 
point in which the direction of the resultant velocity Vr intersects 
the axis of F, viz., 

OE^t/^^^ (7) 

Vx 
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If we make. 2^ = 0, we find the abscissa of the point in which the 
direction of the resultant velocity Vr intersects the axis of X, viz., 

0^ = ^ (8) 

General Analytic Determination of Eesultant Velocity and Mo- 
ment for Concurring Component Velocities not in the Same Plane. — 

Let the point P be given by 
the space co-ordinates x, y, z, 
and let the component velocities 
of P be Vi , t?9 , t?8 , etc., making / 

with the axes of X, F, and Z the ♦My 
angles o^i, fi^^ y^ ; aa, /?«, y% ; as, / 

^8, 7^8, etc. 

Let Vt be the resultant velocitv 
making the angles a, &, c with 
the axes. 

We have then for the compo- 
nent velocities parallel to X F, _ .^ ^. 

and Z "^^^ 

Vx = Vx COS (X.X + Vj COS a% -h v% cos a« = ^v cos a ; \ 

Vy = Vi COS A -I- t?a COS /?9 H- VsCOS fit = 2t?C0S/?; C . • ^ (1) 
Ve = t?i COS ri + Vi COS r« + Vs COS ^8 = ^t? COS^. J 

In these summations components in the directions OX, OF, 02? 
are positive, in the opposite directions negative. 
The resultant velocity is then 

Vr = VvJTv^~+viF, (2) 

making with the axes of X, Fand Z angles a, 6 and c given by 

cosa=— , cos& = ^-, cosc=— (3) 

Vr Vr Vr 

The moment of the resultant velocity Vr with reference to O is 
the algebraic sum of the moments of the component velocities Vx , 
Vy and Vz . 

We take the positive direction of rotation in each of the co- 
ordinate planes in the direction indicated by the arrows in the 
figure. Thus, 

rotation about Zfrom Xto Y) 

*' X " F " Z ^ are positive; 
** F " Z " X) 

in the contrary directions, negative. 

We have then for the moments about the axes 

moment about Z parallel to plane XF, Mz = VyX'-Vxy; 






z parallel to plane XF, Mz = Vyx — Vxy\ ) 

X *' ** " YZ, Mx^Vzy-VyzA. . , (4) 

F *' " ** ZX, My = VxZ - VyX. ) 

In these equations VxyVy, Vz and x, y, z are positive in the direc- 
tions OX, OY, OZ, and negative in the opposite directions. With 
these conventions the equations are general; and if Mz Mx, My 
come out positive, we have rotation in each plane counter-clock- 
wise as indicated by the figure ; if negative, clockwise. 

In the first case the Ime representatives pass through O and 
have the directions OZ, OX, OY. In the second case they have 
opposite directions through O. In any case the direction of rota- 
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tion is always counter-clockwise when we look along the line retpre- 
sentative towards O. 

The equations of the projections of the line of direction of the 
resultant velocity Vr ui>on the co-ordinate planes are found as in 
the preceding Article, since each may be considered as acting at 
any point in its line of direction : 



on plane XY, y = -^x 

Vx Vx 

Vy Vy 

Vz Vz 



(« 



If in these equations we make 2? = 0, we find the co-ordinates of 
the point in which the direction of the resultant velocity tv pierces 
the plane XYy viz., 

af^-^, y = ^ («) 

Vz Vz 

If we make a; = 0, we have for the co-ordinates of the point 
where it pierces the plane YZ, 

, My Mz /iv\ 

^=-ii' ^=— is <^ 

If we make y = 0, we have for the co-ordinates of the point 
where it pierces the plane ZX, 

z'=-^, a^ = ^ (8) 

Vy Vy 

Combining* the line representatives of the moments given by 
^) we have 

Mr = VrP= VMx' + My' + Mz • (9) 

Hence 

P=^ ..(10) 

Vr 

The line representative for the resultant moment JIfr passes 
through O and makes the angles d, e,/with the axes of -3l, F, Z 
given Dy 

» Mx My ^ Mz ,^^v 

cosd = -_-^, cose = ^, cos/= ,-- (11) 

Mr Mr Mr 

Looking along this line representative towards O, the direction 
of rotation is always counter-clockwise. 

The projections of this line representative upon the co-ordinate 
planes make angles with the axes given as follows: 



M 
projection on XY tangent of angle with X = =~ ; 

Mx 
a {( -yy n tc tc ii V" ^ * 

ci i( T'X" << «* «« " Z = 



<12) 



Mz 

If we make Vz = 0, we obtain the equations of the preceding 
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article. If we make x^y^ z zero, we have the equations of page 37 
if we put V in place of a. 

General Analytic Determination of Resultant Acceleration and 
Moment for Concurring Component Accelerations. — ^The equations of 
the last two Articles hold good for a point having component accel- 
erations as well as for component velocities. We have only to sub* 
stitute/ in place of v. 

General Analytic Determination of Kesnltant Displacement and 
Moment for Concurring Component Displacements. — ^The same equa- 
tions hold for a point having component displacements. We have 
only to substitute d in place of v. If we then make a?, 2^, 2; = we 
have the equations of page 37. 



EXAMPLES. 

(1) A paint P given by the co-ordinates a? = + 3/f., ff = + 4/t., 
« = has the component velocities r, = 40, v* = 60, v% = 60 ft, per 
sec,, making the angles with X, Y and Z, «i = 60", /5i = 150% ri = 
90° ; a, = 120% fit = 30% r • = 90^ tr, = 120% fit = 150% r» = »0% 
Find the resmtant velocity and the resultant moment about the 
origin. 

Ans. The component velocities are in one plane and 

ite = -f 20 — 26 — 80 = — 85 ft. per sec.; 

«!/ = - 34.64 + 43.3 - 61.96 = - 43.8 ft. per sec. 



The resultant tv = 4/va;* + ^y* = 65.67 ft. per sec., making with the hori- 
zontal the angle cos a = — = "" -^ or a = 128° 57' 17", and with the vertical 

angle cos6 = ^ = ^i=^;or b = 141° 2' 48". 

fhr 0D.D7 

The moment of the resultant velocity «r with reference to is Mz ^ — 180 
+ 140 = + 10 sq. ft. per sec. 

The direction of motion of the radius vector in the plane XFis therefore 
counter-clockwise. 

The lever-arm p = ^r^ = about 0.18 ft. 

The equation of the line of direction of the resultant velocity is flf = 1.287iB 
+ 0.286 ft. 
. The intercepts on the axes are y' = + 0.286 ft., a?' = — 0.281 ft. 

(2) A point P given by co-ordinates a? = -f 3/if., 2/ = + 4/f., z = 
4- 5 ft, has the component velocities v, = 40, Wa = 50, v% = 60 ft. per 
sec., making the angles with X, F, Z, ai = 60% fii = 100°, yi obtuse; 
a. = 100% fit = 60°, r% acute ; a, = 120°, 0% = 100°, r% acute. Find 
the resultant velocity and the resultant moment about the origin. 

Ans. We find the angles y (page 12) by the equation 

cos' X = — COB {a -{- fi) COB {a — fi). 

Hence y , = 148° 2' 31".7, r. = 31° 57' 28".8, r, = 81* m* 28^.8. 
«» = + 20 - 8.6824 - 80 = - 18.6824 ft. per sec. 
tV = - 6.946 H- 25 - 10.419 = + 7.636 ft. per sec. 
9u =- 88.987 + 42.421 + 50.907 ^ + 69.391 ft. per see. 
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The resultant yelodty is 



dr = i^V + V + «»• = 62.73 ft. per see., 
making with the axes of X, T, Z angles given by 

^* = "^£?r^' ora=10r lyW; 

4-7 686 
cosd=^y^, or 6= 88- (y 88^; 

cos.= ±ggi, or c= 18- 46' 42". 

The moments in the co-ordinate planes are 

Mm = + 22.905 + 74.7296 = + 97.6346 sq. ft. per seo. 
JG = + 237.564 - 38.175 = + 199.389 
Jf, = - 98.412 - 178.173 = - 271.685 

The resultant moment is 



(< <( <« «« 



Jfr = Vif«« + Jff* + if»» = 360.78 sq. ft. per sec. 
The line representative makes with the axes of X, T, Z angles given hj 

cosd = g = ±4S;^, ord= 66-21'37"; 

Looking along this line towards 0, the motion of the radios vector is 
counter-clockwise. 

The equations of the projections of the direction of the resultant velocity «r 
upon the co-ordinate planes are : 

on plane XT, y = — 0.408aj + 5.226 ft.; 

on plane TZ. « = + 7.778y - 26 115 ft.; 

on plane ZX, aj = - 0.314e + 4.572 ft. 

The point in which the direction of the resultant velocity pierces the plane 
XT is given by «' = + 4.572 ft., y' = + 3.857 ft. 

The point in which the direction of the resultant velocity pierces the plane 
TZ is given by y' = + 5.226 ft., «' = -f 14.56 ft. 

The point in which the direction of the resultant velocity pierces the plane 
ZXis given by «' = - 26.115 ft., a;' = + 12.788 ft. 

(3) A point given by the co-ordinates a: = + 3 ft., y = + 4 ft, 
z = 0, has the component accelerations fi = 40, f^^ 60, f» = 60 ft. -per- 
sec. per sec., making the angles with X, Y ana Z, a, = 60"*, fix dbtuse^ 
y^ = W\ /?. = 30°, a. obtuse, r« = 90° ; a. = 120°, fiz obtuse, r* = 90°. 
Find the resultant acceleration and the resultant moment about the 
origin, 

Ans. (page 6^. The component accelerations are in one plane and 

/a? = + 20 — 25 — 30= — 86 ft.-per-sec. per sec. 

/y = ^ 84.64 + 48.8 - 51.96 = - 43.3 ft.-per sec. per sec. 

The resultant fr = Vf^+fi^ = 55.67 ft.-per-sec. per sec., making with 
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the horizontal the angle cos a = ^= ^^, or a = 128° 67' 17", and with 

the vertical the angle cos 6 = '^ = ^i^. or 6 = 141" 2' 48". 

The moment of the resultant acceleration with reference to is 
Mz = — 180 4- 1^0 =4-10 square feet-per-sec. per sec. The direction of mo- 
tion of the radius vector in the plane XT is therefore counter-clockwise. 

The lever-arm p of the resultant is p = = about 0.18 ft. 

The equation of the line of direction of the resultant acceleration is 
y = 1.2S1X -H 0.286 ft. 

The intercepts on the axes are ^' = + 0.286 ft., x' = — 0.281 ft. 

(4) A point aiven by the co-ordinates x = + Sft., y= + ^ft.^ 
= + 6 ft. has the component accelerations fx = 40, /, = 50, f% = 60 
ft,'per-8ec. per sec., making the angles with X, Y, Z, ai = 60**, 
/8, = 100% yi obtuse; a, = 100°, /J, = 60% yt acute; as = 120% 
fi9 = 100°, xt acute. Find the resultant acceleration and the result' 
ant moment about the origin. 

Ans. (page 65). We find the angles y (page 12) bj 

cos*;^ = — cos (a 4" fi) cos (a — fi). 
Hence yi = 148° 2' 31''.7, yt = 81° 57' 28".3, ys = 81° 67' 28".8. 

/a, = 4- 20 - 8.6824 - 80 = - 18. 6824 ft.-per-sec. per sec; 

/,= - 6.9464-25- 10.419 =+ 7.685 ** " ** " '* ; 

/, = - 88.987 4- 42.421 4- 60.907 = 4- 59.891 " " " " " . 
The resultant acceleration is 

fr = Vfx +fv* +f^ = 62.78 ft.-per.sec. per sec., 
making with the axes of X, Fand Wangles given by 

cosa = "" ^^f^ * or a= 107° 19' 86"; 

««^==S^' or6=88° 0'83"; 

oosc=±ggi, orc= 18° 46' 42". 

The moments in the co-ordinate planes are 

Jf« = 4- 22.9054- 74.7296 = 4- 97.6846 sq. ft:-per-sec. per sec. 
J|fa, = 4- 287.564 -88.175 =4-199.889 " " ** •* ** *' 
jry=-. 98.412-178.178 =-271.585 " « " " ' " 

The resultant moment is 



Mr = vS?-MSM-JE^= 850.78 sq. ft.-per-sec. per sec. 
The line representative makes with the axes of X, T, Z angles given by 

^ Mx -f 199.889 _ «oo^/o«/r 

eosd = .^ = :n__,ord= 66°21'87"; 

^ Mt +97.6846 . «„.,/„«,„ 
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Looking along this line towards 0, the motion of the radios vector is eoon- 
ter-clockwise. 

The equations of the projection of the direction of the resultant accelezatioii 
/upon the co-ordinate planes are : 

on plane XT, y = — 0.408» + 5.2d6 ft; 
on plane TZ, « = + 7. 77?y - 26.115 ft; 
on plane ZX, (c = - 0. 814£ + 4.572 ft. 

The point in which the direction of the resultant acceleration pierces the 
plane XFis given by »' = + 4.572 ft., i^ = + 8.857 ft. 

The point In which the direction of the resultant acceleiatioa pierces the 
plane 7Z is given bjt^ = + 5.226 ft., s' = -14.56 ft. 

The point in whicn the direction of the resultant acceleration pierces the 
plane ZXya given by e' = - 26.115 a, «" = + 12.788 ft. 

(5) A point given by the co-ordinaiea a? = + 3 >%., y = + 4 ft.^ 
2 = has the component dispkuxmenta dfi = 40 fty di = 60 ft.^ 
dt = 60 ft, making the angles with JT, Y and Z, a. ^ 60°, /5, obtuse^ 
ri = 90^^; fit = 30% a, obtuae, r» = 90 ; a, = 120", fit obtuse, r% = 90% 
Find the resultant displacerifient and moment about the origin, 

(6) A point given by the co-ordinates a;=+3/t.,y=+4 ft., 
z= + Bft. has the component displacevnents di = 40/i(., d* = 50ft.^ 
dt = 60/f., making the angles with X, Yand Z, a^ = 60% fiy. = 100% 
yi obttise; at = 100% fit = 60% r* acute; a, = 120% fit = 100% yt acute. 
Find the resultant displacement and moment about the origin. 




OHAPTEE VII. 
ANGULAR REVOLUTION OF A POINT. ANGULAR SPEED. 

KLTB or GHANGB OF ANGULAR BFBBD. BQUATIOKS OF MOTION OF A POINT 
UNDER BIFFBBBNT RATES OF CHANGE OF ANGULAR SPEED. ANGULAR 
SPEED IN TERMS OF LINEAR YELOCITT. RATE OF CHANGE OF ANGULAR 
SPEED IN TERMS OF LINEAR. MOMENT OF LINEAR VELOCITY IN TERMS 
OF ANGULAR SPEED. MOMENT OF TANGENTIAL ACCELERATION IN TERMS 
OF RATE OF CHANGE OF ANGULAR SPEED. NORMAL ACCELERATION IN 
TERMS OF ANGULAR SPEED. MOTION IN A CIRCLE. 

Angular Revolution of a Point about a Oiven Point.-— When a 
point moves in any path whatever from the initial position Pi to 
the final position Pa in any given time, we have callea the distance 
PiPa the linear displacement (page 34). 

If we choose any point in space O as a pole 
and draw the radius vector OPi to the initial 
and OPa to the final position, we call the an^le 
PiOPt = 3 the angular revolution of the pomt 
P about O. 

Since the angle B is measured in radians, it 
is independent of the length of the radius vec- 
tor, or the distance of Pi and Pa from O (page 6). 

It is also independent of the position of the plane of revolution 
PjOPa in space, or of the direction in space of the angular revolu- 
tion. 

It has, however, magnitude and sign (+) or (— ), according as the 
radius vector moves in this plane in one direction or the other. 

Angular revolution has then magnitude and sign, but not direc- 
tion. It is therefore a scalar quantity like distance described by a 
point, and cannot be represented by a straight line. 

The student must not eonfound angular revolution with "angular displace- 
ment/' which, as we shall see hereafter (page 170), has like linear displacement, 
direction as well as sign and ma^itude, and is therefore a vector quantity 
which can be represented bj a straight line. 

Angular Bevolution of a Point about a Given Axis,— The angular 
revolution in any given time of a moving point about a given line 
or axis is the angle between perpendiculars from the initial and 

final positions of the point to the axis. 

Thus let OA be a given axis, P and P. 
the initial and final positions of the mov- 
ing point, and PiB, Pa C perpendiculars to 
OA. Then the angle between PiB and 
PaC is the angular revolution about OA^ 
whatever the path between Pi and Pa. 

This angle is the same as the an^e 
pCPa, if we complete the rectangle CjPi. 
As the straight line pP% is thus the pro- 
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jeetion of the line PiP% on the plane PtQp, we see that the angular 
revolution about the axis is the angular revolution of the projection 
p of Pi about the point C. 

Mean Angular Speed of a Point about a Oiven Point or Axis.— The 
angular revolution per unit of time is the mean awgnlar speed of a 
X>oint about a given point or axis. 

Like angular revolution it has then mamitude and sign accord- 
ing to direction of motion in the plane of revolution, but is inde- 
pendent of the position in spa^^ of that plane. It is therefore a 
scalar quantity like linear speed (page 16). 

When the mean angular speed varies with the time it is variable. 
When it has the same magnitude no matter what the interval of 
time it is uniform. A point moving with uniform angular speed evi- 
dently describes equal angles in equal times. 

Instantaneous Angular Speed of a Point about a Oiven Point 

or Axis.^The limiting value of the mean angular speed when the 
interval of time is indefinitely small is the instantaneous angular 
speed. If the instantaneous angular speed is variable, the mean 
angular speed has different values for equal intervals of time. 

The term angular speed always signifies instantaneous angular 
speed unless otherwise specified. 

An^lar speed like mean angular speed is therefore a scalar 
quantit^p^, havmg magnitude and sign according to the direction of 
motion in the plane of revolution, but indepenaent of the position 
of this plane in space. 

The student must not confound angolar speed with "angular velocity/' 
which, as we shall see hereafter (page 174)» has direction as well as sign and 
magnitude and is therefore a vector quantity. 

Numeric Equations of Angular Speed.— The unit of angular speed 
is evidently one radian per second. We denote the magnituae of 
the angular speed thus measured by the letter o). 

If then Bi is the angle measured in the plane of revolution from 
any fixed line to the initial position of the radius vector and 6 to the 
final position of the radius vector, we have for the mean angular 
speed 

e-0, 

"=-V- (i> 

When the interval of time is indefinitely small, we have in the 
CalcTilus notation, for the instantaneous angiQar speed, 

dO 

''-Tt (^> 

Sign of Angular Speed. — These equations are precisely the same 
as equations (1) and (2), page 16, simply substituting Q tor «. The 
sign follows the same rule. Thus when the angle is increasing the 
value of GO is positive (+), and when decreasing it is negative (— ). 

Equation (1) is thus general if we take angles in any one direc- 
tion m the plane of revolution measured from a fixed line in that 
plane as positive, and in the opposite direction as negative. 

Angular speed, then, whether uniform or variable, mean or in- 
stantaneous, 18 independent of direction in space. It is entirely 
comparable to linear speed (page 15). 

Change of Angular Speed. — When the an^ar speed of a point 
varies, tihe difference between the final and initial instantaneous 
speeds for any interval of time is the integral change of angular 
speed. 
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Mean Bate of ChaiLge of An^ar Speed. — The integral change of 
angular speed per unit of time is the mean rate of change of angu- 
lar spe ed. 

When the mean rate of change varies with the time it is vari- 
able. When it has the same magnitude no matter what the inter- 
val of time it is uniform. 

Instantaneous Bate of Change of Angnlar Speed. — The limiting 
value of the mean rate of change of angular sx>eed when the inter- 
val of time is indefinitely smallis the instantaneous rate of change 
of angular speed. 

Bate of change of angular speed should alwavs be understood as 
meaning instantaneous rate of change unless otnerwise specified. 

Bate of change of angular speed may be zero, uniform or vari- 
able. When it is zero the angular speed is uniform and the same 
as the mean speed for any interval of time. 

When it is uniform the rate of change of angular speed is the 
same a^ the mean rate of change for any interval of time. 

When it is variable the mean rate of change has different values 
for equal intervals of time. 

Numeric Equations of Bate of Change of Angular Speed. — ^The 
unit of rate of change of angular speed is then one radian-per-sec. 
per sec. We denote its magnitude thus measured by the letter a. 

If then <ox is the initial and oo the final instantaneous angular 
speed, we have for the mean rate of change of angular speed 

"=-r- ^^> 

and for the instantaneous rate of change of angular speed 

__ dw __ d^ 

^^ dt^ df ^^ 

Sign of Bate of Change of Angular Speed. — These equations are 
precisely the same as equations (1) and (2), page 25, simply substi- 
tuting 00 for V and 6 for s and a for a. The value then of a is posi- 
tive (+) when the angular speed increases and negative (— ) when 
it decreases during the time. 

It is evident that this sign has no reference to position in space. 
Bate of change of angular speed is then a scalar quantity. 

The student must not confound rate of change of angular speed with 
"angular acceleration," which, as we shall see hereafter (page 175), has direc- 
tion as well as sign and magnitude and is therefore a vector quantity. 

Equations of Motion of a Point under Different Bates of Change 
of Angular Speed. — ^We have equations preciseljr similar to those 
for linear speed, page 27. We have only to substitute oo for v, a for 
a, fi for 8. 

(a) Bate of Change of Angnlar Speed Zero.— In this case if 6i is 
the initial angle measured in the plane of revolution of the radius 
vector from a fixed line in that plane, and the final angle, we have 

00 = ^ ' , or co^ = — 6i (1) 

t 

Bevolution in any one direction in the plane being taken as posi- 
tive, in the other direction it is negative. Then if oo comes out (+) 
it denotes revolution in the assumed positive direction ; if (— ), in 
the opposite direction. If t comes out (+) it denotes time after, if 
(— ) time before, the start. 
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(&) Sate of Chan^ of Angular Speed Uaifbrm.— When the rate 
of change of angular epeed is uni|orm, the instantaneous rate of 
change of ^^ngnlAr speed at any instant is equal to the mean rate of 
change for any interval of time. 

If fi>i and CO are the initial and final instantaneous angular speeds^ 
we have then for the rate of change of angular speed 

-^ ») 

The value of a is (+) when the angular speed increases and (— ) 
when it decreases during the time. 
From equation (2) we have 

oa = afi + at (3) 

The average angular speed is 

2 — = ^* + 2^* W 

The angle descrihed in the time t is 

Inserting the value of t from (2) we have 

— -^^ <•' 

Hence «• = <»,» + 2a{B — G,) (7) 

In applying these formulas, a is positive (+) when the angular 
speed increases and negative (— ) wnen it decreases during the 
tmie, without regard to direction of revolution. 

If angles d, di in one direction are taken as (+), angles in the 
opposite direction are (— ). 

Angular speeds go, goi are positive (+) when motion is in the 
assimied positive direction, and negative (— ) when in the other 
direction. A positive t denotes time after the beginning of motion^ 
and a negative t time before. 

[(c) Bate of Change of Angular Speed Variable. ]~If the rate of change of 
angular speed is variable, we nave from (1), in Calculus notation, 

d9 

'"=^' <8> 

doa d^Q 

and from (8), 

e - e, = / oDdt (10) 

The preceding equations can be directly deduced from these as on page 28. 

Angular Speed in Terms of Linear Velocity. — If a point moves 
A from Pi to Pa in any path in the time t, the 

A ^^ linear displacement in that time is the 

^/\s^--— :^Pj chord PiPa- 

' ^x^^^^^'^^y^ ^^ ^® ^^® O as a pole, the angular dis- 

, /\ ^/"^ placement of. revolution is PiOP% = 0. The 

Y ^^y>< mean linear velocity is 

M^ chord PxP^ 

and the mean angular speed is — . 

V 
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From Pi draw PiN perpendicular to 0P%. Then if angle PiPJf 
= 0, we have 

PiN= chord PiPa . sin <p. 

Dividing by f , we have 

PiN__ chord PiP, . sin ^ 
t " t 

But PiN= r sin 0, where r is the radius vector OPu Hence 

rsine _ chord PiPa . sin 4> 
t " t 

If now the time is indefinitely small, ' * becomes the in- 

stantaneous velocity v, and becomes the angle APiv = e between 
the radius vector OPi and the instantaneous velocity t?, and sin 

becomes 6, and -r- becomes the instantaneous angular speed oo. Hence 

V 

t?sine ... 

roo = r sm e, or a? = (1) 

In general, then, whatever the path or wherever the pole, 
The magnitude of the angular speed at any point is equal to the 
magnitude of the com>poneni of the linear velocity at that point per- 
pendicular to the radius vector^ divided by the magnitude of the 
radius vector. 

If the pole O is taken at the centre of curvature, so that OPi is 
equal to the radius of curvature p, then e = 90** and we liave poo =:v 

V 

or 00 = — , 
P 

Bate of Change of Angular Speed in Terms of Tangential Linear 
Acceleration. — If /^ = a is the magnitude of the linear tangential 
acceleration or rate of change of speed at any point, then we can 
prove, precisely as in the preceding Article, that 

ft sin € 

r 

» 

where a is the magnitude of the rate of change of angular speed. 

Hence the magnitude of the rate of change of angular speed at 
any point is equal to the magnitude of the component of the linear 
tangential acceleration at that point perpendicular to the radius 
vector^ divided by the magnitude of the radius vector. 

If the pole O is taken at the centre of curvature, e = 90** and we 

have,.a = /eora=^. 

P 

Moment of Linear Velocity in Terms of Angular Speed. — We can 

resolve the linear velocity v at the point P into a component v cos e 

along the radius vector and a component ^ 

V sin e perpendicular to the radius vector. y/g 

The moment of the first relative to the pole , ^^^ r ^ 

is zero. Since the moment of v is equal to 

the algebraic sum of the moments of its com- 

ponents (page 62), if we take moments about 

the pole, we have 

vp = v sin e . r. 
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But we have just seen that v sin e = rm. Hence 

vp = r*oo (3) 

That is, the magnitude of the moment of the linear velocity at any 
point relative to the pole ie eaual to the magnitude of the angular 
speed at that pointy multiplied by the square of the magnitude of the 
radius vector. 

Since v sin e is the normal component of o, v sin € . r is twice the 
area! velocity of the radius vector (page 61). 

Moment of Linear Tangential Acceleration in Terms of Bate of 
Change of Angular Speed. — ^We can resolve the tangential accelera- 
tion /< into components along and perpendicular to the radius vector 
and thus obtain, precisely as in the preceding Article, 

fP^ftPt = ^^ W 

Hence the magnitude of the moment of the linear tangential ac- 
celeration at any point relative to the pole is equal to the magnitude 
of the rate of change of angular speedy at that point, multiplied by 
the square of the maanitude of the radius vector. 

Since ftsiae ia the normal component of /< , /< sin € . r = r^a is 
twice the areal acceleration of the radius vector (page 61). 

Normal Linear Acceleration in Terms of Angular Speed. — ^We 
have seen (page 63) that when a point moves in any path, the 

V* 

magnitude of the normal acceleration/^ is given by /^ = — , where 

p is the radius of curvature. 

If we take the pole at the centre of curvature, then, we have v = 
poo, and hence 

/^ = — = pflo* = Voo (5) 

The maanitude of the normal linear acceleration at any point is 
equal to the magnitude of the radius of curvature at tnat point, 
w/uXtiplied by the magnitude of the square of the angular speed, or to 
the velocity voo in the hodograph (page 62). 

Since for any path rw = u sin 6, we have 

Too 
V = 



Bine 
Hence, in general. 



«' r*oo^ 



** P p sm* € 

4 

where r is any radius vector when the pole is not at the centre of 
curvature, and e is the angle of v with this radius vector. 

Motion in a Circle. — For a point moving in a circle we have 
£ = and r = p, Hence'from (1), page 76, we have 

V = rco, or 00= - (1) 

r 

If r is unity, we have the numeric equation oo = v, that is, the 
number of units of angular speed is equal to the number of units of 
linear speed at distance unity. 

From (2), page 139, we have 

ft 
ft = ra, or a= - (2) 
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If r is unity, we have the numeric equation a=ft^ that is, the 
number of units of rate of change of angular speed is equal to the 
nurnber of units of linear tangential acceleration at distance unity. 

From (5), page 76, we have in any case 

/n = v<»> (3) 

or the normal linear acceleration is equ^al to the velocity in the 
hodograph (page 62). Inserting the value of v from (1), 

/^ = ritf = Hl, or (»«=-^ (4) 

If r is unity, we have the numeric equation fn = v' = <»*, that is, 
the number of units of the normal linear acceleration is equal to the 
square of the number of units of linear velocity at distance unity ; 
or the square of the number of units of anavlar speed is equal to th^ 
number of units of the normal Ungear acceleration at distance unity. 

We have also for the total resultant linear acceleration 



f=Vft'+fn'. (5) 

Since the component /n passes through the centre, the moment 
of /relative to the centre is equal to the moment of /^. Hence 

vr = r'fij, (6) 

fp =f^r = r'a (7) 

give the moments of v and/ with respect to the centre. 

If the point starts from rest and acquires the velocity v in the 

time t, under constant tangential acceleration, we have /^ = -j, 

Graphic Bepresentation of Bate of Change of Angular Speed. — 
We can represent intervals of time by distances laid off horizontally 
and the corresponding angular speeds by distances laid off vertically 
and thus obtain the same diagrams as for linear speed given on 
page 29. 

EXAMPLES. 

(1) The angular speed of a point moving in a plane about some 
assumed point changes from 50 to 30 radians per sec. in passing 
through 80 radians. Find the constant rate of change of angular 
speed and the time of motion. 

Ans. a = -jrrr — ^ = — 10 radians-per-sec. per sec. The minus sign de- 
3(0 — Qi) 

notes decreasing speed, t = = 2 sec. 

(2) Draw a figure representing the motion in the preceding 
example, and deduce the results directly from it, 

Ans. Average speed = — ^ — = 40 radians 

per sec. Hence 40^ = 80 or i = 2 seconds. Also ^r^ , 

30-50 ,^ ,. '®'*' 

a = jr = — 10 raaians-x>er-sec. per sec. 
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(3) A point moving in a plane has an initial speed cf 60 radians 
per sec. about an assumea point and a rate of change of speed of 
+ 40 radians'per-sec. per sec. Find the speed after 8 sec.: the time 
required to d^cribe 300 radians ; the change of speed white describ- 
ing that angle ; the fined speed. 

Ans. See Example (9), page 31. 

(4) If the motion in the last example is retarded^ find (a) the 
angular revolution from the start to the turning-point ; (6) the angle 
described from the start after 10 sec. ; the speed a^cquired and the 
angle between the final and initial positions ; (c) the angle described 
during the time in which the speed changes ^o — 90 radians per sec., 
and this time; (d) the time required by the moving point to return 
to the initial position. 

Ans. See Example 10, page 82. 

(5) A point moving in a plane describes about a fixed point 
angles ojl20 radians, 22S radians and 336 radians in successive 

' tenths of a second. Show that this is consistent with uniform rate 
of change of angular speed, and find this rate, 

An& a = 10800 radians-per-eec per sec. 

(6) Tux> points A and B move in the circumference of a circle 
with uniform angular speeds m and a>\ The angle between them at 
the start is a. Find the time of the nth meeting, the angles described 
by A and B, and the interval of time between two successive meet- 
ings. 

Ans. See Example (21), page 21. 

Time of the nth meeting, tn = -^-^ r-^ — . 

^ to ± oo' 

Angle described by jl is G = ootn. 

** BisT a. 
Interval of time between two successiye conjunctions is 

where we take the (+) or (— ) sign for a according as B is in front of or behind 
A at start, and (-f-) or (— ) sign for oo' according as the points move in opposite 
or the same directions. 

(7) What is the angular speed of a fiy-wheel 5 ft. in diameter 
which makes 30 revolutions per minute, and what is the linear ve- 
locity of a point on its circumference f Also find its linear normxil 
acceleration and the moment of its velocity vnth reference to the 
centre. 

Ans. It radians per sec.; 2.5^ ft. per sec., tangent tocirc.; 2.5;r' ft. -per- 
sec. per sec; 6.26^: sq. ft. per sec. 

(8) Find the linear and angular speed of a point on Hhe earth's 
equator, taking radius 4000 miles ; atso the linear normal accelera- 
tion. 

It 
Ans. 1535.9 ft. per sec.; -^ radians, or 16** per hour; 0.112 ft.-per-8ec. per 

sec. 

3 

(9) The angular speed of a wheel is -^n radians per sec. Find the 

linear speed of points at a distance of 2 ft., ^ft. and 10 ft. from the 
centre, also the linear normal acceleration. 
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Ans. grTtf SflT, 7.5}rft. per sec. 

9 9 45 

s-ar', -Tjr*» -s-jt* ft.-per-sec. per sec. 

o 4 o 

(10) ijf f^e linear apeed o/ a jpmnf at the eqiuitor i« r, find the 
speed linear and angular at any latitude A, 

Ans. V cos /I ; -r^ radians per hour, or 15" per hour. 

(11) A point moves with uniform velocity v. Find at any instant 
its angular speed about a fixed point whose distance from the path 
is a. 

Ans. -J- radians per sec., where r is the radius vector. Uniform velocity 

means uniform speed in a straight line (page 43). 

Hence the angular speed of a point moving with uniform speed in a straight 
line is inversely proportional to the square of the distance of the point from a 
fixed point not In the line. 

(12) The speed of the periphery of a mill-wheel 12 feet in diame- 
ter is 6 /eef per sec. Hew many revolutions does the wheel make 
persecJ 

Ans. s — revolutions. 
27r 

(13) The time is between 5 and, 6 d^clock^ and the hour and min- 
ute hands are together. What is the time f 

Ans. 5 h. 27 m. 16 sec. (see Example (6) ). 

(14) Express in degrees and radians the angle made by the hands 
of a clock at 3.35 d*clock. 

Ans. 102.5 deg., 1.79 radians. 

(15) Find the multiplier for changing revolutions per minute into 
radians per second. 

Ans. 0.10472 rad. per sec. = 1 rev. per min. 

(16) The minute and second hands point in the same direction at 
12 o'clock. When do they next point m the same direction ? 

Ans. 1 min. 1^ sec. after twelve. (See Example (6) ). 

(17) Two clocks are together at XIL When the first comes to I, 
it has lost a second; when the second comes to I, it has gained a 
second. How far are they apart in 12 hours % 

Ans. 24 sees. 

(18) Two men start together to walk around a circular course, one 
taking 76 minutes to the round, the other 90. When will they be to- 
gether again at the starting-point f 

Ans. 7.5 hours. (See Example (6)). 

(19) 27^ hour-hand of a watch is f of an inch long, the minute- 
hand ^ of an inch, and the second-hand i of an inch. Compare the 
lineal speeds of their points and the angular speeds, 

Ans. 5 : 112 : 2800; 1 : 12 : 720. 

(20) Dedu>ce the equivalent of longitude for one minute of time 
and for one second of time, 

Ans. 15' to 1 min., 15" to 1 sec. 
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(21) The diameter of the earth is nearly 8000 miles. Eequired 
the circumference at the equator and the linear speed at latitude 60*. 

Ans. 25000 miles; 521 miles per hour. 

(22) The wheel of a bicycle is 52 inches in diameter aTid performs 
5040 revolutions in a journey of 65 minutes. Find the speed in 
miles per hour ; the angular speed of any point about the axle ; the 
areal velocity of a spoke ; the relattve velocity of the highest point 
with respect to the centre. 

Ans. 12 miles per hoar; 8 : 12 radlAns per sec.; 19.06 sq. ft. per sec.; 12 
miles per hour. 

(23) In going 120 yards the front wheel of a carriage makes six 
retxHutions more than the hina wheel. If each circumference were a 
yard longer^ it would make only 4 revolutiovis more. Find the cir- 
cumference of each wheel. 

Ans. 4 yards and 5 yards. 

(24) If the velocity of a point is resolved into several components 
in one plane, show thai its angular speed about any fixed point in 
the plane is the sum of the angular speeds du>e to the several compo- 
nents. 

(25) A point moves with uniform speed v in a circle of radius 

r. Show that its angular speed about any point in the circumfer- 

. v 
ence w -— . 
2r 

(26) Show that the angular speed of the earth about the sun is 
proportional to the apparent area of the sun^s disk. [The radius 
vector from the sun to the earth sweeps over equal areas in equal 
times.] 

(27) A point P moves in a parabola with constant angular speed 
about the focus S. Show that its linear speed is proportional to 

SP^' 

(28) A point startina from rest moves in a circle with a, constant 

rate of change of angular speed of 2 radians-per-sec. per sec. Find 

the angular speed at the end of 20 sec. and the angular disphicement 

of revolution; also the linear speed and distance described and 

the number of revolutions: also the linear tangential acceleration 

and the normal linear acceleration at the end of 20 sec. 

400 
Ans. 40 rad. per sec; 400 radians; 40r ft. per sec; 400rft.; -zr— revolu- 

tions; 2r ft.-per-sec. per sec. tangential acceleration; 1600r ft.-per-sec per sec. 
normal acceleration. 

• (29) A point moving with uniform rate of change of (ingular 
speed in a circle is found to revolve at the rate of 8i revolutions in 
the eighth second after starting and 7i revolutions in the thirteenth 
second after starting. Find its initial angular speed and its uni- 
form rate of change of angular speed ; also the initial linear speed 
and rate of change of speed; also the initial normal acceleration. 

Ans. 20.'i7r radians per sec; — 0.4;r radians-per-sec. per sec; 20.!^7rr ft. 
per sec; — O.iTCr ft.-per-sec. per sec; 408.047rV ft.-per-sec. per sec. 

(30) A point starts from rest and moves in a circle with a uni- 
form rate of change of angular speed of 18 radians-per-sec. per sec. 
Find the time in which it mokes the firsts second and thira revolu- 
tions. 

Ans. -^7 — » ~ — » -^ ~ — ^— sees. 

3 3 3 
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DIFFERENTIAL EQUATIONS OF MOTION OF A POINT.* 



Free Motion of a Point — Eectang^ar Co-ordinates.— Let a mov- 
ing point have a position at any instant given by the co-ordinates Xy y and 
z, and let the distance described in the interval of time dt be dSy and let 
the direction of motion make the angles a, fi^ y with X^ F, Z, Then we 
have 



dx a dy dz 

cosa = ~T--, cosp = ~. cos>^ = :3~. 
cfo ds ds 



(1) 



The magnitude of the velocity is 



V = 



ds 
dt' 



(3) 



and its components in the direction of the axes are 



ds dx 

Vx=v cos a = -— cos a = -— -; 

dt dt' 

^ ds a dv 



ds 



dz 



<8> -._<"' 



Vz 




sc 



■►«» 



y 




z 



X 



t?2 = t? COS y = -TT COS r = ^j. 

dt dt _ 

We have Vx positive towards the right, negative towards the left; t?y posi- 
tive upwards and negative downwards ; Vg positive in the direction OZ^ 
negative in the opposite direction (page 44). 

Squaring equations (3) and adding, since cos* a + cos* /S + cos* r = 1^ 
we have 

— • - V . V = (|)'= (§)% ffiv (ly, . . (.> 



or 



ds ./fdxV . fdyy_^ (dzy 



(5) 



Let the acceleration be / and its components in the direction of the 
axes -T, F, Zhefx, fy,fz , then we have 



d'x 



^^-^^^ A=;i;ir» /«- 



^^y ^ _ ^^ 



dt 



dt' 



dt"" 



• . • 



(6) 



* This Chapter must be omitted by those not familiar with the Calculus. 
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The aooeleration/is then 



,.v;?T7?T7?=«/(p)V(g)V(S)-.. . <^ 

We have /e positiTe towards the right, native towards the left; /y 
positiye upwards, negatiye downwards; f% positive in the direction OZ^ 
negative in the opposite direction. 

The tangential acceleration /< = a is the rate of change of speed, or 



Differentiating (4) and snhstitnting (6), we have 
vdv =/xdx + fydy -^-/gdg. 
Hence 



(9) 



«■= 2 y C/cCte +/ycfy + Acfe) + C)onst J ' 

ds C^8 

Dividing by ds, since « = ^» and <^^ = -^i ^« ^^^ ^^ (S) 
- dv d^8 ^dx ^ ^ dy ^ .dM 

/* = « = df = 5?- =-^'5- +-^'^ +-^'ir 

-~Si d^^dt de^ d* ««•• '^^' 

The normal acceleration /», as we have seen (page 76), is /» = — , where 

p is the radios of curvatore at the point. We have from analytical 
Geometry 



Hence 



h = [Sh (&)■* ©■• 



and the acceleration/ is 

/=!//,•+/,« (116) 

If we denote by ^ the angle which the acceleration / makes with the 
radius of cnrvatnre p, and by e the angle which it makes with the tangent 
to the carve, we have ^ + e = 90° and 




The moment of the velocity about the origin is the sum of the mo- 
ments of the components. The moments in planes parallel to JTY, YZ, 
ZXaie: 



dy dx 

about «, ^z = ^'X'--^'y; 

■mw dx dz 

^' ^ dt dt 



(18a) 
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The moment about the origin of the resultant velocity t? if jp is its 
lever-arm is then 

(136) 



vp = M= ii/Mx^ + My^ + Jf/. 



The line representative of this moment makes the angles d^ e, f with 
the axes of X, F, Z given by 



, Mx My J, Mz 

cos a = — ■. cos e = — =^, cos f = — -. 

M M M 



(14) 



Looking along this line representative towards the origin, the direction 
of rotation is always counter-clockwise. 

In the same way the moment of the acceleration about the origin is 
the sum of the moments of the components. We have then precisely the 

same equations as (13), (14), only we put — , -3^, ^ in place of 

UiOR u/U OA 

^-, -^j -r- in order to find the moments in the co-ordinate planes. 
at at at 

Application of the Preceding Formulas.— Equations (3) and (6) are 
the general equations by which the motion of a point is determined. 
Applications of the use of the equations just deduced will be given here- 
after. We can only indicate here the general application. 

If 2? = 0, we have motion of a point in a plane only. The correspond- 
ing equations are at once obtained by making z and dz zero wherever they 
occur in the general equations. 

If we also make /5 = and y = 0, we have motion along the axis of x 
only. Hence taking oj = *, we have from (3) 



t? = 



ds ^ 
dV 



tTom(fi),f = ft = a=: 



d^s 
dt 



a » 



which are equations (8), (9) of page 51. 

If the velocity v in any case is given, it can be resolved by (3) into its 
components Vx, %, Vz, Then by differentiating as indicated by (6) the 
components /a?, /y,fz of the acceleration /can be found, and the accelera- 
tion / can then be found by (7). 

If the component accelerations are given, we find by integration the 
component velocities and then the resultant velocity. 

If the path is required, each of equations (6) must be integrated twice, 
thus introducing two constants of integration for each. The constants 
of the first integration will depend on the initial velocity, those of the 
second on the initial position. We thus obtain equations involving a?, y, z 
and ^, and by eliminating t we obtain an equation between x and y, or y 
and z^ or z and a?, that is, the equation of the projection of the path on 
the co-ordinate planes. 

Differential Polar Equations for Motion of a Point in a Plane. — 
Let X and y be the rectangular co-ordinates, and ^ 

T and the polar co-ordinates, of a point P in a / 

plane. Then Vf 



aj = rcos0, y = rsin0 

Differentiating and dividing by dt, we have 



(15) 




"^9^=^ -Tr'=^ 



dx dr - . «^ 

— = — cos 6 — r sm 6 — ; 
dt dt dt' 

dy dr . . , .dO 

= —• = -— sm + r cos 0-— - 
di dt dt 



(16) 
(17) 
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Squaring and adding, sinoe tin* + oob*0 s i« we have for the magni- 
tude of the Telocity 

--mHwM^)' <••> 

If r is constant, the path is a oiide. In this case -^ is zero and v = 

at 

dB 
r— • = riu, where 09 is the angnlar speed (page 76). 

The Telocity along the radios Tector is 

w=dr«»«+l'^« <"> 

The Telocity perpendicular to the radios Tector is 

dS dy ^ dx . ^ ,o*\ 

r---. =--j cosO— -— sinO. (20) 

dt dt dt 

Since by (6) — and — ^ are the horizontal and Tertical components 
of the acceleration, we haTe, by differentiating (16) and (17), 

^'"^dt^^ldF'i-dt) [^.^-(^^d?+''d?j"^'^ ('« 

. cTy (d«r /c»\M . ^ . /^dr dO . cTON ^ ,«^. 
•^^ = 5^ = 1d?-"W f^^' + (^d?df + "d?j^ ^"'^ 

The acceleration dhng the radios Tector is then /r cos 6 + /y sin 9, or 

^8ine + _ooB9 = _-ry (28) 

(Pr 
If r is constant, the path is a circle. In this case --;- is zero, and the 

acceleration along the radios Tector is/n = — ra>', where oo is the angular 
speed (page 76). The (— ) sign denotes direction towards the centre 
(page 50). 

The acceleration perpendicular to the radios Tector is 

>yCos6— /psinO, 
or 

— i. COS B sin = 2 + r — r24> 

If r is constant, the path is a circle, and ^ is zero, and the acceleration 

perpendicular to the radios Tector is /< = ra, where a is the rate of 
change of angolar speed (page 76). 
Eqoation (24) may be written 

^dt "^^^ rdt [ dt) ^ ^ 

From eqoation (18a) we haTe, by inserting the Taloes of m, y and -^y 



. 
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dy 



dt 



from (16), (17), for the moment of the velocity with reference to the 



pole, if p is the lever-arm. 



M 



vp = Mm = f^-r- s= f^eOf 

at 



(26) 



where <» is the angular speed (page 76). 

From equations (14) and (21) and (22) we have in like manner, for the 
moment of the acceleration, 

f^dr de d^\ 

'^=T^-^- + ^^> •. (^'> 

We see from (25) that this may also be written 






(28) 



where ft is the tangential acceleration and a is the rate of change of 
angular speed (page 76). 

Applications of the use of these formulas will be made hereafter. 

General Polar Equations of Motion of a Point in a Plane — Ac- 
celeration Central. — When the acceleration is always directed to or from 
a fixed point it is called central accelexution, and the fixed point is 
called the centre of acceleration. Let this fixed point be the pole. 

Then, since the direction of the acceleration always passes through the 
pole, its moment with reference to the pole is zero, and we have from (28) 

where c is a constant of integration. 
(26 






(29) 



Now -r- = a> = angular speed, and from page 75 we have 

Too =: V sin 6, 

where e is the angle which the velocity 
at any point makes with the radius vector. 
Therefore 

r'-r- = r'oo = ro sm e = c. 
dt 

From page 76 we see that r^oo is the mo- 
ment of the velocity and is equal to twice the 
areal velocity of the radius vector. 

Hence in central acceleration, t?ie moment of 
the velocity about the pole is constant, the area described by the radius 
vector in a unit of time is constant, and the radius vector therefore de- 
scribes equal areas in equal times. 

The constant c is twice the area described by the radius vector in a unit 
of time (page 61). 

If p is the perpendicular let fall from the pole upon the direction of the 
velocity, we have 




•P 



,(ft . 



From (80) we have 



dt 



rv sm 6 =r c. 



dB c jj ^ 

~=a, = - and « = -. 



(80) 



(81) 
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Hence for central acceleration the angular speed cft any point of the 
path is inversely as tTie square of the radius vector ^ and the linear velocity 
at that point is inversely as the perpendicular distance from ths centre of 
acceleration to the tangent to the path at that point. 

If /is the central acceleration along OP^ then the component of /nor- 
mal to V is /n =/ sin €, or, since from (30) sin e = — ,/n =/^. But from 

r r 

page 53 we have seen that /n= — , where p is the radius of curvature. 
Hence 



/^=^, or t*' = Vxlf2p^V 
r p 4\ r J 



But 2p sin € = 2/0— is the length of the chord of curvature 2PB through 

the pole. (See figure page 85.) 

From page 28 we have for a point moving from rest with uniform rate 
of change of speed a, if = 2a{s — Si). Therefore, for central accdera- 
tion the speed at any point of the path is equal to tJiat acquired by a 
point moving from rest unth constant rate of change of speed f through a 
space eqtuil to one fourth t?ie chord of curvature through ths centre of 
acceleration. 

If the acceleration is central, its component perpendicular to the radius 
vector is zero, since the pole is the centre of acceleration, and we have 
from (24) 

JLr dB , d^B ^ ,«^, 

""di dt + "dF = "^ (82) 

The component along the radius vector is equal to the acceleration 
itself, if the pole is the centre of acceleration, and we have from equation 
(23), if the acceleration is towards the centre^ 

W'^dtj^^^^ (^^> 

where the (— ) sign for /denotes motion towards the centre (page 50). 

Equations (32) and (33) express all the conditions of central accelera- 
tion towards the pole, and therefore determine the motion. 

If the acceleration is away from the pole we have + / instead of — / 
(page 50). 

From (30) we have 

d^ ""r*' 
and equation (33) becomes 

^ = ^— / = ra>'— /. (34) 

But we have seen, page 76, that rod^ is the central acceleration for a 
point moving in a circle of radius r with the speed roo, 

d^r 
The rate of change of length of the radius vector ^, we see from (34), 

is then the difference between the central acceleration /at any instant and 
the central acceleration at the same instant of a point moving in a circle 
of radius r with the same angular velocity. 

This rate of change of velocity along the radius vector is called the 



-c^-^Cfdr, ...... (86) 
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paracentric acceleration. Its integral or ^ is the velocity of approach or 

recession along the radius vector and is called the paracentric velocity. 

(a) To find the speed at any point of the path. — Central aoeeleration. 
If we multiply (32) by r^ and (33) by dr and add, we have 

or 

Int^rating, we obtain 

where Ci is a constant of integration. 

If the law of variation of /is given in terms of r for any given case, 

we can perform the integration denoted by / fdr. 
From (18) we have 

dt^" d^ • 
Hence 

«» = ci - ^ffdr. (87) 

We have also from (30) 

» = " (38) 

P 

Since in (37) the value of v depends only upon r, we see that the speed 
for central acceleration at any two points of tTie path is independent of 
the path, and is tJie same for any points eqtially distant from the centre, 
tJie law of acceleration remaining the same, 

(b) To find the time of deeeribing any portion of the path.— Central aooelera- 
tion. 

Substituting (31) in (36), we have 

df^ & /» 

— ^- = s.-'iffdT. (89) 

Hence 

We have also from (81) 

* = 7X'^' <«> 

from which r must be eliminated by means of the equation of the path and 
the integration performed in reference to 6. 

(c) To find the equation of the path. 

r^dJ^ 
Substitute in (39) for dt^ its value from (31), d;^ = ""^^ *^^ ^® ^*^^* 
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This equation may be simplified by patting r = — , and it then becomes 

(d) To find the Uw of the Mooloratioii for any glTon path.— Central aeoolera- 
tlon. 

Differentiating (48) with reference to dB, we haye 



=<-««^^ 



Babetitnting in (88) for d^ its yalne from (81), d^ = -^, we haye 

'=?f-^) <«' 

which is the same as (44) if we put — = u. 

r 

From (80) we haye j^ = ~^, and from (18) fNO^ = dr* + r^". 

frar 

Therefore 

_rW_ 



Substitute this in (42) and we haye 
Differentiating vith respect to p, 



(47) 



f=% (48) 

p'ar 

The law of acceleration is giyen by (44) or (46) or (48). 
From (83) and (35) we haye 

d.fl=_l^^, (49) 

an expression which will often be found useful in reductions. 

Differential Equations for Constrained Motion of a Point in a 
Plane. — For free motion of a point in a plane we have from (6) for the 
horizontal and vertical components of the acceleration 



Under the action of these components, the point, if free to move, de- 
scribes some curve. 

But if it is constrained to move in a given curve, these components 
will be changed by reason of the normal acceleration N due to the given 
curve. 

If thus /is the acceleration of a free point P, fx and /y its horizontal 
and vertical components, N the normal acceleration due to the given 
Y M curve, and 6 the augle of the tangent at P 

H y J with the horizontal, we have 

■U ^=/x-iVsine; . . . (60) 

^ =/„ + iTcos e. . . . (51) 
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If If is zero, the motion is unooostrained and we have (6). These two 
equations, together with the equation of the given curve, are sufficient to 
determine the motion completely. 

In applying them, /» is positive towards right, negative towards left, 
and the horizontal component of If follows the same rule. We have/y 
positive upwards and negative downwards, and the vertical component of 
iV follows the same rule. 

If we multiply (50) by 2dx and (61) bj My and add, we have, since 

sm0 = -^ and cose = — , 
da di 

Ux^ + Uyd^y _ ^^ . ^ j,,,. 
-^ = 3(/»a« -^fydy). 

The first member of this equation is the differential of J"^^ = 

d^ 

— = «', or is equal to ^i^v. Hence 

^'o=fxdx+fydy, 
or 



«• =^2 fifxdai +fydy) + Constant. 



(52) 



This is precisely the same result as that obtained for free motion, equa- 
tion (9). 

Hence we conclude that if there is no acceleration except that of iVdue 
to the curve alone, or if /« = 0, /y = 0, the speed on the curve is constant 
and unaffected by the curve. 

If there is an acceleration besides that due to the curve, the speed will 
be unaffected by the curve and the same as if the point were free. 

If the acceleration of the free point is parallel to the axis of y, we have 
/« = and 

«• = 2 ffydy + Constant (53) 

If in this last case/y is constant, we have 

V* =^fyy + Constant (54) 

If the distance of the point from the origin y = 8i when t^ = t^i , we 
have 

tj*=t)i« +2/y(y-«i), (55) 

which is precisely the same as for uniform rate of change of speed for a 
free point, as given by eq. (7), page 56. 

Begard must be had to the signs in applying these equations to any 
special case. Velocity and acceleration upwards are positive, downwards 
negative ; to the right positive, to the left negative. 

(a) To And the time of motion of a point on a given curve. 

ds 
In all cases dt=z — . Hence when the nature of the curve and the 

V 

speed at any point of it are known, the value of v may be found from (52) 
and substituted, and then t may be found by integration. 

If the acceleration of the point is constant and equal to /and parallel 
to y, we have from (55) 

dt=—=^===r (56) 

y®i* + 2/y (y - «,) 
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(6) To flnd tlM normal aeooloratioii duo to tho ovrro. 
If we xnoltiply (50) by ^ and (51) by ^ and subtract, we have, sinoe 

sin 6 = ~, COB 6 = -;-, and &?■ + rfy* = <2»% 

Q4 Of 

^= -^'ST •"•^•'ST + — SS5 

Eliminating dt by the equation « = --, we have 

at 

But if p is the radius of curvature of the constraining curve at the 
point x^ y^ 

__ d^ 

Hence 

=/ajSine— /ycose + — (57) 

The first two terms give the normal component ot/tor free motion. 
The last term is the normal acceleration due to the curve. 

If fx and fy are zero, the only acceleration is that due to the curve and 

-ZV'=~ (page 76). 
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TRANSLATION. 



CHAPTEE I. 



RECTILINEAR MOTION OF TRANSLATION. 

vaJjLVHQ body, acceleration intersely ab the square of the 

distance. 

Translation. — We have defined translation (pa^e 13) a.s motion 
of a rigid system, such that every straight line joining any two 
points remains always parallel to itself. The paths of all the points 
are therefore parallel at ever^ instant and equal for any given 
interval of time, and the velocities of all the points at any instant 
are equal and parallel. 

If these velocities are uniform, that is, if all points move in 
parallel straight lines with equal speed, the translation is uniform. 
If these velocities change either m magnitude or direction, the 
translation is variable. 

When, then, a body has motion of translation only, the motion 
of the body is the same as that of any one of its points, and the 
study of the kinematics of a point is therefore the study of the 
translation of a body. 

Rectilinear Motion. — If the direction of the acceleration of a 
point does not change and always coincides with the direction of 
the velocity, then the velocity may change in magnitude but can- 
not change in direction, and we have motion in a straight line. 

In such case the magnitude of the velocity is the speed in a 
straight line, the magnitude of the acceleration is the rate of change 
of speed and may be either uniform or variable, and the equations 
of pages 28 or 51 apply. 

Acceleration is Proportional to Force. — Although we are now 
studying change of motion without reference to its cause, it will be 
well for the student to keep in mind the fact that no material body 
can change its own motion. Any change of motion is always found 
to be due to the a^stion of other bodies. This action of external 
bodies upon the body considered to which change of motion or ac- 
celeration is due is called force. 

91 
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The student may figure to himself such a force as the pressure 
or pull of an imponderable spiral spring upon the body, the axis of 
the spring having always the direction of the accelera^on, and the 
spring moving with the body, so that its pressure or pull is exerted 
during the entire time of acceleration and is always proportional 
to the acceleration. 

If the acceleration changes in direction, the axis of this spring 
changes, so that it is always in the same direction as the accelera- 
tion. 

If the acceleration changes in magnitude, the pull or push of the 
spring changes corres^ndingly. 

If the acceleration is uniform, that is, does not change either in 
direction or magnitude, the axis of the spring does not change in 
direction and its pull or push is constant. 

The force of gravity upon bodies near the surface of the earth is 
like the action of such a spring. Its action is practically constant 
in intensity and direction. 

The student should note that the direction of the force or accel- 
eration 18 not necessarily thai of the motion^ except in the case of 
rectilinear motion. 

Thus in the case of a point moving with uniform speed in a 
circle, the direction of motion at any instant is tangent to the 
circle, but the acceleration is always directed towards tne centre. 

Central Acceleration. — When the acceleration is thus always 
directed towards or away from a fixed point, it is called central ac- 
celeration, and the fixed point is called the centre of acceleration. 

If the direction of the acceleration is towards the centre, the sc- 
celeration is negative (page 50) and the force attractive. If away, 
it ispQsitive and the force repulsive. 

Uniform Acceleration — Motion Bectilinear — ^Force Attractive. — 
When the direction of the uniform acceleration coincides with that 
of the motion, we have motion in a straight line with uniform rate 
of change of speed, and equations (2) to (7), page 28 or 51, apply. 

The most common instance of such motion is that of a body fall- 
ing freely near the earth^s surface.* In this case the acceleration 
due to gravity is known to be practically constant and is always 
denoted by g. We have then simply to replace a or / by gf in equa- 
tions (2) to (7), page 28 or 61. We shall take g = 32.2 ft.-per-sec. 
per sec. or 981 cm.-per-sec. per sec. unless otherwise specified. 

Value of ^.— The value of g is usually given in feet-per-sec. per 
sec. or in centimeters-per-sec. per sec. 

It has been determined by much careful experiment and found 
to vary with the latitude A and the height h above sea-level. 

* Strictly speaking there is no known instance in nature of a uniform ac- 
celeration (or of a force which does not vary in magnitude and direction). The 
acceleration g due to gravity (or the force of gravity) varies inversely as the 
square of the distance from the centre of the earth for a body outside the 
earth, and directly as the distance for a body inside, i.e., in a shaft or well. 

But, as we shall see, the variation due to this cause is insensible for all 
ordinary distances. The decrease of ^ at a distance of a mile above the earth's 
surface is only about the 2000th part of its value at the surface. Also two 
radii of the earth are sensibly parallel when near together. It is therefore 
customary and practically correct to speak of ^ as a constant acceleration at any 
place. 

It should be borne in mind, however, that even then the resistance of the 
air very materially modifies the results for falling bodies. We can therefore 
only assume g as constant for fall in vacuo* 
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The general value is given by 

g = 32.173 - 0.0821 cos 2X - 0.000003^, 

where h is the height above sea-level in feet, and g is given in f eet- 
per-sec. per sec, or 

g = 980.0056 - 2.5028 cos 2X - 0.000003A, 

where h is the height above sea-level in centimeters and g is given 
in centimeters-per-sec. per sec. 

It will be seen that tne value of g increases with the latitude, and 
is greatest at the poles and least at the equator. It also decreases as 
the height above sea-level increases. 

The following table gives the value of g at sea-level in a few 
localities: 

Latitude. 

Equator 0" 0' 

New Haven 41 18 

Latitude 45** 45 

Paris 48 50 

London 6140 

Greenwich 51 29 

Berlin 5230 

Edinburgh 56 57 

Pole 90 



United States 



U9 
(25 



9 


9 


F. S. Units. 


C. 8. Units. 


32.091 


978.10 


32.162 


980.284 


32.173 


980.61 


32.183 


980.94 


32.182 


980.889 


32.191 


981.17 


32.194 


981.25 


32.203 


981.54 


32.255 


983.11 


32.162 


980.26 


32.12 


979.00 



For calculations where great accuracy is not required it is cus- 
tomary to take flf = 32 ft. -per-sec. per sec. or gr = 981 cm. -per-sec. 
per sec. 

For the United States g = 32^ is a good average value and is 
therefore very often used. 

In exact calculations the value of gfor the place must be used. 

Formulas for a Body Projected Vertically Up or Down. — We 
have then, for a body projected vertically upwards in vacuo^ 
simply to put — flf in place of / in equations (2) to (7), page 51. We 
thus obtain 

to t? = Vi— gf; (1) 



1 



i 



« = ^^ (2) 

j+l^r «_».=H+£ft = ».«_|g*.; (3) 

if , 

! i»», v + vi g 



i 



|*«1 



'y* = ri* — 2g(« — sO; (5) 

Vi* — v' >r^v 

8 — «i = 5 (6) 

2g 

If the starting-point is below the origin, we should change the 
sign of 8u 

If the body is projected downwards, we should change the signs 
of VjVi, 8 and Su We see that this is equivalent to simply chang- 
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ing the sign of gf in all equations, leaving the signs of the other 
quantities unchsuiged. 

When the final velocity v is zero, we have from (3), for the time 
of rising to the highest point or the *^ turning-point,^^ 

9 

For the time of rising to the highest point and returning to the 
starting-point we make 8 — 6i = in (4) and ohtain 

g 

Hence, the times of rising and returning are equal. 

For body falling we have T = \ the minus sign denoting 

time before the start necessary to acquire the velocity Vu 

The distance from the starting-point to the turning-point is 

found from (6), by making v = 0, to be 5—. 

2g 

The distance ^ or »- is called the height due to the velocity Vi or 

v\ that is, the distance a body must fall from rest in order to ac- 
quire the velocity Vi or v. 

When the distances in rising and falling are equal we have 

« — «i = 0, or 2^ = 5-, or Vi = u; that is, the velocity of return is 

equal to the velocity of projection. 

If the time of rifling is less than r = ^. the displacement a - «. 

is equal to the distance described. But if the time of rising is 

greater than T = — , the body reaches the turning-point and then 

falls from rest, and the entire distance described is 

distance described = ^ + ^g(* - T)* = — - « = ^'' "^ ^ - (7) 

2g 2^^ ' g 2g 

[Applioation of Galoulos to the proeeding Caie.] — We can deduce the pre- 
ceding equations from our general equations (8) to (10), page 51. 

Thus from equation (9) we have, for acceleration directed downwards and 
therefore (— ), (page 50,) 



Integrating, we have 



^"dt'-dF-"^' 



ds 
t> = "jr- = — fft'\- C!onst. 



When * = 0, let « = + t)i , the (+) sign denoting motion upwards. 
Then we have Const. = 9i, and 

which is equation (1), page 98. 
Integrating again, 

« = «i« — ^gU + Const. 
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Let « = + «i when t = 0, the (-f-) sign denoting distance upwards. 
Then we have Const. = 9i , and 

s^8i=Vii- ^gt*, (8) 

which is equation (8), page 98. 

From equations (1) and (3) we can deduce all the others page 98. 

The student should note especially that these equations have been deduced 
for body projected upwards or Di positive. 

If we suppose motion towards the centre or downwards, we should have Vi 
negative. 

Also if the starting-point is below the origin, we should change the sign of 

In all cases we take g minus, as long as the acceleration is directed down- 
wards. 



EXAMPLES. 

Unless otherwise specified ^ = 82.2 ft.-per-sec. per sec. or 961 cm.-per-sec. 
per sec. All bodies supposed to move in vacuum. 

(1) A point moves with a uniform velocity of 2 ft per sec. Mnd 
the distance from the starting-point at the end of one hour. 

Ans. 7200 ft. Motion in a straight line. 

(2) Two trains have equal and opposite uniform velocities and 
each consists of 12 cars of 50 ft. They are observed to take 18 sec. 
to pass. Find their velocities. 

Ans. 22.78 miles per hour. 

(3) Two points move unth uniform velocities of 8 and 16 ft. per 
sec. in directions inclined 90°. At a given instant their distance is 
10 ft. and their relative velocity is inclined 30° to the line joining 
them. Find (a) their distance when nearest ; (b) the time after the 
given instant at which their distance is least. 

5 /- 
Ans. (a) 5 ft.; (&)Tyy3sec. 

(4) A body is projected vertically upwards with a velocity of 300 
ft. per sec. Find (a) its velocity after 2 sec.; (6) its velocity after 

15 sec; (c) the time required for it to reach its greatest height ; 
(d) the greatest height reached ; (e) its displacement at the end of 

16 sec.; if) the space traversed by it in the first 15 sec. ; {g) its dis- 
placemmt when its velocity is 200 ft. per sec. upivards; (h) the time 
required for it to attain a displacement of S20ft.* 

Ans. (a) 285.6 ft. per se6.; (b) 188 ft. per sec. downwards; (6)9.8 sec.; 
(d) 1897.5 ft.; (e) 877.5 ft. upwards; (/) 1917.5 ft.; (ff) 776.8 ft. upwards; 
(h) 1.18 sec. in ascending, 17.5 sec. in descending. 

(5) A ball is projected upwards from a window half way up a 
tower 117.72 meters high^ with a velocity of 39.24 m. per sec. Find 
the time and speed (a) unth which it passes the top of the tower 
ascending; (&) the same point descending; (c) reaches the foot of 
the tower. 

Ans. (a) 2 sec.; 19.62 m. per sec; (b) 6 sec.; 19.62 m. per sec; 

(<j) (4 -f 24/7) sec. ; 19.62 |/7 m. per sec 

* If the student will refer to the Examples, page 114, he will gain an idea 
of the effect of the air in modifying the motion of falling bodies, and will 
better appreciate the delusive nature of all problems which ignore it. 
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(6) A stone is dropped into a well and the splcuh is heard in 8.13 
sec. If sound travels in air with a uniform velocity of 382 nuAers 
per sec.y find the depth of the weU. 

Asm, 44.1 meters. 

(7) If in thepreceding example the time until the splash is heard 
is T and the velocity of sound %n air is F, find the depth. 

Ans. Depth = -^ UTq + F) - VV(2Tg+ V)\ 

(8) Show that a body projected vertically upwards requires twice 
as long a time to return to its initial position as to reaeh the highest 
point of its path, and has on returning to its initial position a 
speed equal to its initial speed. 

(9) A stone prcjected vertically upwards returns to its initial 
position in 6 sec. Mnd (a) its height at the end of the first second, 
and (&) what additional speed would have kept it 1 sec. longer in the 
air. 

Ans. (a) 80.5 ft. ; (5) 15.1 ft. per sec 

(10) A body Jet fall near the surface of a smaU planet is found to 
traverse 204 ft bettveen the fifth and sixth secoiias. Find the ac- 
celeration, 

Ans. 20.4 ft.-per-sec. per sec. 

(11) A particle describes in the nth second of its fall from rest a 
tnpace eqvxil to p times the space described in the {n — V)th second. 
Find the whole spaee described. 

g{i - 8p)» 



Ans. 



8(l~:p)«- 



(12) A body uniformly accelerated, and starting without initial 
velocity, passes over bfeet in the first p seconds. Find the time of 
passing over the next oft. 

Ans, p{ ^ — l) sec. 

(13) A ball is dropped fromi the top of an elevator 4.905 meters 
high. Acceleration of aravity is 9.81 meters-per-sec. per sec. Find 
the times in which it wul reach the floor (a) when the elevator is at 
rest; (b) when it is moving with a uniform downward aeceleration 
0/9.81 m.-per-sec. per sec.; (c) when moving with a uniform down- 
ward aeceleration of 4.905 m.-per-sec. per sec. ; id) when moving unth 
a uniform upward aeceleration of 4.905 m.-per-sec. per sec. 



Ans. (a) 1 sec; (b) oo ; (c) ^2 sec; (d) y ^ 



3 sec 

(14) If Si, St are the heights to which a body can be prqiected 
with a given initial vertical velocity at two places on the eartns sur- 
face at which the aecelerations of falling bodies are g\ and g% respec- 
tively, show that Sigi = s^gt. 

(15) A stone A islet fall from the top of a tower 483 ft. high. 
At the same instant another stone B is let jail from a window 161 
ft. below the top. How long before A will B reach the ground $ 

Ans. ( 4^6 — 2)4/58ec. 
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(16) A ball falling from the toj> of a tower had descended a foot 
when another was let fall at a point b below the top. Show that if 

they reach the ground together^ the height of the tower is ^ ft. 

(17) If two bodies are projected vertically upwards tvith the same 
initial velocity F, at an interval of t sec., prove that they will meet 



a /V* t* \ 
ataheight^i^-^-^j. 



(18) Two stones are falling in the sam^e vertical line. Show that 
if one can overtake the other, it will do so after the sams lapse of 
time, even if gravity ceases to act. 

(19) Bodies are jyrqjected vertically downwards from heights hi , 
hi , ht vnth velocities V\,v%,vt, and ail reach the ground at the same 
mxyment. Show that 

hi — h% hi — h* ht — 7i, 

Vi — Va ra — Vi Vi — Vi' 

(20) Two points m,ove in straight lines with uniform accelerations. 
Show that if at any instant their velocities are proportional to their 
respective accelerations, the path of either relative to the other will 
be rectilinear. 

(21) Upon the top of a tower 200 feet high is placed a flag-staff of 
26 feet ; a bullet is let fall from the top of this flag-staff, and at the 
instant of its passing the bottom of it a stone is let fait frovn a win- 
dow 44 feet from the top of the tower. At what avBtancefrom the 
botUym of the tower ivitl the bullet overtake the stone f Show also 
that this distance is independent of the valve of g. In what time 
after the dropping of the stone do they meet f In what time after 
the dropping of the bullet f How far does the stone fall before meet- 
ing f Take acceleration due to gravity S2.16 ft.-per-sec. per sec. 

t44' ~1 
44 + jTT-gQ = 137.385 ft. 

Time from falling of stone 1.07 sec. Time from falling of ballet 2.34 sec. 
The stone falls 18.615 ft. The bullet falls 88.615 ft. 

(22) A body falls a distance a from rest when another body is 
let fall from a distance a + & below the starting-point of the first. 
How far will the latter body fall before it is overtaken by the for- 
mer f What is the time of fall of the latter body % 

Ans. X = 7—; time = 4/ ^r — . 
4a y 2ag 

(23) A body is prcjected upward with a velocity which would 
take it to the height a, and at the same instant a body is let fall 
from a distance above the point of projection of b. At what dis- 
tance below the latter point will the bodies meet f In what time f 

Ans.a, = ^; time = -/|^. 

(24) A body is thrown vertically upward with a velocity Vu Find 
the time at which it is at a given height h in its ascent. 

Ans. ^ = ?L±J^£;!EM. 

9 

The lower sign gives the time when the body is at the height h in ascend- 
ing, the upper in descending. 
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(25) A body is projected vertieaUy upward and the interval be- 
tween the times ofitepaJssing a point whose height is h in Us ascent 
and descent is 2t. Find the velocity Vx of projection and the whole 
time T of motion. 

tf 

(26) A body falling to the ground is observed to pass through 
eight ninths of its original height in the last second. Find the 
height. 

9 

Ans. ^^ = 86 ft. nearly. 

(27) A body falling under the CLction of gravity is cbserved to 
describe 1^.9 feet ana 177.1 feet in two successive seconds. Find g 
and the time from the beginning of the motion to the first of the two 
seconds. 

Ans. ^ = 82.2 ft.-per-sec. per sec., < = 4 sec. 

(28) A falling body is observed at one portion of its path to pass 
throwgh nfeet in t sec. Find the distance described tn the next t 
seconds, 

Ans. n-\-gt* feet. 

(29) A body is prqjected vefticaUy upwards with a velocity Bg. 
At what times unit its height be 4g^ and what unU be its velocity at 
these times f 

Ans. It will be at the height 4g at the end of 2 sec. and again at the end of 
4 sec. Its velocit J at both these instants is ^ ft. per sec. upward at the end of 
2 sec. and downward at the end of 4 sec. 

(30) Find the velocity with which a body must be prqjected up a 
smooth inclined plane^ the height of which is h and length Z, to reach 
the top. 

Ans. The vertical acceleration is g. The component acceleration parallel 

to the plane is a = y-. Therefore v = ^2cU = ^^h, or the same as the ve- 
locitj required to project the body to the height h, 

(31) Find the time of falling down the whole length of a smoo^ 
inclined plane of length I and height h. 

y^^s ^a/^ For constant height h the time is directly as the length. 
^ gh 

(32) Find the speed attained by a body in falling down a smooth 
inclined plane the height of which is h and length I. 

Ans. i^2ghf the same as in falling through the height h, 

(33) A body is projected down a smooth plane the inclination of 
which with the horizontal is 45', with a velocity of 10 ft. per sec. 
Find the space described in 2i seconds {g = 32j. 

Ans. 95.7 ft. 

(34) A locomotive starts down a smooth incline with a velocity of 

7i miles an hour. If the ratio of the height to length is gj^, find the 

space traversed in two minutes (g = 82). 
Ans. 2472 ft. 
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Acceleration Inyersely as the Square of the Distance from a Fixed 
Point — notion Eectilinear — Force Attractive.— This is the case of 
a body at a great distance from the earth, under the action of the 
force of gravity, since in such case the acceleration is towards the 
centre of the earth and varies inversely as the square of the dis- 
tance from the centre of the earth.* 

Let 81 be the initial distance from the centre of acceleration, the 
velocity at this point being v, , and « the distance to any other posi- 
tion at which the velocity is v. 

If the acceleration is towards the centre or force attractive, it is 
negative (page 50). 

Let a' be the known acceleration at a distance r', and a the a.ccel- 
eration at any distance s. Then we have 

a : a' : : r" : «', or a = ^^. 

8 

Thus for instance, in the case of the earth, a' is g, and r' is the 
riadius of the earth at the locality where g is known. 

We have then, if r i^ an indefinitely small time, for acceleratiom 
towards the centre 

= a = J- (1) 

r 8^ 

The mean velocity for an indefinitely short tioae is Z^ \ and 
the distance described in this time is 

V + Vi ^ . 2(8 — 81) 

a — «i = — - — r, or v + Vi= — '. 

2 r 

M^ltiplyipg by (1), 

t;* — t?i" = j--(« — «i). 

But if the time is indefinitely small, 8* will equal 881 , and hence 

or 

t?» === t?i* - toV^- - L^ (2) 

If the body falls, 81 is greater than a and the last term becomes 
essentially positive. If the body is projected upwards, «i is less 
than 8 and the last term is essentially negative. Equation (2) holds 
good, then, without change in either case if the a^x^leration is 
towards the centre, or force attractive. It also holds for any path 

* This is the ' law of universal gravitation " as discovered by Newton. It 
is also known aa the law of the inf>erse nqua/rei. 

It is regarded as rigidly true for every particle of matter acting upon every 
other particle. But, as we shall see, it is not rigidly true for bodies of finite 
dimensions acting upon similar bodies, unless those bodies are homogeneous 
spheres or spherical shells. 

The earth is not a sphere and is not homogeneous. Therefore it is not 
rigidly true that it attracts external bodies with a force inversely as the square 
of the distance from the centre. The deviation from this law for bodies at 
great distances is, however, insensible. 
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• 

straight or curved if 8, 81 , r' are measured along the path, and a' is 
the tangential acceleration or rate of change of si)eed at distance r', 
and V and Vi are the speeds final and initial. 

If the acceleration is away from the centre, or force repulsive, 
we should have the sign before the last term (H-) instead of (— ), or 
the sign of a' is changed in (1) and (2). 

If the body falls m)m rest from a distance 81 , we have from (2), 
by making Vi = 0, for a body falling from rest. 



if = 2aY*(- - -] falling. 



(3) 



If the body is projected upwards and the velocity v is zero at 

the height «, we have from (2), for a body projected upwards to a 

distance 8, 

/I "1 \ 

(4) 



Vi* = 2a'r"f j rising. 



CoR. 1. If the distance 81 is infinite, we have from (3) the velocity 
acquired in falling from an infinite distance, 



r = - j/ 



2a'r'^ 



8 

and from (4) the velocity of projection in order to go to an infinite 
distance is 



„. = + |/??X 



«i 



In the case of a body attracted bv the earth we have a' = g. If 
then in the first case 8 = r^ and in the second case 81 = r*, we have 
for the velocity acquired in falling to the surface of the earth from 
an infinite distance, or the velocity necessary to i)roject a body to 
an infinite distance from the surface of the earth, in vacuo, 



v = Vi=T V2gr'. 

If we take g = 32^ ft.-per-sec. per sec. and the mean radius of 
the earth 3960 miles, we have 

/64i X 3960\i ^ _ _^ ., 
v = vi = [ — ^— -- — ) = T 6.95 miles per sec. 
\ 5280 / 

The (— ) sign for falling and the (+) sign for upward projection. 
Cor. 2. If we put equation (3) in the form 



'' = «^*(^)' 



we see at once that if 81 — 8 is a small distance compared to 8, so 
that the entire fall takes place near the earth^s surface, 881 will be 
practically equal to r" and we shall have 

t?* = 2g{8i — 8). 

This is the same formula as for uniform acceleration g towards 
the earth, the initial velocity being zero (page 93). 

[Application of Calenlus to the Preceding Case.] — ^We can dednce the preced- 
ing results from our general equations (8) to (10), page 51. 
Thus for acceleration towards the centre we have, as before, 
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For acceleration away from the centre we should have (-{■) instead of (— ) 

{page 50). 

els 
Multiply by ds, both sides, and then, since ^ =:v,we have 

, a'r'HU 
vdD = — . 

Integrating, we have 

-g = -J- + Const. 

When « = «i , let « = + «, for body projected upwards and © = — t?i for 

body projected downwards. Then in both cases Const. = -^ , and in 

both cases 

•• = «.'-2aV.(l-i) ca) 

These are the equations (1) and (2) of the preceding Article. They hold, as 
we see, for motion towards or away from the centre, provided the acceleration 
is towards the centre. For acceleration away from the centre we change the 
sign of a'. These equations also hold for any path, straight or curved, if «, 
^1, ¥ are measured aJUmg the path, and a' is the tangential acceleration or rate 
of change of sx)eed at distance r', and « and «i the speeds final and initiaL 

If the initial velocity is zero, we have for a body/a2^i72^ from rest 



da 
Since © :^ — , we have from (8) 



«*^2oy'[i-iY 



(8) 



=S = -A:-(i-i). 



where we take the (— ) sign for -the radical to denote motion towa/rds the centre 
(page 44). This can be put in the form 

— =^== = d*4/^!. 

^8x8 — «• f 8i 

To put this in a form convenient for integration, add and subtract \8x to the 
numerator of the first term. We then have 

ifizA^^, = _; Lr.JJL- '^^ = dti/^^. 

Integrating, we have 

(,.,_,.)*_ I yer8in-'^=/?^y< + Const ... (4) 

Let < = when « = «i , then Const. = ■^, Hence* for the time of falling 

* We have ie — versm — = it — cos -[1 =cos ( 1. 

8i \ ** / \ ** ' / 

From trigonometry, 2 cos* y — 1 = cos 2y. Let ^ = cos~M 1 ) . Then 

2y = 7 1 and cos«y = — , or y = cos'*^/ — and ^ = 2 cob'^a/ — . 

*i 8i ' 8i V 8i 



COS 



y 8i 



Hence 2 cos''4/ — = ;r — versin"* — 
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from rest we have for acceleration towards the centre 

•=(i^)M"—'*+--1i)*} <» 

If we had taken motion awof from tb« Mntre, we should have obtained, 
instead of (4), 

— (•!«— O +a ^®™^ "~=( 1^ + Oonflt. 

Let ^ = 0, when « = 0, and Const. = 0, and we have 

Equation (6) applies to a body projected upwards to anj height $, Si being 
the height at which it would come to rest. 

If we make « = «i in (0), or « = in (5), we find the time of reaching the 
turning-point in rising or reaobing the centre in liUh^^ from rest 



avaov'' 



CHAPTER n. 



SIMPLE HAEMONIC MOTION. MOTION IN BESISTING 

MEDIUM. 



Simple Harmonie Motion. — ^The motion of a point moving in any 
path in such a manner that the tangential acceleration isdirectly 
proportional to the distance, alon^ the path, from a fixed point in 
the path is called simple harmoiuc motion. Such motion may he 
rectilinear or cinrnlinear. 

The vihrations of such hodies as a tuning-fork or a piano-wire 
are approximate examples of such motion, and hence the term 
*' harmonic.^^ The vihrations of an elastic hody, such as the air, are 
examples of such motion. 

It 18 also, as has heen stated (note, page 92), the motion of a 
hody under the action of gravitation, within a homogeneous 
sphere, as it can be shown that in this case the acceleration due to 
gravity is proportional to the distance from the centre. 

The motion of the piston of a steam-engine when moved by a 
crank and connecting-rod approximates the same motion if the 
rotation of the crank is uniiorm, the approximation being closer 
the longer the connecting-rod. This will be evident from the fol- 
lowing Article. 

Simple Harmonie Motion in a Straight Line— Foree Attraetive^'— 
Let a point M move with uniform speed in a 
circle of radius CM= r. 

Then the acceleration /n is always direct- 
ed towards the centre and equal to/n = rco', 
where a> is the constant angular velocity 
(page 76). 

The projection of fn upon the diameter A' 
CA is ooV cos MCR But r cos MCP is the 
distance CP = « of the projection P ot M ujKm the diameter CA. 
Therefore the projection of fn upon the diameter is a = »'«, or, 
since oo is constant, a is directly proportional to the distance 
CP = «. The motion of P is therefore harmonic. 

If then a point M moves with uniform speed in a circle, its pro- 
jection P ypon any diameter moves with harmonic motion in the 
diameter f the centre of acceleration being the centre of the circle* 

Let a' be the known acceleration in the line AC of P at a given 




distance r' from the centre. Then a' = <» V and <» =a / u , and the 

108 



"y'r'' 
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speed of If is ro9 = ry ^, The projection of this speed on the 
diameter is y^r cos CJfP= MP/^^. 



But ifP= 4/r" — «* ; hence we have for the velocity of the point 
P in the lino AC at the distance s =■ CP from C, 

«^' = pV-«^ (1) 



a' 



or, if Vi is the initial velocity, 

where a' is the knon^n acceleration of P at a given distance r' from 

a 

Thus the point P starts from rest at the distance 8 = r from C 
The velocity increases as the distance s decreases, till P arrives 
at the centre C where the velocity is a mayimum and equal 

tov = r y~j-' Then the velocity decreases and finally becomes 

zero when P arrives at A' at the distance « == — r on the other side 
of C. Equation (1) holds good for motion towards or away from 
the centre if the acceleration is towards the centre, or force attract- 
ive. It also holds for any path straight or curved if «, r, r' are 
measured along the path ana a' is the tangential acceleration or 
rate of change of speed at distance r', and v and v' the speeds final 
and initial. 

CoR. 1. Since the uniform speed of Jlf in the circle is »'y ^1 *^® 
time occupied by Pin passing from A%o A' and back to A is 






But if a is the acceleration at any distance «, and /« is the ac- 
celeration at the extreme distance r, we have for harmonic motion 

a' '~ fn^ a " «?•' 
Hence the time Tof a complete oscillation is 

GO 'a 

The time T of a complete oscillation depends therefore only 

8 1 
upon the constant ratio — = -^ and is independent of the range r 

or amplitude of the oscillation. For this reason the oscillations are 
said to be isochronous, or made^in equal times, no matter what the 
range or amplitude. 

CoR. 2. Since the motion of a body under the action of gravity 
in a homogeneous sphere is harmonic (page 92), if we put g for a' 
and let r' be the mean radius of the earth, we have from (1) the 
motion of a body falling under the action of gravity towards the 
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centre of the earth in a well or shaft, assuming the earth to be 
a homogeneous sphere and neglecting resistance of the air. 
In such case (1) becomes 

V* = pir + «)(r - «). 

If the fall takes place for a short distance compared to r' and 
near the surface, we have r + a practically equal to 2r' and hence 

v^ = 2g{r — «), 

which is the same as for uniform acceleration g, the initial speed 
being zero. 

We obtained the same result (page 93) for a body external to 
the earth. The equations of page 93 hold good, therefore, in all 
practical cases, whether the fall takes place above the earth or 
within the earth, neglecting resistance of the air. 

Amplitude — Epoch — Period — Phase. — ^The range r = CA = CA' 
on either side of the centre of acceleration, 
in harmonic motion, is called the amplitude. 

A complete oscillation is from A to A' and 
back to A, The time of an oscillation, as we 
have seen, is independent of the amplitude. 
From A to A' or A' to A is a vibration. A 
vibration is half an oscillation. The time of 
a vibration is half that of a complete oscillation. 

If Pi is the initial position from which the time is counted, or 
the position of P at zero of time, the time of passing from A to Pi 
is called the epoch. The epoch may also be defined with reference 
to the auxiliary circle, as the angle ACMi in radians. This is the 
epoch in angular measure. 

The epoch in angular measiu*e is then the angle described on the 
auxiliary circle in the interval of time defined as the epoch. 

The epoch locates the position of P at zero of time. 

The entire time which elapses from any instant until the moving 
point again moves in the same direction through the same position 
IS called the period. The time from Pi to A , then back through 
Pi to A, and finally back from A to Pi , is a period. It is evidently 
the time of a complete oscillation from A back to A. 

That fraction of the period which has elapsed since the moving 
point P last occupied A is called the phase. Measured on the 
circle, it is the ratio of the angle ACM radians to 2;r radians. 

The phase locates the position of P at any instant. 

It therefore varies with the time or with the position of P. The 
phase at zero of time, then, multiplied by 2?f radians gives the 
epoch in angular measure, and multiplied by the time of an oscilla- 
tion gives the epoch in time. 

[Application of Calculus to Harmonic Motion.^We may deduce the 
results obtained for simple harmonic motion (page 104), as well as others, from 
the general equations (8) to (10), page 51. 

We have, as before, a = -;« (pag© 104). For acceleration away from the 

centre we have a positive, for acceleration towards the centre a negative (page 
50). 
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L AaMltfslioB towxrdf fht CtBtM, — In this mm we haTo 

lb 
Multiply both sidM by da and then, ninee ;n~ = ^* ^® ^▼o 

♦d©= — -;«dk. 
Integrating, we obtain 

«■= ;- + Const (a) 

When • = r let e = «i. We have then 

Const = fh" + ^, 
and hence 

•• = •.• + ^^•-01 (1) 

If the initial velodty Vi ia Mio, this becomM 

. e« = p(r»-«^. (2) 

which ia the same as equation (1), i>age 104, already obtained, for initial velocity 
zero and range r. 

Since o = -=7, we hare from (1) 







= g = ±|/«.«+J(r'-A 



where we take the (+) sign for motion away from the centre and the (-) sign 
for motion towards the centre (page 44). 
This can be written 

/ ^ =±V:p^ (8) 

If we integrate this betwMn the limits of t and t = when < = r, we hare 
sin-* — =L== i^i/^ + sin-*— =L=. 

Henoe* _ 

« = r cos<4/-7 ± «iy — sinti/ -y (4) 



r 



* Let ^ = ± « 4/^, B = sin - * -7 -5— . 

Then — - — = sin ( J. + -S) = «"* -^ cos5+ cos ^ sin B. 

But sin jB = =, and cos 5 = |/1 — sin« B, Substituting these 



tj»* 



values and reducing, we obtain equation (4). 



CHAP. n.J 



8IHPLB HABMONIG MOtlOlT. 



10'}' 



If in6tio& id towards tli6 centre, we take the (^) sign ; if ttwliy from the 
centre, the (-{-) sign. 

If «i is zero, or there is n6 initial velocity, we have 




(5) 



If we make « = in (1), we have for the amplitude 



a = 5=±f/f+5^i'. 



This reduces to ± r when ^i == 0. 

If we integrate (3) between the limits of t and ^ = when « = iS, that is, if 
we coant the time from the end of the amplitude where i^i = 0, instead of from 
« = r, we obtain 



. -1 < ^ . , A' , « 



(6) 



and hence 



« = Bcoat 



s. 



=*^ 



-1 8 
cos ^. 



» • 



»*•••• (7} 



If in (5) we make « = — r or iti (7) make « = — 22, we have in both cases 
for the time of a vibration, ff y -r* ^^d hence for the time of a complete 

oscillation T = 3« |/ -7. Therefore the time cfoeeiSkiiHatk or vibtation ie not 

affected by the initiat velocity. 

All these equations (1) to (7) hold for motion either towards or away from 
the centre, provided the acceleration is towards the centre. 

They fdso hold for any path, straight or curved, provided r', r and s are 
measured along the path and a' is the rate of change of speed at the distance r'. 

II. Aeeeleration Away from the Centre. — ^In this case we have the accelera- 
tion positive and hence 

dv , a' 

ds 
Multiplying by ds, we have, since 37 = «> 



Integrating this, we have 



9df>:= -reds, 
r 



*• = 



a'^ 



4" Const. 



When « = 0, let « = «i. Then Const. = Vi* and 



From (8) we have 






(8) 



ds ^ ,/ - , a' 
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where we take the (-4-) sign for motion awaj and the (^) edgn for motion 
towards the centre, we can pat this in the form 



Hence 



If we integrate this between the limits of I and t = when « = 0, we have 
logn(«+|/«« + Jf,t«) = ± tf^ + logn v^j/^,. 

'-2r ^{ ^ -yl 1 (9) 



C**^ 



where 6 is the base of the Naperian system of logarithms. 



EXAMPLES. 

^ = 32.16 ft.-per-8ec. per sec. or 080.23 cm.-per-sec. per sec. 

(1) If the radius of the earth is 6370900 meters and the accetera- 
turn of qravity 9.81 meters-per-sec. per sec., what should be the valus 
of a'r* in eq. (2), page 99, t/ s and Si are given in kilometers f 

Ans. 898171.88 cubic kilometers-per-sec. per sec. 

(2) A body falls to the earth from a point 1000 miles above the 
surface, Fina its speed on reaching the surface, neglecting resist- 
ance of the air and taking the eartWs radius 4000 miles. 

Ans. v = 3.12 miles per sec. 

(3) In the last example find the distance from the earth's surfa^ce 
when the speed is 2 miles per sec. 

Ans. 535.2 miles. 

(4) With what &peed must a body be projected vertically at the 
earth's surface so that it may nether return f (Assume the earth to 
have no atmosphere and not to be rotating.) 

Ans. The speed is the same as that which a falling body would have fall- 
ing from an infinite distance, or t? = 6.95 miles per sec. 

(5) At what point on a line joining the centres of the earth and 
moon would the rate of change of speed of a body be zero f (At the 
m^oon's surface a = 5.5 ft.-per-sec. per sec.; radius of moon 1080 
miles; distance between centres of earth and moon 240000 miles.) 

Ans. Let x = distance of point from earth's centre and Xi from moon's 
centre, and M earth's radius, r moon's radius. Then a? 4- aJi = 240000, and 

^ = ^. Hence 05 = 215893 miles. 

(6) A point whose motion is simple harmonic has velocities 20 
and 25 ft. per sec. at distances 10 and 8 ft. from the centre of ac- 
celeration. Find (a) its period, (b) its acceleration at unit distance 
from centre. 
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Ans. We have 626 = §(r» - 64) and 400 = ^r,« - 100). Therefore 

T T 

./a' 16 , . , 8« 4* a'» 236 „ „- ^ 

y? 

per-sec x>er sec. 

(7) The period of a simple harmonic motion is 20 sec. and the 
nuzocimum velocity %8 10 ft. per sec. Find the velocity at a distance 

of — ft. from the m>ean position. 

Ans. — ;= = 20 sec, therefore -7 = 7;^^. Where « = 0, ri = — .ft. 
i/? r' 100 ' n 



„ , jr>/100» 60»\ 

Hence v* = — ( — 5 -5- 1 or « = 8 ft. per sec. 

100\ ie* fi^ J ^ 



(8) A point moves from rest towards a fixed point 10 m^ers dis- 
tant, its acceleration being everywhere 4 timss its distance from a 
fioced point. At what distance will it have a velocity of 12 meters 
per sec. f 

Ans. 8 meters. 

(9) Find the mean speed of a point executing a simple harmonic 
motion during the time occupied in moving from one to the other 
extremity of its range, its maximum speed being 5 ft. per sec. 

Ans. The distance is 2r. The time — ;=. The mean speed ^ V^ 

When « = 0, we have 25 = -r^^, or r i/ -, = 6. Therefore mean speed is — 

ft. per sec. 

(10) If T be the period and a the amplitude of a simple harmonic 
motion, and ifvbe the velocity and s the distance from the centre at 
a given instant, show that 






(11) A point oscillates about a centre, its acceleration being pro- 
partional to its distance. Show that the ratio of its maximum ve- 
locity to the square root of the excess of the square of its maximum 
velocity aoer the square of the velocity which tt has when at a given 
displacement from the centre is equal to the ratio of its maximum 
displacem^ent to the given displacement. 

(12) A point has a simple harmonic motion whose period is 4 

1 
min. 12 sec. Find the time during which its phase changes from -r^ 

to- of a period. 

Ans. 21 sec. 

[Body Projeeted in a BatistiBg Kedinm — Aooeleration Proportional to the 
Square of the Yelooity— Motion BMtilinear.]— When a body moves in a resisting 
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medium sach as air or water it loses velocity or has a minus acceleration, 
which is usually assumed to ybij as the square of the Teloottj. 
We have then 

'' = ^="^' <^) 

where o is a constant depending upon the shape and dimensions of the body 
and ther density, or mass of a unit of volume, of the body and medium. 

This constant is called the coeMdewt of resistance. For instance, for a 
sphere, if d is the diameter and J the density of the medium and 6 the density 
of the body, we have, as is proved in Vol. II, Statics, 

^ 8 



We eaj(i put (1) in the form 



*""7* 8d- 



d9 



Let « = «i when t = and integrate, and we have 

-=(4-1;). » -Kr-9 »> 

•=mSm « 

From (3) and (8) we can find the time for any velocity or the revexse. Since 
« = -3T-» we have from (8) 

^_ 9idi 
1 + evit ' 

][ntegrating and making • = when t=0, we have 

#=ilogn(l + <»iQ; (4) 

c 

or using common logarithms, 

« = log (1 -f cciQ. . . , . . (5) 

c 

From (4) we have 

< = ^ (6) 

where e = 2.718282 = base of the Kaperian system of logarithms. 

From (5) and (6) we can find the distance for any time or the reverse. 

From (6) we have 69it = «^ — 1, and substituting this in (8) we have 

^=^ w 

or 

•=r^<«»7' <«) 

or using common logarithms 

, 2.802585 , •, 

« = ;: log- (9) 

From (7) and (9) we can find the velocity for any distance ot the reverse. 

From (8) we see that when the velocity becomes zero the space traversed is 
infinite, and from (2) the time is infinite. Although then the velocity dimin- 
ishes as the tkne increases, as we see from (8), it jpannot become zero i^ any 
finite distance or time. 
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[Body Falling under the 
the uniform acceleration ~ 
have* 



Le Action of Gravity in a Sesieting Xedium.]— Let /be 
due to any attractive force. In me cpise of gravity we 



/ 



•='('-?)• 



where A is the density or mafis of a unit volume of the medium and d is the 
density of the body. The acceleration /acts away from the starting-point and 
^ the retardation cf^ acts towards the starting-point. If then we take this point 
as origin, we have 

w-f-^'    (») 

where c is the coefficient of resistance and has the same value as in the preced- 
ing Article. 

Let k be that velocity for which the retardation is equal to/ so that/= ck^, 
f 
Then c = |r, and eqiuUion (1) becomes 
A? • 

We can write this in the form 

^=/j^zr^ W 

Integrating, we have 

When < = 0, let « = «i. Then Const. = — sj kgn .T \ Seooe 

IHT using common logarithms, 

, 2.802685*. (A; + «X*-«i) 

From (4) we have, if 6 = 2.718282 s base of Naperian system of logarithms, 

9ft 



*lfer''^-0 



From (5) and (6) we can find the time for any given velocity or the reverse. 



»■ 



* As we shall see hereafter, the mass of a body multiplied bv g gives the 
weight of the body, that is, the force of gravity. It is also a weU-Known fact 
that a body immersed in a fluid has its weight diminished by the weight of an 
equal volume of the medium. 

If then Fis the volume of the body, V8g is its weight in vacuo and VJg 
is its loss of weight due to the medium* Hence V8g ~ V^g is the weight 
when Immersed. Since Vd is the mass. 



F»/= VSg - VJg, or /=c^l -^V 
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Since « = -^, we have 



and therefore from (3) we have 



dt " d9* 



or using common logarithms, 



2.80268W , *• - «i« ,«, 



From (7) we have 

t^ = *•-(*•- «»t)tf *• , (9) 

where = 3.718282 = base of the Naperian system of logarithms. 

From (8) and (9) we can find the instance for anv velocity or the reverse. 

We see from (9) that when s is great, « approaches k, and A; is the limiting 
value of V, If the initial velocity is zero or less than k, v will continually ap- 
proach k, but can never exceed k. If the initial velocity is greater than k, « 
will diminish continually down to k and can never be<;ome less than k, 

[Body Projected Upwards under the Action of Gravity in a Bcsisting Me- 
dium.] 

In this case we have, taking k as before, since /is negative and the resist- 
ance is negative, 

«=^ = -/-^ w 

which can be written (ft = — -^ rr^-. — -, 

f 1^+^ 

Integrating and determining the constant by the condition that when t = 0, 
« = «! = initial velocity, we have 

'4**^-'fT^ ^> 

We have also as before ^ = -^, and therefore, from (1), 

J^ f>dv 
f *»+«*• 

Integrating this, and making « = 0, when 9 = «i , we have 

• = ar^^^ifcH=^' <^> 

or in common logarithms, 

2.302585Jfc» , A;* + «i« 

• = — 2r— ^"^"5^+^ ^^^ 

The time in which the velocity becomes zero and the body reaches the turn- 
ing-point is, from (2), 



/ * 

and the corresponding value of « is, from (4), 

3.803S35X; 
/ 



& = — -' log^l+^j (6> 
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At the end of the time T the body begins to retnm and falls from a state 
of rest, or Vi = 0. 

We have then from the preceding Article, making Vi = 0, 

^ ^ 2.302585*. * + D 

and 

2.802585A;« k^ 

Let u be the velocity with which the body returns to the starting-point. 
Then putting « = in (8) and « = t^, we have 

^ = 1-.*. ; 



«1« 



or substituting for h its value, ^ 

k' " rji ^^^ 

Hence 

-V - -^ = ^ (10) 

We see then that u is less than Vi, or the body returns to the point of pro- 
jection with a velocity less than the velocity of projection. 

Values of ■2' and c. — For motion in a resisting medium, under 

the action of gravity, we have/ = g(l — jL where ^ is the density 
of the medium and 6 that of the body. 

For iron in water we may take ^ = 7.2. 

" ** ** air " " ** ^ = 6983.28. 

** mist or rain in air ** ** ** ^ = 813.82. 

** lead in water " " "3== ^^•^^• 

** ** air 4* it u ^ _ 9423.61. 

The coefficient of resistance for a sphere (Vol. II, Statics) is 

_Z - _?^ 

where r is the radius of the sphere. 
For a cone we have 

_ 3^r* 

^ ^ '^hif + lay 

where r is the radius of the base and h the height. If the cone 
terminates in a cylinder of length Z, we have 

25(3Z+^)(r' + ^')' 



114 EIKEMATIC6 OV ▲ POIKT— TBANSLATION. [CHAP. IL 



^ =r 82.16 ft.-per-sec. per sec. 

(1) A lead bullet 1 inch in diameter is prelected vertically with a 
velocity of 2000 ft. per aec. Find (a) tne time of ascent with and 
tvithout resistance of the air ; (6) the distance to which it abends 
with and tvithout resistance of the air; (c) the velocity and time of 
return with and without resistance of the air. 

Ana. We have in this case 4 = 9438.61, k» = 67888.1852 and A; = 250.49 

n 

ft. per sec., / = 82.1556 ft.-per-sec. per sec. 

(a) The time of ascent in vacao is 62.19 sec. 

, . - 259.49 , , 2000 

^*" ^=m566^^-*259:S=^^-^«^ 



In air A = 



(6) The height of ascent in vacao is 62180 ft. 

2.80a68 5 X 67888.1883 , / , 4000000 \ aiojo -» 

"^:i556 **« i* + 67888386a j = **"*• 

(e) The velocity of return in vacuo is 2000 ft. per sec. 

4000000 



^*^ ^'= 4000000 '^'^ ti = 257ft.peraec. 



1 + 



67388.1852 



(d) The time of return in vacuo is 62.19 sec. 

T . . m 2.802585 X 259.49 , 259.49 + 257 ^, ^„ 
^ *^ * - ^ = 2X32.1556 ^^« 259.49 I 257 = ^^'^^ ^• 

(2) A lead bvllet 1 inch in diameter is let fall in the air. Find 
the velocity at the end oft = l sec., 2 sec,, 3 wc., 10 sec., 20 see., with 
and tmthout the resistance of the air. 

Ans. We have k = 259.49 ft. per see.; /= 82.1556 ft.-per-sec. per sec.; 

(m \ 

k\e * — 1/ 

e = 2.718282; and from eq. (6), page 111, making «i = 0, « = — j^ • 

Let e = 1, 2, 8, 10 and 20. and we have v = 81.98, 63.08. 92.83, 219.3 and 
255.86 ft. per sec.; while in vacuo we would have« = 82.16, 64.82, 96.48, 
821.6 and 643.2 ft. per sec. 

(3) In the previous example what is the greatest velocity the bullet 
can attain f 

Ans. k = 259.49 ft. per sec. As we have seen, this velocity is attained 
quite early, after which the velocity is uniform. 

(4) An iron cannon^xill 1 ft. in diameter is projected vertically 
upwards in the air with a velocity of 2000 ft. per sec. Find (a) tJie 
ttm^ of ascent; (b) the distance to wnich it ascends; (c) the velocity 
with which it returns ; {d) the time of return. 

Ajis. We have in this case ^ = 5988.28, *» = 513040, k = 716.268 ft. per 
sec.,/ = 82.1546 ft.-per-sec. per sec. 

* An examination of these problems will ^ve the student an idea of the 
effect of the air in modifying the motion of a falling body and enable him to 
realize the inaccuracy of neglecting it. 
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(a) The time of ascent is T = 27.82 sec.; in vacuo, 62.19 see. (See Ex. 

(1).) 

(6) Tlie distance of ascent is A =: 84680 ft.; in vacno, 62189 ft. 

(c) The Telocity of return is tf = 674.3 ft. per sec.; in vacuo, 2000 ft. per 

(d) The time of return is ^ — T = 88.9 sec. ; in vacuo, 62.19 sec. 

(6) An iron cannon-hall 1 ft, in diameter is let fall in the air. 
Find the velocity at the end oft=^l sec, 2 dec, 3 sec., 10 sec., 40 sec.y 
60 sec. 

Ans. We have k = 716.268 ft. per sec.,/= 32.1546 ft.-per-sec. per sec. and 
f>i = 0. Hence from eq. (6), page 111 : 

For^= 1 2 3 10 40 60 sec. 

9 = 32.12 64 95.85 801.5 677.8 709.7 ft.. per-sec. 

In vacuo we would have 

« = 82.16 64.32 96.48 821.6 1286.4 1929.6 ft. per sec. 

(6) In thepremous example, what is the greatest velocity the can' 
non-ball can attain f 

Ans. k = 716.268 ft. per sec. And this is attained in little more than a 
minute. 

(7) In Example (5) what are the distances passed throtigh f 

Ans. From eq. (8) we have, making Vi = and taking the values of v 
already found. 

For « = 1 2 3 10 40 60 sec. 

« = 16.03 64.29 144.2 1561 18000 31992 ft. 
In vacuo we would have 

« = 16.08 64.32 144.72 1608 25728 57888 ft. 

(8) A lead shot i inch in diameter is let fall in the air. Find the 
greatest velocity it can attain, and the velocity and space traversed 
tnt = l, 2, 3, 4, 5, 6, 7 and 8 sec. 

Ans. We have -^ = 9423.61. /= 32.1556, *».= 8417. 

Greatest velocity = A; = 91.7 ft. per sec. 

For ^ = 1 2 8 4 5 6 7 8 sec. 

« = 30.89 55.49 71.76 81.23 86.85 89.01 90.35 91.03 ft. per sec. 

In vacuo, 
t> = 32.16 64.32 96.48 128.64 160.8 192.96 225.12 257.28 ft. per sec. 

« = 15.67 60.27 123.56 199 283.8 870.7 458.1 545.5 ft. 

In vacuo, 

16.08 64.32 145.72 257.3 402 578.8 787.9 1029.12 ft. 

(9) What is the greatest velocity a rain-drop J inch in diameter 
can a^cquire, falling in the air f 

St 

Ans. We have -j = 813.82, / = 32 12, ifc = 27 ft. per sec. 

(10) An iron cannon-hall 1 ft. in diameter is let fall in water. 
Find (a) the greatest velocity it can attain; (&) the final velocity 
and the spaee passed through in ^ = 1, 2, 3 sec. 

Ans. We have -j- = 7.2, / = 27.7. 

Therefore, (a) A; = 23.06 ft. per sec. 

(&) For ^ = 1 2 3 sec. 

V = 19.22 22.68 23.02 ft. per sec. 
« = 11 38 32.8 53.94 ft. 
We see that the maximum velocity is reached in about 3 sec. 
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In the preceding examples it is assumed that the density of the 
medium is unchanged, and that tiie acceleration of gravity is con- 
stant. Near the etuiJi's surface hoth assumptions are practically 
true. We have also assumed that the acceleration varies as the 
square of the velocity. Experiments would seem to indicate that 
this is not strictly accurate. 

The effect of resisting media upon the motion of projectiles is 
therefore hest taken account of hy means of empirical formulas 
hased ux>on experiment. 

We have given the preceding examples in order to call attention 
to the fact that the inmience of the mcKiium, even of the air, is such 
as to very materially modify the results of the formulas of pa^e 
93, which hold good only in vacuo €tnd are not even approximately 
true except for large ana heavy bodies for the first few seconds of 
fall. The examples of page 95 are therefore devoid of practical 
value except unaer such limitations. 

For very ^eat distances the density of the air and the accelera- 
tion of gravity are not constant, so that our present assumptions 
are then no longer in accord with fact. 



OHAPTEB m. 



TRANSLATION IN A CURVED PATH 



DIBBCTIQN OF AOCELEBATION CONBTANT. PARABOLIC MOTION. 

FROJBCTILB IN A BB8ISTINO MEDIUM. 



MOTION OF 



Curved Path. — ^When a point moves in a path such that the di- 
rection of the acceleration coincides with the direction of motion 
and does not chanj^e, the motion is rectilinear, no matter what the 
law of variation of the magnitude of the acceleration may be. Such 
motion we have discussed m the preceding Chapters. 

If the direction of the acceleration, however, does not coincide 
with that of the motion, then, whether it is constant in direction 
and magnitude or not, we have motion in a curved path. 

When a rigid body composed of many points moves so that 
every straight line through any two of its points remains parallel 
to itself in all positions of the body, it has a motion of translation 
only, and we may treat the body as if it were a point. 

For motion in a curved path the differential equations of page 
81 apply. 

Uuifomi Acceleration Inclined to Direction of Motion.— If the ac- 
celeration is uniform, that is, constant in magnitude and direction, 
its comi)onent in any given direction is uniform, and the equations 
for rectilinear motion, page 93, apply to the component motion in 
that direction. 

The most common case of curvilinear motion under uniform ac- 
celeration is that of a body projected with any given velocity in 
any given direction at the surface of the earth, neglecting the 
resistance of the air. In such case the acceleration due to gravity 
is practically uniform and equal to g ft.-per-sec. per sec. 

Let the initial velocity of projection Vi of the point P make the 
angle APB = ai with the hori- 
zontal. 

Let the co-ordinates of any 
point Mot the path or trajectory 
be PB = X and BM= y. 

Let the angle MPB = 0. Let 
/be the uniform vertical accel- 
eration (in the case of gravity/ 

If we make Op parallel and 
equal to the velocity V\ at P, and 
Cmi parallel and equal to the ve- 
locity V at any point M of the 
trajectory, then ^wi =ft is the 
integral acceleration for the time 
t during which the point passes 

from P to ilf , and the straight line p6 is the hodograph (page £@) 

117 





tt» 



# 



118 KIKBMATIC8 OP A POIinC— TRANSLATION. [OHAP. in. 

for motion from P to the point C, where the velocity is horizontal, 
and Ob is the velocity at this point. 

The velocity of p in the hodograph is the acceleration in the 
path (page 52). Therefore the pointp moves with uniform velocity 
/ from p to 6, while P moves from P to C 

We see at once that the horizontal component of the velocity t^i 
is 06 = t?a?, or 

Ob^Vx^Vi cos ai (1) 

The horizontal distance passed over in smy time t^ while the 
point P moves from P to JIf, is then PB = a;, or 

PB =: a; = rit cos ai (2) 

The vertical component of the velocity Vi is &p = Vi sin ai up- 
wards. But the acceleration / is downwards. Hence t^e vertical 
velocity at the end of the time t is hm = 6p — pm = t?y , or 

bm=^Vy=ViBhioci^ft, ^. ..... (3) 

The vertical velocity at the he^ning of the time tiavi sin ax. 
The mean vertical velocity durmg the time t is then 

2vx sin ax - ft ^, .^ 1 ^ 
5 i- = Vx sm ai — —ft. 

The vertical distance passed through in the time t is then 
BM=y, or 

BA^AM==BMt=y = Vitmnai-lft* (4) 

If we combine (2) and (4) by eliminating f, we have for the equa- 
tion of the trajectory 

1/ = 0/ tan ax — (6) 

. This is the equation of a parabola. 

The time of reaching the highest point Cis the time of describ- 
ing the vertical distance DO. Call this time Tv . Since at this point 
the vertical velocity is zero, we have, by m£^ing r^ = in (3), 

^ Vx sin ax 

If we substitute this for t in (2) and (4) we obtain the co-ordinates 
of the vertex O of the parabola, 

nrk ^ t?i* sin ari COS OTi t?i'sin2ai 

PJJ = 0?- = -z = ^rx ; 

' f 2f ' 

^» 2/ 2ui'cos'ai 

The parameter of the parabola is then |^ = ^'' ^* ^' . The di- 
rectrix is parallel to PD at a distance above the vertex O equal to 

one half the parameter or — — ^^-^ , or at a distance of ^ above 

2/ 2f 

P. That is, distance of the directrix dbqve P is the height due to the 

velocity Vi, 

If we had taken the origin at the vertex O and let occ and yc be 

the new co-ordinates, then the horizontal velocity at O would be 
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Vi COS a, and the horizontal distance passed over in any time ^ would 
be 0^ G VitcoQ au The mean vertical velocity would be -ft and 

the vertical distance yc = ^ft^. Ck)mbining and eliminating t, we 
obtain 



t 



3t>i*COS'ai 



Xe' = ^3 — yc 

which is the equation of a parabola referred to its diameter CD and 

«*,• cos* (Xi 

the tangent at the vertex C The parameter is as before -z . 

To find the velocity at any point of the trajectory. — ^The ma^^tude 
of the velocity at any point M is the resultant of the vertical and 
horizontad velocities, or, from (1) cmd (3), 

v» = vx^ + Vy^ = t?i» - 2vift sin a, + ff* (6) 

The same result is obtained at once from the hodograph from 
the triangle 0pm, 

Insertmg the value of y from (4), 

t?« = t;i*-2/y (7) 

If the acceleration is due to gravity, we replace / by gf, and have 

-- ^ — y. But we have just seen that -.r- is the distance of the 
2flr 2flr ^ "* 2g 

directrix above P. Therefore j/ is the distance of the direc- 

trix above any point M, and — is the height due to the velocity v. 

Hence, the speed at any point la the mme as that acquired by a body 
falling from the directrix to that point. 

To find the direction of the velocity v at any point M, the mag- 
nitude of which is given by (6) and (7), let a be tne angle which it 
makes with the horizontal. Then we have directly from the hodo- Jj^ 
graph, since angle mC^ = a, ^^ 

vsina = t^isinai — /f ; 
rcosa = t?iCOSai. 

Therefore, from (2), 

ft W 

tana=tanai ^ = tanai — ^ ... (8) 

Vicosai X ^ ' 

or 

tan a = tan ai ^ — ; — (9) 

ri'cos'ai ^ ' 

To find the time of fiig^ht in a horizontal direction, and the horizontal 
range.— If in (4) we make jj = 0, we have for the time Th in which 
the body reaches the line PX^ or the time of flight in a horizontal 
direction, 

5n, = !Hi|5j^ (10) 

Inserting this value of f in (2), we have for the horizontal range 

PX 

„ 2ri'sina:iCOsai Vi*Bm2cci ,^^. 

Bh = y = ^ (11) 
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This is twice the distance PD. 

The greatest value sin2ai can have is unit^, and this occurs 
when 2a 1 = 90*" or ^i = 45°. Therefore the horizontal range, neg- 
lecting resistance of the air, is greatest for cm angle of elevation of 

45% and is equal to -^, 

To find the greatest hei^rht attained, and the corresponding time. — 
Put the vertical velocity given by (3) equal to zero, and we have 
for the time of attaining the greatest height 

2V = £i^L^ (12) 

or just half the whole time of flight as given by (10). 

Insert the value of the time given by (12) in (4), and we have for 
the greatest height attedned, ClJ = J7, 

n._ ri*sin'a^ .-„. 

^'~W~ ^ ^ 

Equations (13) and -Rh given by (11) give the co-ordinates of the 

vertex C 

To find the displacement in any given direction, and the cor- 
responding time. — ^Let 6 be the angle which any displacement PM = 
R makes with the horizontal, then we have ^M =y = x tan 0. Sub- 
stituting^ this value oi y isi (5), we have for the abscissa of the 
point m 

__ 2^1* cos gj sin {ax — 6) __ ri*[sin (2ai — Q) — sin 6] .^.. 

^"" /cose "" /cosfi » • ( ; 

€uid therefore for the displacement or range PM= R, 

p _ 2vi^ cos tf 1 sin (gi — Q) _ t;i^[sin (2ai — 6) — sin 0] .^^ 

^"" f^o^Q Tcos^e • • ^^^^ 

If in (15) we make G = 0, we have the horizontal range Rh as 

^ given by (11). 

Jl If we divide (14) by the horizontal component of the velocity, 

Vicosai, we have 

J. ^' xja- 1.4. 2risin(ai— 0) ,^^. 

t = time of flight = ^ (16) 

This reduces to (10) for = 0. 

To find the angle of elevation which gives the greatest range in 
any given direction.— The range R given by (15) is a maximum when 

sin (2ai — 6) is a maximum, or when2ai — = 90"* or ai = - fgO" + j. 

The direction of projection for the greatest range makes therefore 

with the vertical an angle 90 -- ai = - (90 — 0j, that is, it bisects the 

angle between the vertical and the range. 

To find the elevation necessary to hit a given point. — ^To deter- 
mine the direction of the velocity Vi in order that the path may 
pass through a given point given by x and y, we substitute for 

— i — the equivalent value 1 + tan'' ai in equation (6), and obtain 

at once 
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Also from (14) we have 

1 



0.1. ,//a;cosS . 

oTi =- + - Sin "■ H- = h sin 

2 2 \ Vi* 



inoj, 



(18) 



or, since B cos 6 = a;, 

0.1. ,//Bcos*0 . . ^\ 

We see from (17) that aj has two values. If ai' is an angle such 
that sin (2ai' — 0) = sin (2a, — 0), then 2ar,' — = 180" — (2ai — 0) or 
ai = 90 — (ai — 0) and either a/ or ai will satisfy equation (14). 

With a ^ven acceleration and initial velocity of projection of 
given magnitude, there are therefore two directions of tne initial 
velocity, ai and 90 — (ai — 0), and therefore tivo paths hy which the 
body may attain the same point. 

If in (17) we put (^)'= 1 + ^^. we have 



fx' 



Vi* 



Vi* = f{y + V«^ + y' ) and tan ai = -^« 

Smaller values of V\ make tan a\ imaginary. Larger values of 
t?i give two values for tan ^i. In the first case the point cannot be 
attained. In the second case it would be attained either in the rise 
or fall of the projectile. 

To find the envelojle of all the trajectories corresponding to 
different values of ai for a given initial speed t^i. — Equation (5) 
gives the equation of the trajectory corresponding to the angle of 

elevation ax. If we substitute 1 + tan' a\ for — ; — , equation (5) 

cos* ax 

becomes 

. /»'(1 + tan* ax) .-^x 

y = a? tan o", - tL_A-__ 1^ (19) 

where x and y are the co-ordinates of any point of the path. 

For another angle of elevation a/, and the same initial speed Vx^ 

we have 

. , /a?,*(l+tan*a,') 
yx = Xx tan a/ - ''- — -^^^  , 

where Xx and yx are the co-ordinates of any point of the new trajec- 
tory. 




If we make a? = aji and y = yi, we have for the point of intersec- 
tion of the two trajectories, by equating these two equations, 

fx 



^—sCtan ax + tan aiO = 1. 

2ui* 
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If the angles a/ £uid ai approach equality, this expression ap- 
proaches the limit 

^tanai=l, or tana, = ^ (20) 

Equation (20) gives then the value of tan a, when the two tra- 
jectories starting from the same point Pwith the same speed Vi 
have angles of elevation at P whose difference is indefinitely small. 

Substituting this value of tan a, in (19) we obtain 

^^2f 2^' ^^ 

Equation (21) is then the equation of a curve which passes 
through all the points in which every two trajectories starting 
from the same pomt P at angles of elevation whose difference is 
indefinitely small cut each other. It ib therefore the equation of 
the envelope or curve which touches all the trajectories or parab- 
olas descnW from the same point Pwith the same initial speed 

Vi, 

Equation (21) is the equation of a parabola ACA\ whose axis PC 
is vertical, whose focus is the j^oint P of projection, and whose 
vertex C is in the common direction of the trajectories. 

With the eiven initial speed t^i, the projectile can reach any 
point within this envelope by two angles of elevation and two tra- 
jectories, as proved page 121. It can reach any point in the en- 
velope by only one elevation and path. It cannot reach with any 
elevation and with the given velocity Vi any point outside this 
envelope. 

The point, therefore, where this envelope cuts the plane of any 
given range gives the maximum range in that direction for any 
given Vu 

Thus the maximum range on a horizontal plane is found from 

(21), by making y = 0, to be -^. The same result is given by (16) 

when we make ai = 45' €uid 6 = 0. 

Questions of maximum range may thus be readily solved by the 

equation for the envelope. 

X V + ^ft* 

From (2) we have cos a = — j, and from (4) sin ai = ^ — J^ — 

Vit Vit 

Since cos' ai + sin* <xi = 1, we have 

0^ + (y + |/<')"= ^^^ (22) 

This is the equation of a circle whose radius is Vit and whose 
centre is situated vertically below Pat a distance PD = -ft\ 

The circumference of this circle is reached in the same time by 
a point starting from P with the velocity Vi in any direction. 

[Applioation of the Galcalns.] The same results are obtained bj the applica- 
tion of the differential equations of motion, page 81. 

Thus in the present case we have for the horizontal component of the 
acceleration, since /is vertical, 

«r=0; («) 
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and for the vertical component 

Integrating (a), since for t = 0, ^ = «i cos ai, we have 

dx 
vx =^ = ViCosai * . (1) 

Integrating again, since tor t = 0, x = 0, we have 

X =zViteoBai (3) 

Integrating {h), we have, since when ^ = 0, ;^ = Oi sin ai, 



dt 

dv . ^ 

t>y= -^ = Vi sin OTi ^ft. 

Integrating again, since for ^ = 0, ^ = 0, we have 



(8) 



y = Vit sin aj — —/«» (4) 

Combining (2) and (4) by eliminating t, we have for the equation of the 
trajectory 

y = « tan a — ^r—^^ — 5 — (5) 

We have also 

' = ©*+ ©■• 

or, from (1) and (2), 

1^ = «,« - f^vi sin aj +/«<» (6) 

Inserting the valae of y from (4), 

tj« = t),«-2/y (7) 

If we differentiate (5), we have, for the tangent of the angle which the 
velocity at any point makes with the horizontal, 

dv fx 
tan a = :=^ = tan or, ^-^ — (8) 

dX Vx^ cos* OTi ^ ' 

These are the same equations as already given, and from them all the others 
are deduced. 



iX^LMPLES. 



^ = 82.16 ft.-per-sec. per sec. Resistance of air neglected. 

(1) Sh/ow that for parabolic motion the hodograph is a straight 
line. 

(2) The sights of a gun are set so that the hall may strike a given 
object. Show that whm the sights are directed to any other object 
in the same vertical line^ the hall mill also strike it. 

(3) Two bodies projected from the same point in directions mak- 
ing angles fi, fi^ with the vertical pass through the same point in 
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the horizontal plane through the point of prcjection. If t and V are 
the times of flight, show that 

sinjfi- fi') ^ f*^1^ 
sini/a + fl') r + ^' 

(4) With what velocity must anrqfectHe he fired at an elevation 
of 30° 80 as to strike an ot(fect at tne distance of 2500 ft. on an ascent 
of 1 m 40 ? 

Ans. 811.5 ft. per sec. 

(5) Find the direction and magnitude of the velocity of projection 
in order that a projectile may reach its maximum height at a point 
whose horizontal and vertical distances from the starting-point are 
b and h respectively. 



Ans. tan oi = — , «, = y^- — ^ ^ . 



2k 

(6) A gun is fired horizontally at a height of 144.72 /(. above the 
surface of a lake and the initial speed of the Hall is lOOO ft. per sec. 
Find (a) after what time, and (b) at what horizontal distance, the 
ball strikes the lake, neglecting resistance of the air. 

Ans. (a) 8 sec. ; (h) 3000 ft. 

(7) In the parabola described by a projectile, its speed at any 
point is that which it would haw had had it faUen to that point 
from the directrix. 

(8) A particle profected at a given elevation with an initial speed 
Vi reaches the top of a tower hft. high and 2hft. from the point of 
pr(pection in t seconds. Find (a) the initial speed of another par- 
ticle which, being projected at the same elevation from a point dis- 
tant 4h ft. from the tower, will also reach its summit, and if>) the 
time it wilt require. 

Ans.(«)J?ii^;(ft)-i^^^±Z). 
Vh+gt* V~g 

(9) A ball is projected with a velocity of 100 ft. per sec. inclined 
75** to the horizon. Find (a) the range on a horizontal plane ; (6) the 
range on a plane inclined 30° to the horizon ; (c) what other direc- 
tions of the initial velocity would give the same ranges. 

Ans. (a) 155.5 ft.; (6) 207.3 (4/8"- 1) ; (c) 15° and 45^ 

(10) Show that with a given initial speed the greatest range on a 
horizontal plane is just half as great as the greatest range down an 
incline of 30°. 

(11) Show that if two particles meet which have been projected 
with the same initial speed, in the same vertical plane, at the same 
instant, from two given points, the sum of their elevations must be 
constant. • 

(12) On a small planet a stone projected with a speed of 50 ft. per 
sec. is found to have a maximum range on a horizontal plane of 
400 ft. Find the acceleration of falling bodies at the surface of that 
planet. 

Ans. 6 25 ft.-per-sec. per sec. 

(13) Two stones thrown at the same instant from points 20 yards 
apart, with initial velocities inclined 60° and 30°, respectively, to the 
horizon, strike a flag-pole at the same point at the same instant. 
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Show that the initial speeds are asl: VS; and that the distance of 
the pole from the nearer point ofprqfection is 10 yards. 

(14) At what elevation mvM a body he projected with a speed of 
810.8 /f. per sec, that it may hit a balloon 600 ft, from the earWs 
surface and at a distance of 1000 ft. from the point of prqjection. 

Ana, 89" 17', or 80" 43'. 

(15) A body is projected with an initial velocity of 30 ft, per sec, 
inclined 60" to the horizon. Find the velocity after 20 sec, 

Ans. 617.3 ft. per sec. inclined 148" 36'.6 to the direction of the initial 
velocity. 

(16) If from a point A bodies are projected at the same moment 
and in the same vertical plane at different angles of elevation, with 
the same initial speed, Vi, the locus of all the positions occupied at 
the end of a given time t is a circle whose radius is vd and whose 

centre is situated vertically below A at a distance -gf, 

(17) A jet of water rises with a velocity of 20 ft. per sec, at an 
angle of elevation of 66". Find (a) the height due to the velocity ; 
(6) the greatest height of the jet; (c) the horizontal range; (d) the 
time of reaching the horizontal plane ; (e) the height' corresponding 
to the horizontal distance Sft. 

Ans. (a) 6.2 ft.; (b) 5.17 ft.; (c) 9.24 ft.; {d) 1.14 sec.; {e) 452 ft. 

(18) A Jet of ivater discharged horizontally at a height above a 
horizontal rilane of lift, has a range on the horizontal plane r>/5i 
ft. Find the velocity of projection, 

Ans. 15.92 ft. per sec. 

(19) Prove that the angular velocity of a projectile about the focus 
of its path varies inversely as its distance from the focus. 

(20) Show that the envelojoe of all the parabolas which correspond 
to a given velocity of projection is equal to the trajectory for which 
the direction of prqjection is horizontal. 

(21) A particle is projected over a triangle from one end of the 
horizontal base and, grazing the vertex, falls upon the other end of 
the base. If fi and y are the base angles and a the angle of projec- 
tion, show that tan a = tan fi + tan y. 

(22) For the greatest range on an inclined plane through the 
point of projection the direction of motion on leaving is at right 
angles to that on reaching the plane. 

(23) A particle is projected horizontally with a speed of 32.16 ft. 
per sec. from a point 128.64 /ec^ from the ground. Find the direc- 
tion of its motion when it hhs fallen half way to the ground. 

Ans. Inclination to the horizontal = tan~ ^2. 

(24) The greatest range on a horizontal plane of a projectile 
with a given initial speed being 500 meters, show that the greatest 

range on a plane inclined 60" to the horizontal is 2 — Vs kilometers. 

(25) A stone is let fdU in a railway-carriage travelling at the 
rate of 30 miles per hour. Find its displacement relative to the 
road at the end of 0.1 sec. 

Ans. 4.4029 feet, inclined 2" 5'.5 to the horizon. 
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(26) The veloeitiea of a projectile at any two points of its path 
being ffiven, find the difference of the aUitudea above a horizontal 

plane, 

Fi' — F«' 
Ana. ^- , where Vi and Ft are the magnitade of the gi^en velocities. 

(27) A given inclined plane passes through the point of projection 
of a jprqjectile which eventually strikes the plane at ngkt angles. 
Find the range of the projectile on the inclined plane, the velocity 
of projection being given, 

Ans. If 6 is the inclination of the plane and «i the velocity of projection, 

the required range is ^ , q . an • 

^ "* ^1 + 3 sin* 

(28) A particle begins to slide from rest dofon an inclined plane 
AB. At the same instant another particle is projected from A, 
Find the condition that the particles may meet, and ascertain when 
and where this occurs, 

Ans. The second particle must he projected at right angles to the plane. 
If is the inclination of the plane and ei the velocity of projection, the time 

2i>i 

before meeting is t = r, and the distance of the point of meeting from A 

® ycosd 

... , 2oi sin 9 

will be r^r, 

g COB* Q 

(29) Prove that the components of the velocities at the extremities 
of any chord of the path of a projectile, at right angles to the chords 
are equal. 

(30) Swift of foot was Hiawatha ; 

He coula shoot an arrow from him^ 
And run forward with such fieetness. 
That the arrow fell behind him ! 
Strong of arm was Hiawatha ; 
He coula shoot ten arrows upward, 
Shoot them with such strength and swiftness. 
That the tenth had left the bow-string 
Ere the first to earth had fallen. 

Supposing Hiawatha to shoot an arrow every second, and^ when 
not shooting vertically, to have aimed so that the flight of the arrow 
might have the longest range, find his speed. 

Ans. About 99 miles an hour. 

(31) If any number of bodies are projected from the same point 
in different directions with the same initial speed Vi, show that the 
foci of the parabolas they will describe will tie on the surface of a 

sphere whose radius is J. 

(32) The elevation of a prcjectHe is that for maodmum horizontal 
range. Find the time of reaching a point whose horizontal and ver- 
tical distances from the point of projection are h and k respectively. 



Ans. * = 4/153. 
^ 9 



(33) If AB is the range of a projectile on a horizontal plane, and 
t the time from A to any point Pof the trajectory, and f the time 

from P to B, show that the height of P above AB is q9^' 
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(34) A projectile is fired from an elevation of 1.8 meters above a 
horizontal plane tvith a horizontal velocity of 10 meters per sec. 
How long before it strikes the plane and what is the range f^= 9.81 
meters-per-sec. per sec,) 

Ans. 0.6 sec. ; 6 meters. 

(36) A prmectile is fired at an angle of 30° at a target distant 1200 
meters in a horizontal direction, (g = 9.81 meters-per-sec, per sec,) 
(a) Find the initial velocity, 
lb) The tints of striking. 

(c) The highest point <rf the trajectory. 

(d) The velocity of strtMng. 

Ans. (a) 116.6 meters per sec. ; (&) about 12 seconds; {e) 178.21 meters; (d) 
same as the initial velocity. 

(36) A projectile is fired vnth an initial velocity of 150 meters per 
sec. from a point 100 meters below a target which is distant horizon- 
tally 1625 meters, {a = 9.81 msters-per-sec. per sec.) 

(a) Find the angle of elevation. 

(b) The velocity of striking, 

(c) The time offitght. 

Ans. {a) 68'* 28' 50" for bomb» 26' 16' for ball; (h) 143.8 metera per sec. ; 
(c) 27.715 sec. for bomb, 11.24 sec. for ball. 

(37) A projectile is fired at an elevation of 45°, and strikes a tar- 
get at a horizontal distance of 800 meters and 70 meterf lower, (g = 
9.81 meters-per-sec, per sec.) 

(a) Find the initial 'velocity. 
(6) The final velocity. 

(e) The angle of striking. 

Ans. (a) 84.95 meters per sec. ; (b) 92.6 meters per sec; (c) 49" 38'. 

[Motion of a Projectile in a Resisting Medium. 1 — In the preceding examples 
the motion is assumed to be in vactu). It should be borne in mind that the re- 
sistance of the air completely changes the results of the theoretic formulas. 

The motion of a projectile, taking into account the resistance of the air, is 
best given by empirical formulas based upon experiment. 

If, however, we assume that the magnitude of the acceleration decreases 
directly with the square of the velocity, we may deduce by means of our gen- 
eral differential equations, page 81, Chap. VIII, the equation of the trajectory 
for very small angles of elevation. The same method which we shall use 
holds good for any other assumption as to the law of acceleration. 

The assumption is not strictly accurate, but will serve to illustrate the 
method of deduction. 

Let / be the constant acceleration due to gravity, the value of which is 

given page 111, and let e be the C9efilcient of resistance, so that c has the 

value given page 118. 

ds 
Thus, since the velocity at any point is t) = -=-, we have the retardation 

/(fo\8 

a= ^ cl — ^ J by assumption. We have then from equation (6), page 81, 
since cos a = — , for the horizontal component of the tangential acceleration 

^ = -V)s" <*> 

and, since sin a = ^, for the vertical component of the tangential accelera- 
tion 

____/_,^_j_ (2) 
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Dividing (1) by — , we have 






iogn^ = -e»+G, (8> 



Integrating this, we have 

dt 

where C? is a constant of integration. Let «i cos oti be the component of the 
initial velocity Vi, parallel to x, ax being the angle of elevation at the point of 

dn 

di 



9 

dor 

projection; then when 8=0, — = Vi cob ai, and C = logn Vi cos a. There 



fore, from (8), 

dX ttm 

^=tf °"f>iCosai, (4) 

where e is the base of the Naperian system of logarithms, 3.718282. Hence 

dp dy dx' -ca dy .^ 

-~ = :r^ • jT = « «i cos ai -=^ (5) 

dt dx dX dx 

If we multiply (2) by dx, and (1) by dy, and subtract, we have 

d^yda - d^xdy _ 

5^5 =-f^ (^> 

Inserting the value of dt^ from (4), we have 

dfpdx-cPxdy ^ _ _Jil__a^, (7> 

dx^ «i* cos* ai 

The first member of (7) is equal to d-—-. We have also 

da^ + d^ = d^, or (l+g)* = l. or ^=7-^^ 

\ ^) 
Substituting these values in (7), we have 



(•+^) 



,^^=_ z^': ds. 



-^^- . . ^ (8> 

dx ©I'cos'ai ^ ' 

If we assume the angle of projection ai as very small, so that the trajectory 
is very flat, we have approximately in such case 

/ dy^\i 
ds = dx, and a = x, and f 1 + -j-j J = 1. 

Therefore (8) becomes 



dx «>i*cos*ai 



d^=- ^r ,^ dx (9) 



Integrating (9), since when a? = 0, -^ = tan ai, we have 

^ = tana.-^--^(6*»-l) (10) 

dx 2ci;i*cos''ai\ / ^ ' 

Integrating (10), we have, since f or » = 0, y = 0, 

« = ajtanai-fr — ——5 . ^ / —^ — («*"— 1]. . .(11) 

^ 2ci)i'cos*ai 4c*t?i* cos* ai ^ J ^ ' 
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Equation (11) is the approximate equation of the path. 
If we expand the last term in a series, we have 

y = a;tan ai — ^r— f — = -^-^ — 5 (12) 

^ 3«)i'cos*ai 3«i*cos*ai ' 

If the terms containing c are omitted, and/= ^, equation (12) is that of a 
parabola, which is the path of the projectile in vacuo. 

The ordinate of the actual curve is therefore less at any distance x than that 
of the parabola for the same distance. 

From equation (4) we have 

dx ...OB 

-vr = ^ ®i cos ai ; 
at 

and integrating, since for iv = 0, t = 0, we have 

c'DiCo^ait = 6^ - 1, (18) 

which gives the time in terms of the abscissa. 
From (13) we have 

» = — logn (ct)i cos ait-\- 1), 
or, in common logarithms, \ (14) 

X = log {<ydi cos (tit + 1), 

c 

which gives the abscissa x in terms of the time. 

''The general problem of the path of a projectile in a uniform resil^ting 
medium, where the resistance varies as the square of the velocity, was pro- 
posed by KeiU as a trial of skill to John Bernoulli, by whom the challenge was 
received Feb. 1718. Keill, trusting to the complexity of the analysis, which 
had probably deterred Newton from attempting any regular solution of the 
problem in the second book of the Prindpiaf was in hopes that the exertions of 
Bernoulli would prove unsuccessful. Bernoulli, however, having expeditiously 
effected a solution, not only of Keill's problem, but likewise of the more general 
one where the resistance varies as the 71th power of the velocity, expressed a 
determination not to publish his investigation until he had received intimation 
that his antagonist had himself been able to solve his own problem. He gave 
Keill till the following September to exercise his talents, declaring that if he 
received by that time no satisfactory communication, he should feel himself 
entitled to question the ability of his adversary. At the request of a common 
friend, Bernoulli consented to extend the interval to the first of November. 
It turned out, however, that Keill was unable to obtain a solution. At length 
Nicholas Bernoulli, Professor of Mathematics at Padua, communicated to John 
Bernoulli a solution of KeilPs problem, which the author afterwards extended 
to the more general one. Finally, on the 17th of November, information was 
received by John Bernoulli from Brook Taylor, to the effect that he had ob- 
tained a solution. John Bernoulli published his own analysis, together with 
that of his nephew Nicholas, in the Acta Erudit, Lips. 1710 mai., p. 216." 
(Walton, Problems in Theoretical Mechanics.) 



CHAPTER IV. 

CURVILINEAR MOTION OF TRANSLATION— CENTRAL 
ACCELERATION. HARMONIC AND PLANETARY MOTION. 

Central Acceleration. — If the acceleration of a moving point is 
always directed towards a fixed point or centre of acceleration, the 
acceleration is said to be central. 

The velocity of the moving point at any instant is the resultant 
of the velocity at the preceding instant and of the integral accelera- 
tion during the interveninjg time. 

But if the acceleration is always directed towards the centre, or 
fixed point, its moment with reference to that point is zero. Since 
the moment of the resultant of any two components about any 
point is equal to the sum of the moments of the components, and 
since in this case the moment of one of the components, viz., the 
acceleration, is zero, it f oUows that the moment of the velocity abovt 
the centre^ in the case of central acceleration^ is constant. 

Conversely, if the moment of the velocity of a moving point 
about any fixed point is constant, the acceleration must always he 
directed towards that point. 

If r is the distance of the moving point from the fixed point, p 
the lever-arm, and go is the angular speed at any instant, we have 
for the moment of the velocity pv = r*(» = c, equal to twice the 
areal velocity of the radius vector (page 76). 

Therefore, in all cases of central acceleration -r^oo is constant, or 

the area described by the radius vector in a unit of time is constant. 

It follows also that in all cases of central acceleration co = ^ , or 

IT 

the angular speed is inversely as the square of the radius vector. 

Cases of Central Acceleration. — The two most important cases 
of central acceleration are those of harmonic motion, where the 
central acceleration is directly proportional to the distance from the 
centre, and planetary motion, where it is inversely as the square of 
the distance. 

When the velocity is in the same straight line as the central 
acceleration we have in both these cases rectilinear motion. The 
first is simple rectilinear harmonic motion, the second is rectilinear 
planetary motion or that of a body at great distances from the 
earth. Both these cases have been considered in Chaps. I and II. 

When the velocity is not in the same straight line with the 
central acceleration we have compound harmonic motion and 
planetary motion in general. The first is of ^eat importance in 
the study of sound, li^ht, heat, etc., as well as m ordinary kinetics. 
The second is the motion of planets about the sun and of satellites 
about their primaries. 

180 
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Gases of Harmonic Motion. — ^We have defined simple harmonic 
motion, page 103, as the motion of a point moving in any path in 
such a manner that the tangential component of the acceleration, a, 
is directly proportional to the distance, measured along the path, 
from a fixed point in the path. 

Such motion may be rectilinear or curvilinear. In the first case 
it is simple rectilinear, in the second simple curvilinear. 

If the whole acceleration itself, or/, is central, that is, always 
directed towards a fixed point not in the path, and is alwajrs propor- 
tional to the distance from this fixed point, the motion is central 
harmonic, or compound harmonic, so called, because it is the result- 
ant of two simple rectilinear motions, as will be proved in the next 
article. 

Simple rectilinear harmonic motion is also centraH, because the 
fixed point is in the path. 

Any Central Harmonic Motion may be Besolved into Two Simple 

Rectilinear Harmonic Motions at Eight Angles. — Let C be the 

centre of acceleration, and P the position of the moving point at 

any instajit. Let the velocity t; of P make 

an angle a with the axis of X, and let the 

motion of P be harmonic so that the ac- 

a' 
celeration of P is — r-r, where a' is the ac- 

r 

celeration at a known distance r', and r 

is the distance CP. 

The velocity v may be resolved into 

V cos a and v sin a in the directions CX 

a' 

and CY, and the acceleration may be resolved into —yV cos PCA or 




a 



a' 



a' 



zrCA, and -7-r cos PCB or -j-CB, in the same directions. 

The component accelerations are therefore directljr as the dis- 
tances CA and CB, and the component velocities are in the direc- 
tions of CA and CB. The central harmonic motion of P, whatever 
the direction of the velocity v, is therefore the resultant of two 
simple harmonic motions in the lines CA and CB at right angles. 

If then any central harmonic motion is resolved into two com- 
ponents at right angles, the component motions are rectilinear har- 
monic. 

Conversely, the resultant of two rectilinear harmonic motions at 
right angles is a central harmonic motion. Central harmonic m.o- 
tion is therefore called compound harmonic motion. 

Composition of the Simple Eectilinear Harmonic Motions in Dif- 
ferent Lines. — ^Let the point Jf move in a circle AM A' of radius r = 

CA = Cilf with a constant angular 
velocity 00. Then the motion of the 
projection P in the line AA is 
simple rectilinear harmonic (page 
103). 

Let the point Mi move in the 
circle CBMi of radius rx = CB = 
Ia CMi , with constant angular veloci- 
ty floi. Then the motion of the pro- 
jection Pi in the line CB is simple 
rectilinear harmonic. Let the angle 
BCA between the planes of tne 
circles be a. 




IB 



Fig. 1. 
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Let the time count from the instant when Mi is at B, so that the 
epoch of Pi is zero (page 105). At this instant let the epoch of P be 
€. Then e is the difference of epoch, or, in angular measure, the 
angle of M above or below A at the beginning of the time. In any 
time t, Ml will have moved from B through the anKle o^i^ measured 
from OB, and Af through the angle cot i: e measured from CA. 

By the preceding Article we can resolve the harmonic motion of 
Pi into a smiple rectilinear harmonic motion at right angles to CA, 
and another along CA. 

The displacement of Pi from C for any time ^ is ri cos (ooit), and 
this displacement may be resolved into ri cos a cos (as it) along CA, 
and Ti sm a cos {ooit) perpendicular to CA, The displacement of P 
from C in the same tune t is r cos (oot ± e). 

If a point undergoes these displacements simultaneously, its re- 
sultant displacement along CA will be 

05 = r cos {oot ± e) + ri cos a cos (ooit), . . . . (1> 
and perpendicular to CA 

2/ = ri sin acos (cDiQ (S> 

The equation of the curve in which the point moves, referred to 
rectangular co-ordinates with C for the origin, will then be obtained 
by combining (1) and (2) so as to eliminate t. Such combination 
(page 131) gives always a central or compound harmonic motion 
about C, the radius vector from C passing over equal areas in equal 
times (page 130). 

Equations (1) and (2) enable us then to find the curve resulting 
from the combination of any two simple rectilinear harmonic mo- 
tions inclined at any angle a. 

If the- component motions are at right angles, a = 90*. If the 
amplitudes are equal, r = ri. If the periods are equal, oo = eoi, the 
difference of epoch is constant, and, smce the epoch equals the pro- 
duct of the phase at zero of time by 2n radians (page 105), when the 
periods are equal the difference of phase is constant. When, then, 
the periods are equal and € = 0, or the epochs are equal, the phases 
are also equal at any instant. (For definitions of amplitude, period, 
epoch and phase, see page 105.) 

Two Component Simple Sectilinear Harmonic Motions in Differ- 
ent Lines with the Same Period.-^In this case oo = «i and e is con- 
stant, or the difference of epochs is constant and difference of 
phase at any instant is constant. 

We have then, from (1) and (2), 

x = r cos (oot + e) + ri cos a COS (oot), y^r sin a cos (oot). 

Combining these two equations by eliminating tot, we have 

(ri* sin* a)x^ - 2ri sin a{r cos € + Vi cos a)Qsy + 

(r» + 2rri cos e cos «+ f i" cos' ocyy^ = rVi' sin' a sin* e. (3) 

This is the equation of an ellipse referred to its centre and rect- 
angular a«xes. 

Hence if a point has two component simple rectilinear harmonic 
motions in any directions, of any amplitudes, and any difference of 
epoch, if the periods of the two components are the same, the result- 
ant motion of the point will be central harmonic in an ellipse, the 
centre of acceleration at the centre of the ellipse. The areal velocity 
of the radius vector about the centre is constant (page 130). 

Such motion is called elliptic harmonic motion. Elliptic har- 
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monic motion, then, is compound harmonic motion when the 
periods of the components are the same. 

Equation (3) gives all cases of comi)ound harmonic motion for 
«quai periods of the components. 

It will be instructive to derive from it special cases. 

(a) Two Component Simple Rectilinear Motions in Different Lines 
with the Same Period and Phase. — In this case we make in (3) e = 0, 
and therefore the phases are equal, and we have at once 

r + ri cos a 

X = ; y. 

ri sin a ^ 

This is the equation of a straight line passing through the centre 
C The resultant motion is therefore 
central harmonic in a straight line, or 
sinmle rectilinear harmonic. 

If CA and CB are the amplitudes r 
and Vi inclined at the angle a, the result- 
ant motion has the amplitude CR, in « v a 
direction and magnitude the diagonal of Fta. 3. 
the parallelogram whose adjacent sides are r and ri, inclined at 
the angle a. 

CJonversely, a simple rectilinear harmonic motion whose ampli- 
tude is CR may be resolved, by completing the parallelogram, into 
two others in any two directions, of the same period, epoch and 
phase. 

If a = 90**, we have y = —a?. Therefore the projection of a 

simple rectilinear harmonic motion on anv straight line is also 
a sunple rectilinear harmonic motion of the same period, epoch 
and phase. 

If the component motions are more than two, they may be com- 
pounded two and two, and therefore any number of component 
simple rectilinear harmonic motions in any directions, of the same 
period, epoch and phase, give a single resultant rectilinear har- 
monic motion of determinate direction and amplitude, which may 
be resolved into two components in any two directions, of the same 
period, epoch and phase. 

(6) Two Component Simple Rectilinear Motions in the Same Line 
witii the Same Period and Different Epochs and Phases. — In this case 

R we make in (3) a = 0, and obtain 
at once 

(r* + 2rri cos e -i- ri'jj/' = 0. 

But since for a = 0, y== 0, (see 
Fig. 1,) we have 

r^+ 2rri cos e + n* = constant. 

In Fig. 3 the points P and Pi 
move in the line AA' with sim- 
ple harmonic motion and the 




Fkckl 



diagonal CR = V'r* + 2rri cos e + ri', where e is the constant differ- 
ence of epoch and phase. 

Since e is constant and CR is constant, its inclination to CM or 
CMi is oonstcmt. At any instant the resultant displacement is 
CPi + CP = C8, and the motion of ^ is therefore the resultant 
motion and is simple rectilinear harmonic, with the amplitude CR, 
the diagonal of the parallelogram on r and ri. The epoch and 
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phase are intermediate between the epochs and phases of the com- 
ponents. 

If the epochs and phases are the same, € = and the amplitude of 
the resultant motion is r + ri , or the sum of those of the compo- 
nents. If the difference of epoch or phase ia € = it radians, the am- 
plitude is r — ri or the difference of those of the components. 

By taking CMi and CMot proper lengths we can make MCP and 
MiCii what we please without changing CR. Therefore any simple 
rectilinear harmonic motion may be resolved into two others in the 
same line, with any required difference of phase and one of them 
having any desired epoch, the periods being the same. 

Three or more component sunple rectilinear harmonic motions in 
the same line and with the same period may be compounded two 
and two, and the resultant will be rectilinear harmonic with the 
same period. 

If the periods are different, the angle MiCM= e will vary and 
CR will vary. When e = 0, CR wiD have its maximum value r + ri. 
When the difference of epoch eis n radians, CR has its minimum 
value r — ri. The angular velocity of CR is also variable. The di- 
rection of CR will oscillate back and forth about CM, the maYJmum 

inclination being sin ~ —, The resultant motion is therefore not 

simple rectilinear harmonic, but a more complex motion. It is, as 
it were, simple harmonic with periodically increasing and decreas- 
ing ampUtuae, and periodical acceleration and retardation of phase, 
or epoch. 

(c) Two Component Simple Rectilinear Harmonic Motions at Right 
Angles with the Same Period and Different Phases or Epochs. — ^The 
general equation for this case is given by (3). If the directions 
are at right angles, we have a = 90*. Suppose in addition the am- 
plitudes equal, so that r = ri, and the difference of epoch e = 90^ 
We have then, from (3), 

flJ -^ 2/" = r*. 

Since the motion is central harmonic, according to page 130 the 
areal velocity of the radius vector is constant ; and since the radius 
is constant, the speed in the circle is constant. We have already 
seen, pa^e 103, that the projection of the motion of a point moving 
with uniform speed in a circle, upon a diameter, gives rectilinear 
harmonic motion. The projection upon two diameters at right 
angles gives then two component rectilinear harmonic motions of 
the same period, with a difference of epoch of 90**j or of phase of 
i, since, when one component has its greatest displacement, the 
other is at the centre with displacement zero. 

It follows also that two component simple rectilinear harmonic 
motions at right angles, with the same period and equal amplitudes, 
differing in epoch by 90° or in phase by one quarter of a period, will 
give, as a resultant, uniform motion in a circle whose rcuiius is the 
common amplitude of the components. 

If the amplitudes are not equal, but ol and e still 90"", and periods 
the same, we have, from (3), 

ri*af + r^y^ = r*ri', 

which is the equation of an ellipse referred to its centre and axes. 
The resultant motion is therefore central harmonic in an ellipse, 
whose semi-diameters are r and ri, the centre at the centre of the 
ellipse. 
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The same result is evidently obtained by projecting the circle in 
the preceding case upon a plane, so as to obtain the required ampli- 
tude ri, r remaining unchanged. 

(d) Three or More Component Simple Rectilinear Harmonic Mo- 
tions in Different Lines with the Same Period but' Different Phases or 
Epochs. — ^We have seen from equation (3) that the resultant of two 
simple rectilinear component harmonic motions in any two direc- 
tions, of the same period and different epoch or phase, is elliptic 
harmonic motion. 

We have also seen from (a) that any simple rectilinear harmonic 
motion may be resolved into two others of the same period and 
phase or epoch in any two given directions. Any number of given 
simple rectilinear harmonic motions, then, of the same period and 
different phases or epochs may each be resolved into its own pair 
in any two ^ven directions. These pairs constitute a number of 
simple rectilinear harmonic motions in two given lines, all of the 
same period and different phases or epochs. 

According to (6), all in one line may be compounded into one re- 
sultant, and all in the other line into another resultant, these two 
resultants having the same period and different phases or epochs. 
The resultant of these two is, according to equation (3), elliptic har- 
monic motion. 

Hence the resultant of any number of component simple rectili- 
near harmonic motions of the same period^ whatever their ampli- 
tudes, directions, phases or epochs, is elliptic harmonic motion, 
the centre of the ellipse being then centre of acceleration, and the 
radius vector describing equal areas ia equal times. 

In special cases this becomes, as we have seen, uniform circular 
motion or simple rectilinear harmonic motion. 

Since the aoove holds whatever the inclination of the two result- 
ants, elliptic harmonic motion may be considered as the resultant 
of two component simple harmonic motions of the same period 
and different epochs or phases at right angles. 

Graphic Representation. — We may exhibit graphically simple 
or compound rectilinear harmonic motion by a curve in which 
the abscissas represent intervals of time, and the ordinates 
the corresponding distance of the moving point from its mean 
position. 

In the case of a single harmonic motion we have (page 132) 
aj = r cos (dot ± e). If the distance x is to be zero when f = 0, we 

must have the epoch € =:-^ radians, or one fourth of the periodic 

time. This gives x = r sin cot. 

Since go = -=, where T is the periodic time, we have for * = 0, 

x=:0;tort = iT, a? = r; for f = iT, a: = 0; for f = iT, a? = — r; for 
t=T,x = 0. 




The curve is the curve of sines, or the curve which would be de- 
scribed by the point P (page 103) if, while M maintained its uniform 
circular motion, the circle itself were to move with uniform speed 
in a direction perpendicular to CA. 
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It is the simplest possible form assumed h^r a vibrating string, 
when it is assumed that at each instant the motion of every particle 
of the string is simple harmonic. 

If the rectilinear harmonic motion is compound, we have (page 
182) in general 

X = r cos (tot ± e) +ri COS (coit ±, ei). 
If the displacement of one of the motions is zero when f = 0, we 
have €ss~;if6i = 6 + n^r, we have 

a; = r sin «0^ + ri sin {ooit + nn). 

If the period of one motion is twice that of the other, for instance, 
we have 001 = 2a>, and 

X =r sin (o^t) + ri sin (2<»^ + nir). 

If the difference of phase is zero, n = 0; cmd if the amplitudes 
are equal also, we have 

X = r sin a>t + r sin {2a)t). 




This gives a curve as shown in the figure. 
Periods Unequal. — We have in generetl 

x = r cos (oat + 6), y = Vi cos (oi>it + ei) 

for the two component rectilinear harmonic motions at right angles. 
The elimination of t in any case gives the curve of resultant com- 
pound harmonic motion. 

If the periods of the components are as 1 to 2, and e is the 
difference of the epochs^ we have for equal amplitudes 

x — r cos {2(ot + €), y = r cos <ot. 
Eliminating t^ 



X 



|(y-l)cos.-H^/l-^.dne|. 



which is the general equation of the curve for any value of «. 
Thus for e = 0, or equal epochs, 

It 

which is the equation of a parabola. For e = —. 



f = 2||/l--^, or fai" = 4tf«(r' - A 



T 1* ' f* 

which is also the equation of a parabola. 
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If we make 6 in succession, 0, 1, 2, etc., eighths of a circumference, 
we obtain a series of curves as shown. 



€-0 



S'-'HTt 



e^Hie e-'XTt 



Sttflodua 







In the same way we can find the curve for any ratio of periods 
and difference of epoch. Thus if the periods are as 1 to 3 or 2 to 3, 
and we make e in succession 0, 1, 2, etc., eighths of a circumference, 
we obtain the following series of curves : 



e-o 



«-w 



e-H7t e-Vr 



e^Tt 



Period 1:8 







Period 3:8 




Blackburn's Pendnlnm. — The motion of a pendulum which 
swings through a small arc is, as we shall see hereafter (page 154), 
simple harmonic, and the proiection of the bob on ^ q 

a horizontal plane moves witn simple rectilinear 
harmonic motion. 

Curves similar to those iust given are therefore 
traced by Blackburn's pendulum. This consists of 
two pendulums, CED and EB, arranged so as to 
swing in two planes at ri^ht angles. 

Any difference of period may be made by ad- 
justing the lengths oi the pendulums, and they 
may to started with any difference of epoch. If 
the bob B is made to trace its path on a horizontal 

Elane, we have, approximately, the compound 
armonic curve. 




B 



[Application of the Caleulns to Harmonlo Motion — Let a' be the known 
acceleration at the known distance /. Then the acceleration at any other dis- 

tance is -^r, where r is the distance from the centre. 

For the acceleration in the direction of the axis of X we have then 



d»aj 



a' 






(1) 



a' 



and in the direction of the axis of Y, 

d^ 

the minus sign denoting direction towards the centre. 



(a) 



(3) 
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Multiply (1) by da and we hare 

Integrating, 

dx of 

Let — = 0, when x = r, then Const. = ^-^r* and 

fdxV a\ - «. ,. . /a' dx 

\dtj r f r |/r8— .«» 

where we take the minus sign to indicate that diminishes as t increases, or 
motion towards the centre. 

dv 
In the same way we obtain from (2), ^^ 3r = 0, when y = ri, 

where we take the plus sign to indicate that y increases as t increases. 
Integrating (3) and (4), we have 

typ+ =coa-i^, or a = r cosj«yp + [, , 

«y^+ft=8in->^. or y = r,8in|«|/? + ftL 

where C and Ci are constants of integration. 
Equations (6) and (6) may be written 



(5) 



(6) 



iPrsrcosCcosfy-r — rsinC7sin«y^=^, cos* y% +A%wit y—,» 

y = ri cos (7i sin *y -r + ri sin C\ cos ty^ = Bi sin ty% -f £g cos * y% 

where Ai = r cos C\ At = — r am C, Bi = Ti cos Ci, B^ = n sin Ci, 

If we find from these equations the values of sin and cos in terms of x and 
y and add their squares, we have, by eliminating t, 

a^(B^^ + Bt^) + y2(^i« + A^^) - 2xy(AiB, + A^B,) = {A^Bi - A^B^)^ . (7) 

This is the equation of an ellipse referred to its ct»ntre and rectangular 
axes. 

If we take one of the principal axes corresponding with the axis of X, and 

dos 
count the time from the end of this axis, we have f or * = 0, y = and — = 

at 
and oj = r. Therefore, from (5) and (6), (7=0 and Oi = 0, and therefore 

At = 0, Ai = r, Bi = 0, Bi = ri, and (7) becomes 



or the equation of an ellipse referred to its principal axes. 
We have also, from (5) and (6), 



a? = r cos 



y = nsin«-/J and f = nf^cos <y^J. 
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Therefore elliptic harmonic motion can be considered as the resultant of two 
simple rectilinear harmonic motions at right angles of the same period and 
different amplitudes, so related that the velocity of one is zero when the ve- 
locity of the other is a maximum, i.e., one is at the centre when the other is at 
its greatest range. 

They therefore differ in epoch by 90°. 

The time of a complete oscillation is for each of these component motions 

2ni/ —,, and this therefore is the periodic time in the ellipse. 

Planetary Motion. — Velocity Inclined to the Central Accelera- 
tion — ^Acceleration Inversely as the Square of the Eadins Vector — 
Hodograph a Circle. — Since the acceleration is central, we have 

(page 130) r^Qo = c, or <» = -« , where c is a constant and equial to 

twice the areal velocity of the radius vector. Also by assumption 
we have 



/= 



ar 




where a' is the acceleration at a known distance r^. 

Let P be a point which has the ve- 
locity V, and central acceleration direct- 
ed always towards the point O, the 
radius vector being OP = r. 

Take O' as the pole of the hodograph 
(page 62), and draw OQ parallel and a^ 
equal to v. Then the tangent to the 
hodograph at Q is the dire(^tion of the 
acceleration / at P and is parallel to 
OP=r. 

Since the angular velocity oo at P is 
the angular velocity of the radius vec- 
tor r, the angular velocity of the tan- 
gent at ^ is also <». 

Let u be the centre of curvature of 
the hodograph, so that CQ is perpendic- 
ular to the tangent at Q and CQ = p = 

radius of curvature. Then since the linear acceleration / of P is 

f 
the linear velocity of O, we have/= poo, or p = ~. 

00 

c OtT^^ a'r^ 

But a? = -5 and /= -^-. Hence p = . The radius of 

r IT c 

ciu*vature p is therefore constant and the hodograph for planetary 

motion is a circle. 

The path which, in consequence of aberration, a fixed star seems to de- 
scribe is the hodograph of the earth's orbit, and is therefore a circle whose 
plane is parallel to the plane of the ecliptic. 

The Path for Planetary Motion is a Conic Section. — Draw OR 
perpendicular to C(^ and therefore parallel to r. OR is the com- 
ponent of the velocity v in the direction of the radius vector. Draw 
^-AT perpendicular to OCB, ThenjQN is the component of v per- 
pendicular to the fixed line CB, 

But by similar triangles 

OR ,QN ^ OR OC , . 



= ^; 
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that is, the ratio of the velocity along the radius vector to the 
velocity at right angles to any fixed Ime parallel to (/CB is con- 
stant and equal to e. 

If then ri and rs are the initial and final values of r for an in- 
definitely short time, and di, dt the corresi)onding distances of P 
from any given fixed line A'B' parallel to CXCB, we have 

~Q^^ cU-'d ~^* ^^ n — n = €(di — d«). . . . (1) 
Since this holds whenever we take the fixed line A^B\ let us 

take the initial distance di such that di = — , or e = -^. 

t di 

Then, from (1), di = ~ , or € = ^, and we have 

€ dt 

Vi _ r% 
di ds 

that is, the ratio of the distance r of the moving point P from a 
fixed point O to its distance d from a fixed line nas a constant 
valiie. 

This is the Property of a Point Moving in a Conio Section. If 
6 = 1, then (yR = QN, and the pole (^ is on the circumference of the 
hodograph, and the path of P is a parabola. 

If € is less than unity, the pole O' is inside the hodograph and 
the path of P is an ellipse. 

If e is greater than unity, the pole C is outside the hodograph. 
and the path of P is an hyperbola. 

When, therefore, a pomt has a central acceleration inversely 
proportional to the square of the distance from the centre, it must 
move in a conic section with the centre of acceleration as a focus. 

Conversely, if the path be a conic section and the acceleration is 
directed towards either focus, it must vary inversely as the square 
of the distance from the focus. 

In both cases the radius vector describes equal areas in equal 
times (page 130). 

Eepler^B Laws. — By laborious comparison of the observations 
which Tycho Brahe had made through many years of the planets, 
especially of Mars, Kepler discovered the three laws of planetary 
motion which are known as Kepler's Laws. He gave these laws 
simply as the expression of facts which seemed warranted by the 
observations. 

The three laws are as follows : 

I. The planets describe eilipseSj the sun occupying one of the 
foci. 

II. The radius vector of each planet describes equ/xl areas in 
equal times. 

III. The ** Harmonic Law," so called. The squares of the periods 
of the planets are proportional to the cubes of their mean distances 
from the sun. 

The second law, as we have seen (page 130), is a necessary con- 
sequence of central acceleration. 

From the first law, as we have just seen, it follows that the 
acceleration must be inversely as the square of the distance. 

The third law is a direct consequence of such central accelera- 
tion, as we shall see in the next Article. 

Verification by Application to the Moon. — Assuming Kepler's 
third law, Newton was led directly to the conclusion that the ao- 
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celeration must be inversely as the square of the distance^ as 
follows: 

The moon and other satellites move around their primaries in 
sensibly circular orbits, the centre being at the centre of the 
primary. 

If T and Ti are the periodic times of two satellites, then accord- 
ing to Kepler's third law, if r and ri are the radii of the orbits, 
we must have 

If a> is the angular velocity of one satellite, we have (page 76) 
roo = -^, or {» = -^. We have also for the acceleration (page 

"if 4^r 

77) / = — = ri*)" = -=r-. For the other satellite we have in like 

V J 



* 471:^1 

manner /i = -mT* 

J. 1 


We have then 







or the acceleration is inversely as the square of the distance. Con- 
versely, if the acceleration is inversely as the square of the distance, 
Keplbr^s third law is a necessary consequence. 

The numerical verification of this conclusion by the moon is 
given in Example 17 (page 55). 

[Application of the GalcnluB to Planetary Motion.] — The general 
formulas for central acceleration have been already given, Chap. VIII, page 
85. 

For any given law of central acceleration we have only to insert the cor- 
responding value of jy&r in these general equations. 

(a) To Determine the Path when the Central Aooeleration Variet Inversely 
as the Square of the Diitanee firom the Pole. — When the acceleration is inversely 
as the square of the distance we have 



/= 






where a' is the acceleration at a known distance r', and therefore «>'' is con- 
stant. We have in this case 



S""S' 



r* r 



Substituting this in equation (42), page 87, we have for the differential equa- 
tion of the path 

or, taking dO as (OAoaiyi poiiUve, 

dr 
ii9 = 



v§+^-j 



c« 



If we put » = a^T^^, and n* = a' V* -f- Cic', this becomes 

de 
d9 = ~= — 
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Integrating, we have 

fl = 008"^ — + Const, 
n 



When e = » and iheiefoie — = -^ — = —3- + 4/ --j- + -r, let = 

0. Then Ck)nat. = and 

d — = 006 — , OP « = » 008(0 — 0). 

Replacing the values of z and n, we have for the polar equation of the path 

c« . 

r = 7=J <^> 

1 + 4/1+^ coe(fi-0) 

This is the polar equation of a conic uction with the pole at a focus. It 

< 
will be an ellipse, parabola or hyperbola according as Ci =0. 

fdr = , if fi and fh are the 

initial distance and velocity at any instant, 

Ci = «i« , (2) 

and according as this is = we have an ellipse, parabola or hyperbola. We 

see then that the form of the orbU depends solely upon the magnitude of the irvUial 
telocUy and not upon its direetion. Also if a'r'* is negative, that is, when the 
acceleration is directed away from the pole, we have always an hyperbola. 

From page 100 we have seen that the speed attained by a body starting from 
rest at an infinite distance from the centre and moving in a s traigh t line with 

/2aV' 
an acceleration inversely as the square of the distance is A/ . 

^ ri 

Henco the orbit will be an ellipse, parabola or hyperbola according as the 
velocity of projection is less than, eqaal to or greater than that acquired from an 
infinite distance. 

If €1 is the angle of «i with ri , we have from equation (90), page 85, 

c = riVi sin 61 (3) 

The constants are therefore given by (2) and (3) and the orbit is determined 
when the initial velocity Vt at the distance ri and with the direction 61 are 
given. 

(&) Central Aeeeleration Inversely as the Square of the Diitanoe firom the 
Foeni — Path an Ellipse. — When the path is an elUpse we have the case of plan- 
etary motion. 

Let the point P move in the ellipse ABA' with central acceleration always 

_p directed towards the sun 8 in the focus, and 

^A varying inversely as the square of the dis- 

tance or radius vector 8P = r, 
X Let the semi-major axis OA = A and the 
semi-conjugate axis OB = B and the eccen- 

Let the angle A8X of the major axis 
with any fixed line QX through the focus be 0, 
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The extremity A of the major axis nearest to the focus 5 is called in e^eneral 
the lower apsis, or, in the case of a planet, the perihelum. The angle A8X is 
the longitude of the perihelion. The distance 8A is the lower apsidcU distanee, 
or the periheHon distance. The other extremity A* is the higher apsis, or, in the 
case of a planet, the aphelion, and 8A' is the higJierapsidal distance, ot apIieUon 
distam^ce. 

The an^le P8X, or the angle of the radius vector with the fixed line 8X, we 
denote by 5. 

The angle P8A made by the radius vector with the major axis is then 6 — 0. 
This angle is called the trite (momaly. 

The polar equation of an ellipse with reference to the focus 8 as a, pole, 
counting the angle P8A around from the perihelion, is 

i+6cos(a-0) ^*^ 

But equation (1), page 142, just deduced, is the equation of a conic section, 
which becomes an ellipse, therefore, when 

"' = 1 + ^^.' •"'d 4(l-e') = -^. or A = -^. 
Inserting the values of (2) and (3), we have 



5 8-8 f ^ 2aV«\ 



«' = !+ ^. --^ (6) 

^'^2aV8~ri«i»' ^^ 

where Vi is the initial velocity at the distance ri making the angle €i with ri. 

The elliptic orbit is thus determined. 

From (6) we see that the semi-major axis A depends only on the distance ri 
and the velocity of projection 9i and is independent of the direction of projection 
}Ei. In whatever direction the body is projected, the major axis will be the 
same for the same distance and velocity of projection. 

We have also 

But we know {page 85) that c is twice the areal velocity of the radius 
vector. If T is the periodic time, then, since twice the area of an ellipse is 

2ieA* 4/1 — 6*, we have 



c2' = 27r4«4/l-e«, 
or 



^(1 - e») 2^ ' 

But by Kbfler's third law we have for two different planets 

r» A^ A^ Ai* 



Ti* - A,** °' r« ~ Ti** 



c« 



Hence -m srt or a'r^ is constat for aU the pkmets, 

-4(1— e*) 

But a' is the acceleration at a distance r', and aV is equal in magnitude to 
the acceleration at the (Ustance unity, since the acceleration at any distance r 
. . a'r^^ 

The direct consequence of Kepler's third law, therefore, is that/<?r aU the 
plcmets the acceleration is the same at the same distance from the sun. 
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" Of all the laws," says Sir John Heracbel, " to which indaction from pure 
observation has ever conducted man, this third law of Kepler may justly be 
regarded as the most remarkable, and the most pregnant with important conse- 
quences. When we contemplate the constitnents of the planetary ^stem from 
tne point of yiew which this relation affords us, it is no longer mere analogy 
which strikes us, no longer a general resemblance among them as individuals 
independent of each other, and circulating about the sun, each according to its 
own peculiar nature, and connected with it by its own peculiar tie. 'Hie re- 
semblance is now perceived to be a tt\x» family likeness ; they are bound up in 
one chain ; interwoven in one web of mutual relation and harmonious agree- 
ment ; subjected to one pervading influence, which extends from the centre to 
the farthest limit of that great system, of which all of them, the earth included, 
must henceforth be regarded as members." * 

(c) Value of a' for Planetary Motion. — In all our equations for 
central acceleration we see that it is necessary to know the accel- 
eration a' at some known distsmce r'. 

We are dealin^g^ in this portion of our subject with Kinematies^ or 
the study of motion only, apart from its causes or the properties of 
matter. It is therefore not the place here to deal with ideas of 
** force " and ** mass.^^ 

It is sufficient to state here that the '^mass^* of a body isthe 
niunber of standard pounds it will balance at any point of the 
earth^s surface in an equal-armed balance. The umt of mass is 
then the pound. 

It will be proved hereafter (see Vol. 2, Statics) that if ilf is the 
mass of the sun, and m the mass of a planet, the value of a! which, 
must be used in all equations for planetary motion is given by 

m 

where m' is the mass of the earth, and g the mean acceleration of a 
body at the earth^s surface due to gravity. 

if the two attracting bodies are the earth and a small body of 

mass m, then a' = — - — flf, or, since m is insignificant with respect 

m 

to m', a' = g. 

If in the preceding Article we had used the value of a* given by 

(1), we should have obtained 

; — gr' = , and ; — gr^ = , 

and hence 

A' Ai* 



T* : Ti* :: 



M + m * M + mi' 



We see then that Kepler's third law is not, strictly speaking, ex- 



aV« 



act. The value of —5-1 or the a^K^leration at the same distance, is 

not, strictly speaking, constant for all the planets. The more accu- 
rate expression of the third law is that the squares of the periodic 
times are directlv as the cubes of the semi-major axes and inverse- 
ly as the sum of the musses of the sun and planet. 

The error from this source is, however, too slight to be percept- 
ible, the mass of Jupiter, the largest of the planets, being less than 
a thousandth part of that of the sun. 

* Outlines of Astronomy. 
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The motion of translation of the planets is not affected by their 
rotation on their axes, and we may treat them, therefore, as mate- 
rial points so far as translation is concerned. 

The sun is not, strictly speaking, a fixed point in this sense, but 
both sun and planet move in orbits, so that the pole or focus is not at 
the sun^s centre, and this affects the accuracy of Kepler's first two 
laws. The sun is also attracted by the other planets, and the plan- 
ets attract each other. 

The attraction of the planets for each other sensibly modifies 
their orbits. The ellipse is therefore only an approximation to the 
path, and requires correction. 

Kepler's laws are thus only approximate expressions. If there 
were out two bodies, one fixed and the other free to move, then 
Kepler's first two laws would be accurate, and the third law would 
approach accuracy as the mass of the moving body becomes in- 
si^iificant with respect to the mass of the other. 

(d) To Find the Velocity of a Planet at any Point of its Orbit. — ^From equa- 
tion (37), page 87, Chap. VIII, we have 



«» = Ci — 3 ffdv. 



fdv = , where a' is given in the 

preceding Article, and r' is the mean radius of the earth. Also from equation 
(2), page 142, 

, 2oV« 

where «i is the yelocity at the distance ri. Therefore 



t^ = ..« + 2«'r^(J-y, 



(1) 



c« 



or, sinoe (page 148) aV* = jJiir^y 






c« 



Prom page 86, «* = -^ and for an ellipse, from Analytical Geometry, 

^_ c«(2^-r) aV» 

Equation (2) gives the velocity for any distance r if the semi-major axis A 
is known. 

Equation (1) becomes the same as equation (2), page 99, for rectilinear mo- 
tion. 

Cor. 1. We see that the velocity is greatest where r is least, or at peri- 
helion, and least at aphelion, where r is j^reateet. 

Cob. 2. If a point moves in a circle of radius r with a speed Vi, its central 

acceleration is — (page 68). If this acceleration is equal at any instant to 
the acceleration of the planet, we have from equation (7), page 148^ 

tJi« aV* c« 1 



r r« "" -4(1 - 6«) r«' 
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Therefore, from (2), 

, e\%A - r) c« 1 

or 

«* : «i" :: 2-4 — r : A. 

That is, the sgua/re of the speed in the ellipse is to the squofre of the speed in 
the oirde cts the distance of the planet from the unoccupied focus is to this semi- 
fnc0or axis. 

Cor. 3. If ri is the perihelion distance and rt the aphelion distance, we 

have, from (2), 

. . a'r'« r. 

for r = r„ «» = -^ -; 

A n 

for r = rt, «* = —j- ^'* 

A Tf 

while f or r = -4 we have 

That is, the speed at the extremity of the minor oasis is a mean proportional 
between the speeds at periheUon and aphelum, 

(e) To Find the Time of Deieribing any Portion of a Planet's Orbit.— From 

equation (89), page 87, we have, when we substitute / fdr = — ^, 

From page 148 we have c' = oV'*A(l — 6') and Ci = 2~* 

f^-4 
Substituting these values and multiplying by ^y^, we obtain 



Hence 



dt 



VilV - (il - r)« 
In order to integrate this expression, let J. — r = Aez, then 

/^»U(j_:::^)^ _/^'\if -d» ezdz I 

Integrating, 

« = /-^V{cos-ie - <K1 - ««)*[+ Const. 

When » = 1, or r = -4 — -4«, or the planet is at perihelion, let ^ = ti. 

Then Const. = <i = the time at perihelion. 

Hence the time for any jwrtion of the path from perihelion Is 



(1) 



^ — r 
where z = — -j — , or r = -4(1 — est). 



When 2 = — 1, orr = il + Ae, the planet is at aphelion, and < — <i is the 
time of half a revolution, or 

where Tv& the periodic time. 
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We have then 

or ihe square of the periodio time varies as the cube of the aemimqjor aaU, 

EXAMPLES. 

(1) Find the speed and periodic time of a body moving in a circle 
at a distance from the earths centre ofn times the earths radius^ 
the acceleration b^ng inversely a>s the square of the distance. 



--•=(?)• ^=Kt)*- 



(2) A body at a distance ri from the centre of the earth is pro- 
jected in a direction which makes an angle q^60° vnth the distance ri , 
with a speed Vi which is to the speed acquired by falling from an 

infinite distance as 1 to 4/3; the acceleration varying inversely as 
the square of the distance. Find the major aans, the eccentricity ^ 
the periodic time and the position of the lower apsis, 

Ans. 2-4. = j^Ti , « = -o , T = —T-r-i/ — - , where r' is the radius of the 
2 8 4t f g 

earth. The lower apsis is at a distance ^1 from the focus. 

(3) A body revolves about a centre, the acceleration directed 
towards the centre and varying directly as the distance. To deter- 
mine the motion. 

From the general equations of page 86 we can determine the motion. In 
the present case we have / = -tT, and therefore / fdr = -5-7. 

Substituting this in equation (42), page 87, we have for the differential 
equation of the path 

or, since dO is always positive, 

dr 



c«' 



de = 



y e* (?¥ r*' 



If we put « = j5 — -g^, and n» = -^;r^ , we have 






2 Vn« - a» 



Integrating, we have 



= — cos-i — Y CODBt. 
2 n ' 

When « = n, let = 4>, Then Const. = and 

1 z 

(0 — 0) = - cos -1 — . or = n cos 2(0 — 0). 
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Replacing the yalne of §, we haye after reduction, for the polar equation 
of the path. 



2e> 



^r MM ^^-^^i^ 



Ci -fane* 



1 ^^^ 8in« (0 - 0) 



This is the polar equation of an dUpte, the pole at the centre of the elUp9ep 
where 

^ = " . o — i> — 55 — = — — r-ft — s-f •^d henee JB" 



For the values of e and Ci we have from equations (80) and (37), page 87,. 

Ci = «i* H 7—, and c = f i«i sm 6i , 

T 

where Vi is the initial velocity of projection at a given instant, ti the corre- 
sponding distance from the centre at that instant, and €i the angle of f>i 
with Ti, 

The path is therefore fully determined. 

To find the periodic time, since the area of the ellipse is nAB, and since e is 
twice the area described in a unit of time by the radius vector, we have 

eT=^2nAB, or r= ^5^. 

Inserting the values of A and B, we have 



T= 



4/c'* - 4nV 
Inserting the value of n*, we have 

This is the same result found in page 107 for rectilinear harmonic motion. 

(4) A particle describes an ellipse under the actum of central ac- 
celeration^ directed to the centre of the ellipse. To aetermine the 
law of acceleration. 

The polar equation to the ellipse, centre pole, is 



^=ii + (5i-i)«^*»' 



from which we have 

Differentiating, we have 



and hence 



r*dB* 



dr [1 1\ ^^ ^ 
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Differentiating again, 



+ 



r»de» T r<de» 



+^=(i.-i)H-H' 



But from equation (4S^, page 88, we have {pd s ^ --< ^. Therefore 

(Pr , dr* 2 11 

Now from equation (46), page 88, we Irave 
/- , /I cPr \ 

/-^^^^ r»de«y 

The law of acceleration is therefore thai of the direct digtanee, 

(6) A particle describes a conic section under the acti&n of central 
aeceieratton directed to one of the foci. To find the law of accelera- 
tion. 

The polar equation of either the ellipse or hyperbola, focus pole, is 

^ = ? f ^^ "" ^1 or r + ijrcosG = ± -4(1 - ^). 
1 + « cos 9 ' ^ ' 

Differentiating, 

dr + ecoa Bdr — «r sin 0d9 = 0. 

Differentiating again, 

d^r 4- ecoaBd^r — eBmSdBdr — e sin BdQdr — wcos BdG^ — «• sin Bd^B = 0. 

But from eq. (49), page 88, (P0 = - ?^. Therefore 

« , « , 4 a j«4 cPr ^ cos 

(Pr + d cos 0dr* == er cos 6ew*, or :;75 = a—; «. 

do* 1 + d cos 9 

Substituting this in eq. (45), page 88, we have 

^^/l 6 cos 6 \ _ c» 1 _ c^ 

•^ "" r*^r ni + d cos B)) ~ r* r(l + « cos 6) ~" ± ^(1 - tf«)r** 

The acceleration is therefore inversely/ as the square of the distance for either 
ellipse or hyperbola. 

The polar equation of the parabola is 

2A 

r = = ;;, or r — r cos = 2A, 

1 — cos 6 

Differentiating, we have 

dr — dr cos + r sin BdB = 0. 

Differentiating again, 

d«r — d'r cose + dr sin ed9 + dr sin 0dQ + r cos 0d6* + r sin ed^e = 0. 

But from eq. (49), page 88, d'S = ; therefore 

d^T T cos 6 

d^r — d^r cos = — r cos 0d6*, or 3^0 = — 



dS* 1 - cos e • 
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Substituting this in eq. (46), page 88, we have 

•^ ~ r«\r"*"r(l - cos 6)^ "" r» r(l - cos 0) "" 2-4r» ' 

The acceleration is therefore inveraely a» ihe iquare of the diitanee for the 
parabola^ 

(6) A particle describes a hmerboltc spiral under the action of 
central acceleration directed to tne pole. Jo find the law of accelera- 
tion. 

The equation of the hyperbolic spiral, centre pole, ia r^ = A. We have 
then Qdr + rd*t = 0, B€Pr + ^rdB + drdB + nP6 = 0. 

From eq. (49), page 88, <Pe = - ^ — . Therefore GdV = 0, or (Pr = 0. 

r 

From eq. (45), page 88, we have then 

or the acceleration is inwnely as the cube of the distance. 

(7) A particle describes the lemniscate of Bernoulli under central 
a^cceleratton^ the centre being the node. To find the law of accelera- 
tion. 

The perpendicular from the node on the tangent \ap = ± njT' ^^^^ 

dr "" 2A^' p^dr "" r' ' 

We have from eq. (48), page 88, therefore, 

12«M* 

(8) A particle describes a circle under central a>cceleration di- 
rected to a point in the circumference. Find the law of acceleration. 

The polar equation of the circle is r = 2^ cos 6. Therefore 

<?r = — 2iJ sin 0(f8. and d'r = — rdB^ — 2B sin 0<?e. 
But from eq. (49), page 88, 

^^ 2drde 4iJ sin ©dO* 

r r 

Hence 

^ ^i^^ 8i?sin«edO« ... SmdB^ 

r r 

and 

<f«r __ 8iy 

~~ r 



Substituting in eq. (45), page 88, we have 

8i?»c« 







CHAPTEB V. 

CONSTRAINED MOTION OF A POINT. SIMPLE PENDULUM. 
MOTION ON A CYCLOID. MISCELLANEOUS PROBLEMS. 

Motion on an Inclined Plane — XTniform Acceleration. — Let a 
point have a uniform acceleration /in the direction AE, cmd let the 
point be constrained to move in the straight line ^ 
AB which makes the angle a with the horizon. 

The component of the acceleration in the direc- 
tion of the motion is then/ sin a. 

The motion alon^ AB is then rectilinear motion 
under uniform acceleration / sin a, and equations 
(1) to (6), page 93, apply directly, if we substitute / sin a in place 
of g. 

If Vi is the initial velocity at A and v is the velocity at By we 
have from (5), page 93, 

t?" — ri' = yi sin a, 

where I is the length of the inclined plane AB. But Z sin a = AJE. 

The speed, therefore^ gained in moving from AtoB is eqtml to 
that which would he gained in falling through AE with the uniform 
a^cceleration f. 

The time in falling from A to ^ is from (1), page 93, t' = — ^^ 

and in passing from Aix) B.t = -r—. — . Hence 

/sm a 

t_ J^ 
f AE' 

or the times are proportional to the distances I and AE. 
The distance passed through along AB is from (3), page 93, 

Z = rif + — / sin a, f', 

where Vi is the initial velocity. 

If the point starts from rest, we have for the distance along AB 

Z = 7r/sin a , t*. 

Let AD be the vertical diameter of a circle and 
AB = I any chord. Join DB. Then we have AB 
= AD cos DAB = AD Bin ABC. If AB = Z, we 

have also AB = i/*' sin ABC. Therefore AD = 

^f, or t=:y^^. This is independent of the posi- 
tion of the chord AB, and therefore t is the same for any chord 
through A or D. 

151 





152 KINBMATIOB OF A POINT — TRANSLATION. [CHAP. V. 

Hence for uniform acceleration /, the time of descent down aU 
chorda through the highest and lowest pointe of a circle are equal. 
This property enables us to find the line of swiftest descent to a 

given curve from any point in the same 
vertical plane. 

Thus if EQ is the curve and A the point, 
draw AC vertical or parallel to the direc- 
tion of/, and with centre in AC describe a 
circle passing through A and tangent to 
the curve EG at P. 

Then AP is the line of swiftest descent 
from A to the curve EQ, For any other 
point p in EQ, Ap cuts the circle in some point g, and since the 
time from A to g is equal to that from A to jP, the time from A to 
p is greater. 

EXAMPLES. 

^ = 82.16 ft.-per-sec. per sec. Friction, etc., disregarded. 

(1) Find the position of a point on the circumference of a vertical 
circle, in order that the time of rectilinear descent from it to the 
centre may he the same as the time of descent to the lowest point. 
Acceleration due to gravity, 

Ans. 80** from the top. 

(2) The straight line down which a particle unll slide, under the 
action of gravity, in the shortest time from a given point to a given 
circle in the sams vertical plane, is the line joining the point to the 
upper or lower extremity of the vertical diameter^ according as the 
point is within or without the circle, 

(3) Find the line of quickest descent from the focus to a parabola 
whose axis is vertical and vertex upwards, and show that its length 
is equal to that of the latus rectum. Acceleration vertical and 
uniform, 

(4) Find the straight line of swiftest descent from the focus of a 
parabola to the curve when the axis is horizontal. Acceleration 
vertical and uniform. 

(5) The times in which heavy particles slide from rest down in- 
clined planes of equal height are proportional to their lengths. 

(6) Show that if a circle he drawn touching a horizontal straight 
line in a point P and a given curve in a point Q helow P, PQ is the 
line of swiftest descent to the curve, under constant vertical accel- 
eration, 

(7) Find the straight line of quickest descent from a given point 
to a given straight line, the point and the line heing m the same 
vertical plane. Acceleration constant and vertical. 

Ans. From P, the given point, draw a horizontal line meeting the given 
line in C. Lay off along the given line OD equal to PC PD is the required 
line of swiftest descent. 

(8) A given point P is in the sams plane tvith a given vertical 
circle and outside it, the highest point Q of the circle heing helow P. 
Find the line of slowest descent from P to the circle. Acceleration 
constant and vertical. 

Ans. Join PQ and produce it to meet the circumference in B. PR is the 
line required. 
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(9) A number of heavy particles start without velocity from a 
common point and slide, down straight lines in various directions. 
Show that the locus of the points reached by them with a given sjaeed 
is a horizontal plane, ana that of the points reaxihed by them tn a 
given time is a sphere whose highest point is the starting-point, 

(10) The times required by heavy particles to descend in straight 
lines from the highest point in the circumference of a vertical circle 
to all other points in the circumference are the same. 

Also to descend in straight lines to the lowest point in the cir- 
cumference^from all other points in the circumference, the times are 
the same. 

(11) If heavy particles slide down the sides of a right-angled 
triangle whose hypothenuee is vertical, they will acquire speeds pro- 
portional to the sides. 

{\2) A point having a constant acceleration of 24ft.-per-sec.per 
sec. is constrained to move in a direction in which its speed changes 
in 1 minute from 10 to 250 yards per sec, Mnd the inclination of 
its direction of motion to that of the given acceleration. 

Ans. 60°. 

(13) A heavy particle is projected up an inclined plane whose in- 
elination to the horizon is 30°. Mnd the distance traversed during 
a change of speed from 48 to 16 ft. per sec. 

Ans. 63.68 ft. 

(14) A point has, when 1 mile up an incline of 1 in 60 {i.e., one 

having an inclination to the horizon of sin'^ —A, an upward ve- 

60/ 

locity of 30 miles an hour, (a) In what time will it corns to a stand- 
still % (o) If it afterwards slides down, with what speed will it reach 
the foot of the incline f 

Ans. (a) 1 min. 8.4 sec. (b) 68.7 miles per hour. 

(16) A body slides from rest down a smooth inclined plane and 
then falls to the ground. The length of the plane is 18 ft., its incli- 
nation to the horizon 30°, and the height of its lowest point from the 
ground 40 ft. Find the distance horizontally from the end of the 
plane to the point where the body reaches the ground. [Take g = 32 
ft.-per-sec. per sec] 

Ans. 164/3"^. 

Motion in a Carved Path — TInifom Acceleration. — Let ABCD be 
any curved path, and Ad the direction of the acceleration/. Any 
very small portion of the curve, AB, may 
be considered as a straight line. We 
have then, as on page 161, the change of 
speed in moving from A Uy B, the same 
as in moving from A to 6 with the con- 
stant acceleration/. So also, in moving 
from ^ to C, the change of speed is the 
same as in moving from & to c with the 
constant acceleration/. 

Hence the change of speed in traversing any portion of the path 
AD is the same as in traversing with constant acceleration / the 
projection Ad of the path on a line in the direction of the accelera- 
tion. 
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If then Vi is the mitial speed at A, and vis the speed at any point 
2>, we have _ 

r"-t?.» = 2/.AS. 

Motion in a Circle — XTnifonn Acceleration. — ^This is the case of 

the simple pendvlum^ which consists of a heayy 
particle attached to a fixed point by a massless in- 
extensible string. 

Let C be the point of suspension and CA the 
radius, and let Uie acceleration/ be uniform and 
vertical. For any position of the point P the 
angle ACP= 6, and the acceleration may be re- 
solved into a tangential component / sin 6 and 
into a normal component /cos 6. 

The normal component has no effect upon the 
motion in the curve at P. 

If the angle is very small, the arc will not 

differ materially from the sine, and we have sin 

arc >t P 
= — rz — , where I is the length of the radius CA, 

fxaxcAP 
The tangential acceleration at the point P is then a = j . 

It is therefore directly proportional to the displacement of P from 
A, measured along the patn. 

The motion of P is tnus simple harmonic motion about A as a 
centre (pa^e 103). 

The periodic time is then (page 104) 

^ tangential acceleration \/ f x arc A P ^ / 

^ I 

or for the simple pendulum the time of a vibration iat = iey--- 

The periodic time is therefore for sm>all displacements independ- 
ent of the amplitude, and therefore for small arcs the oscillations 
are isochronous. 

The time of oscillation is usually taken as half the periodic time, 
or the time between the instants at which the pendulum reaches 
opposite ends of its swing. Thus the seconds pendulum makes a 
complete oscillation in 2 seconds. 

If 6 is not very small the time is different, but the variation is 
practically very slight. (See page 160.) 

CoR. If the velocity of P at any instant is not wholly in the 
plane PCA, it may be resolved into two components, one in the 
plane PC A and the other perpendicular to it, and both tangential 
to a spherical surface. Hence, in the case in which Q is small, P's 
motion may be resolved into two simple harmonic motions of the 
same period; and its motion is therefore (page 135) elliptic har- 
monic motion, the period being the common period of the compo- 
nents. The ellipse described will depend upon the amplitude and 
epoch of the components and therefore upon the magnitude and 
direction of the initial velocity of P. 

If is not very small, and the component motions are of differ- 
ent amplitudes, the periods will have different values, and the 
point P describes curves similar to those given on page 137. 

If the component motions are equal in amplitude and therefore 
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in period and differ in phase by one quarter period, the point P 
moves (page 134) in a circle about the foot of the perpendicular on 
CA as a centre. This is the case of the conical x>enduluin. 

EXAMPLES. 

(1) Find the time of oscillation of a pendulum 10 ft. long at a 
place at which g = S2jt,'per-8ec. per sec. 

Ans. 1.75 sec. 

(2) Find the length of the seconds pedulum at a place at which 
flf = 31.9. 

Ans. 8.^2 ft. 

(3) Find the length of the pendulum which makes 24 beats in 1 
min. when g = 32.2. 

Ans. 20.39 ft. 

(4) A seconds pendulum is lengthened 1 per cent. How much 
does it lose per day f 

Ans. 7 min. 8.8 sec. 

(5) The length of the seconds pendulum being 99.414 c/n., find the 
value of g. 

Ans. 981.17 cm.-per-sec. per sec. 

(6) A pendulum 37.8 inches long makes 182 beats in 3 min. Find 
the value of g. 

Ans. 81.78 ft.-per-sec. per sec. 

(7) If two pendulums at the same place m^zke 25 and 30 oscilla- 
tions respectively in 1 sec.y what are their relative lengths f 

Ans. 1.44 to 1. 

(8) A pendulum which beats seconds at one place is carried to 
another where it gains 2 sec. per day. Compare the values of g at 
the two places. 

Ans. As 0.999958 to 1. 

(9) A pendulum which beats seconds at the sea-level is carried to 
the top of a mountain where it loses 40.1 sec. per day. Assuming 
the value of g to be inversely proportionaZ to the distance from the 
centre of the earth, and the sea-level to be 4000 miles from that pointy 
find the height of the mountain. 

Ans. 1.86 miles. 

Motion in a Cycloid — XTniform Acceleration.— A cvcloid is the 
curve traced bv a point in the circumference of a circle which rolls 
allong a straight line. 




If the circle ^P rolls along the line AB, the point P being origi- 
nally at Ay the path of P is the cycloid ACB. 
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If C is the position of P when the diameter of the circle through 
Pis perpendicular to AB, the line CD perpendicular to AB is tiae 
axis and C is the vertex of the cycloid. 

Let the uniform acceleration/ he always parallel to DC and ver- 
tical. 

Let the moving point Q have at Qi a speed zero. Its speed at 
Qt is then (page 154) 

Let t he the time in which the point would with the same ac- 
celeration and with initial speed zero move from D to C- Then 

CD = |/t'. Hence 

tj^ « i . NxNt .CD = %CD{CNi - CNt). 
r t 

Now hy a property of the cycloid 

4CD.CNt = CQi^ and ACD.CNt^CQt\ 
Hence 

2CD 
Now f = —J- is a constant. Hence the motion of Q in the 

1 a' 
cycloid is simple harmonic (page 103), where ~ = —, a' heing the 

V 8 

tangential acceleration of Q at the distance s' measured along the 
curve. If T is the time of a complete oscillation, we have 

If t' is the time occupied in moving from Qi to C, 

2CD 



2^ / 



or the time of a pendulum whose length is 2CD, or 4 times the 
radius of the generating circle. 

As this involves only constant quantities, the time is the same 
whatever be the position of the starting-point ^i, or the oscillations 
are isochronous. Hence the cycloid is called a tautochrone. 

A This result is rendered of practical 

importance by one of the properties of 
the cycloid, viz., that if a flexible and 
inextensible ^string AB is fixed at the 
end A and wrapped tightly round the 
semi-cycloid ACfj the end B of the string 
as it unwinds will describe another semi- 
'^ cycloid. If then AC and AD are fixed 
semi -cycloids, symmetrical with refer- 
ence to the vertical AB, and AB is a 
simple pendulum, B will describe a cy- 
cloid, and its oscillations will be isochronous whatever their 
extent. 
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[Applioation of the Calenlof .— To Detenitino tlM Motion of a Point Oonttfttined 
to Move in a Cycloid, the Aooeleration being Constant, in the Direction of the 
Axil and towarda the Vertex.]— B7 the application of the general formulas of 
page 88 we can deduce the results A d B 

already obtained. 

Let the axis CD = 2r, where r 
is the radius of the generating circle 
DP'C. Let the acceleration / act 
downward. Let ON^y, J^P= x 
and the length of arc 0P= ». Let 
the initial position be Pi at the 
height Cj^i = h above 0, and the 
speied at Pi be «i = 0. 

We have thus the case of equation (55), page 89, and obtain at once, since 
/is negative and «i =r h, 

« = VWfi' - y) 

iot the speed at any point given by (7Jy= y. When y = 0, we have, at the 

lowest point (7, v = ^^ifli, which is the same as that due to the vertical height 
A. 

By the property of the cycloid we have 

« = arc aP= a VI>0 X CN = 2 ^rff = 2 chor^ OF. 
Hence 

d9^ ± dyy — • 

We substitute the minus value in equation (56), page 89, because for de- 
scent the arc decreases as the time increases. We have then 



Integrating, since for < = 0, y^ h, we have 

«=|/^. r^r-versin-i^j. 



(1) 



For the time of descent to the lowest point where y = 0, or for the time of 
one quarter of a complete oscillation, 

Th6 periodic time is then ^^ 

or the same as a simple pendulum (page 154) whose length is 4 times the 
radius of the generating circle DP' C. 

The time is independent of h and is the same no matter what the posi- 
tion from which the point begins to descend. The oscillations are therefore 
Uochronous and hence the cycloid is called the tautochrane. 

The reason of this remarkable property is easily seen by considering the 
tangential acceleration. 

In the cycloid the chord CP' is always parallel to the tangent TP. The 
tangential acceleration or tangential component of /is then 

g =/8i« riy =/sin ODP' =/^' = /i,. 

The tangential acceleration is therefore directly proportional to the distance 
f rdm the r^tez meaanied along the path, and the motion of P is iimpU har- 
marUe (page 108). 
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The periodic time is then (page 104) 

r tangential acceleration A/ ^j_ r / » 

as already found. _ 

hi n /t 

If in (1) we make y = -- = -^CNxt we have < = —y -j, or half the time 

• « * «/ 

from Pi to C7. The time, therefore, in descending through half the vertical 
space to (7 is half the time of passing from Pi to (A 

[To Find a Cnrre suoh that a Point MoTing on it under the Action of Gravity 
will PaM from any one Oiven Position to any Other in Less Time than by any Other 
Curre through the Same Two Points.] — This is the celebrated problem of the 
"curve of swiftest descent " first propounded by Bernoulli The following is 
founded upon his original solution. 

If the time of descent through the entire curve is a minimum , that through 
any portion of the curve is a mmimum. 

It is also obvious that bettoeen any two eonHgtunu equcU wUueB of a eon- 
UnuouMly varying mtantity, a maximuin or minimum must lie. 

This principle though simple is of very great power, and often enables us to 
solve problems of maxima and minima, such as require not merely the pro- 
cesses of the Differential Calculus but those of the Calculus of Variations. 
The present case is a good example. 

p Let, then, PO, QB and PQ", QS be two pairs of 
indefinitely small sides of a polygon such that the 
time of descending through either pair, starting from 
P, may be equaf. Let QQ' be horizontal and in- 
definitely small compared with PQ and QB. The 
curve of swiftest descent must lie between these paths, 
and must possess any property which they have in 
common. Hence if we draw Qm, Qfn perpendicular 
to B(jf. PQ, and let « be the speed down PQ or Pq 
(supposed uniform) and e' that down QB or Q'B, we 
have for the time from P to £ by either path 

PQ.QB^Pg.qB PQ^PQT _ gB^QB 

or 

Qn _ gm 

« ~ iK • 

Now if be the inclination of PQ to the horizon, and ff that of QB, we 
have Qn = QQ' cos 6, Q'm = QQ' cos Gr. Hence 

cos cosO' 



This is true for any two consecutive elements of the required curve, and 
therefore throughout the curve we have, at any point, e proportional to the 
cosine of the angle which the tangent to the curve at that point makes with 
the horizontal. But t^ is proportional to the vertical distance k fallen through. 

Hence tiie curve required is such that the cosine of the an^le it makes with 
the horizontal line through the point of departure varies as tne square root of 
the distance from that line. 

Now in the figure of page 157 we have, from the property of a cycloid, 

cmCP'N = cos TPN = cos ODP = ^ = \/^ • 

The eume required is iherrfore the eyel&id. The cycloid has received on 
account of this property the name of Brdohietoehrone, 
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[To Determine the HotioiL of a Point Constrained to Moye in a Cirele, the Ao- 
eeleration being Constant and Vertieal.] — This is the case of equation (55), page 
89. A c B 

Let DN = y, NP = x. Let the speed at Pi be 
t^i = 0, the distance DJ^i = h. 

For the speed at any other point P we have 
at once from equation (55), page 89, since fy is 
minus and 8\ = h. 




« = |/^A - y), 
where y is the distance DN. When y = 0, we have for the lowest point, D, 

which is the same as that due to the vertical height h. 
From equation (56), page 89, we have 



The equation of the circle referred to D as origin is 

x^ = 2rx — y*, 
where r is the radius. Hence 

rdy 



,\d8= ± 



V^t/ - 1 



We substitute the minus value in equation (56), page 89, because the arc 
decreases as the time increases, and obtain 

M^^JL ^y — ^ ^ ^y (1) 

V2/ 4/(A - y)(2ry - y«) ^/'^ V(^y - y*)(3r - y) 



If y is small in comparison to 2r, this reduces to 



^hy - y« 

Integrating, since when < = 0, y = A, we have 

When y = 0, 

This is the time of one quarter of a complete oscillation. The periodic 
time is then 



r=2«4/^. 



This is the same result as on page 154. 

If, however, y is not small in comparison to 2r, we have, from (1), 



«=--^ <^- 



y) *<'y ^_li/l V ^/ 



Vy f'Ay-y* »' / Vhy-j/* 
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Expanding [ 1 — ^] bj the binomial theorem, we have 

Thus the tenns to be integrated are of the form r the exponents 

n being the natural numbers beginning with sero. Performing the integra- 
tions, and taking the limits y ^h and y = 0, we have for the time of one 
quarter oscillation 



t 
This series converges more rapidly as h becomes smaller. If we take only 



the first term we have, as already found, < = — 1/ -•. 



We can put A = r^roo60 = 2r sin' --, where 6 is the seml-angle of oscil- 

lation BOPx \ or taking the arc as equal to its sine, we have for the first two 
terms 



=-,«4(+5)- 



Thus if the point swings through an arc of ^rrr radian or S*".?, on each side 
of the vertical, the time of an oscillation is increased by about -t^t^;, or in the 

case of the seconds pendulum the time of a beat is increased by ^^ of a 

second. For a swing on either side of the vertical of any amount we have for 
the time of a quarter oscillation 

«-3i/jr(l+j8m.- + ^sin-^- + _sm«-,etc.). 
For a swing of 60*" on either side we have, therefore, 

or the time is increased by about --7. 

Id 
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MISCELLANEOUS PEOBLEMS. 

We give here as exercises for the student a number of problems covering 
the preceding Chapters. Resistance of the air and friction are neglected. 

(1) A courier travels at the rate of 5i miles in 8 hours. Six hours 
after his departure another courier is dispatched from a place 12 
miles behind the startina-point of the first. The second courier 
travels at the rate of 8 mites in 10 hours over the sam^e route as the 
first. How long before he ivill overtake the first f 

Ans. 120 hours. 

(2) A mxxn walks on the deck of a vessel from, bow to stem at the 
rate of 3 miles an hour, while the vessel moves at the rate of 7 miles 
an hour. Find the speed of the man with reference to the earth's 
surface, 

Ans. 4 miles an hour, in the direction of the ship's motion. 

(3) A point moves in a given path for 10 seconds with a uniform 
rate of change of speedy of + 8 ft.-per-sec. per sec. Find the final 
speed and the space traversed, ij the point starts from rest, 

Ans. « = a^ « = -raP ; 

t> = 80 ft. per sec., « = 400 ft. 

(4) A point has an initial speed of 7.7 ft, per sec, and a uniform 
rate of change of speed of + S.5 ft,-per-seo, per sec. Find the time 
of passing over 2200 ft, 

Ans. 8 = Vit + — «<•. t = 26.9 sec. 

(5) A point has an initial speed of 7 ft. per sec, and a final speed 
of 125 ft. per sec,, and describes a distance of 3260 /t. What is the 
uniform rate of change of speed f 

Ans. » — «i = — * , a = 2.4 ft.-per.sec. per sec. 

(6) A point has an initial speed of 100 ft. per sec. and a rate of 
change of speed of 1 ft.-per-sec. per sec. Its final speed is 7 ft, per 
sec. Find the tinne of motion and the space described. 

Ans. « = «i — a<, < = 93 sec. ; 

;« — «i = «i< — ^P, 8 — 8i = 4975.5 ft. 

(7) A locomotive has a speed of 30 miles an hour on a level when 
the brakes are applied. The loss of speed du>e to the brakes is 8 ft.- 
per-sec, per sec. Find (a) the speed or the end of 3 seconds and the 
distance traversed; (b) the time of coming to rest; (c) the retarda- 
tion in order that the locomotive may come to rest in 30 seconds, 

Ans. V = Vi — at, «i = 44 ft. per sec. ; a = 8 ft.-per-sec. per sec.; 
(a) 20 ft. per sec., 118 ft.; (b) t = 5.5 sec.; (c) 1.47 ft-pensec. per sec 
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(8) A body falls for 4 seconds in vacuo. Find the final velocity 
and the spa^e described (g = S2i ft.-i>er-6ec. per sec.). 

9 = 128| ft. per sec., 9 = 257^ ft. 

(9) A body falling in vacuo has a final velocity of 260 ft. per sec. 
Find the time of faZUng from rest, and the distance described (g = 
32^ ft.-per-sec. per sec.)- 

Ans. 7.77 sec.; 971.26 ft. 

(10) A body falling in vacuo from rest describes a distance of 85 
feet. Find the time of fall and the final velocity {g = 32^ ft.-per- 
sec. per sec). 

Ans. 2.3 sec. ; 73.9 ft. per sec. 

(11) A body is projected vertically upwards in vacuo with a ve- 
locity of 40 ft. per sec. Find the height and the time of ascent (g = 
32^ ft.-per-sec. per sec.). 

Ans. 24.87 ft.; 1.24 sec. 

(12) A body projected vertically upuxirds in vacuo returned after 
18i seconds. Find the initial velocity and the height of ascent {g = 
82i ft.-per-sec. per sec.). 

Ans. 297.54 ft. per sec.; 1376 ft. 

(13) A body falling in vacuo has at a given instant a velocity of 
VI ft. per sec., at a later instant a velocity of 90 ft. per sec. F^ina 
the time betivesn the two instants and the distance traversed (g = 32^ 
ft.-per-sec. per sec). 

Ans. 2.27 sec.; 121.44ft. 

(14) A stone is dropped into a well and the splash is hedrd in 3 
seconds. If sound travels in air with a uniform, velocity of 1090 ft. 
per sec., find the depth of the well (g = 321 ft.-per-sec per sec). 

Ans. 130.4 feet. 

(15) A point has two component velocities (or accelerations), at 
riqht angles, of 35 and 87 units. Find the resultant velocity (or ac- 
celerations). 

Ans. 93.77 units, making an angle with the 35 units of 68° 5'. 

(16) A point has a velocity of 120 ft. per sec. Resolve this into 
two component velocities at right angles, (a) one of the components 
being 75 ft. per sec.; (b) one of the components making an angle of 
34° r 3" vnth the resultant. 

Ans. (a) 93.68 ft. per sec, the resultant making an angle with 75 ft. per 
sec. of 51° 19' 4". 

(b) 99.343 ft. per sec. adjacent to the given angle and 67.306 ft. per sec. 
opposite. 

(17) A point has tux) accelerations of 115 and 89 ft.-per-sec. per 
sec. at an angle of 147° 8' 3". (a) Find the resultant acceleration ; (b) 
Find the angle between the given accelerations when the resultant is 
equal to the lesser ; (c) when it is equal to the greater. 

Ans. (a) 62.865 ft.-per-sec. per sec, making the angle of 88* 4' with 89 ft.- 
per-sec per sec; (h) 130" 14' 44"; (c) 112" 45' 54". 

(18) A point has an acceleration of 77.6 ft.-per-sec. per sec. Re- 
solve it into two components (a) making with the given acceleration 
the angles 35" T 11" and 52" 9' 8"; (6) when one of the components is 
S0.5ft-per-sec. per sec. and makes an angle of 36° 8' 6" with the re- 
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auUant; (c) when <me of the components is 60 ft^-per-sec. per sec, 
and the other makes an angle of 4!7'' IC 11" with the resultant; (d) 
when the tu)o components are 46.2 and S^ ft-per-sec. per sec, 

Ans. (a) 61.265 and 44.684 ft.-per-sec. per sec. 

(b) 47.27 ft.-per-sec. per sec, making an angle with the resultant of 89*" 2^ 
8". 

(e) 71.88 or 88.48 ft.-per-Bec. per see., making an angle with the resultant 
of eV 28' 17" or 24° 9' 4". 

(d) The components make an angle of 85° 4', and the resultant makes with 
the component 46.2 the angle 15° 2' 18". 

(19) A stream flows with a velocity of 1 ft, per sec,, and a boat 
whose speed is 1.3 ft, per sec. is steered up stream at an angle of 30° 
with the current. Find the resultant velocity, 

Ans. 0.66 ft. per sec. down stream at an angle of 79° 8' with the current. 

(20) What is the ratio of the speed of light to that of a cannomr 
hall moving at the rate of 2400 feet per sec,, if liflht passes frovn the 
sun to the earth, a distance of 91,500,000 miles, in Si minutes % 

'Ans. 402600 to 1. 

(21) ABC is a triangle. Two spheres of radii ri and r» start to- 
gether from A and B, their centres moving along AC and BC with 
velocities which carry them separately to C in the same time. Find 
the distances each has gone through when they meet. 

Ans. If a, b and c are the sides of the triangle, the required distances are 

b a 

-((5 — ri — ri), — (c - ri — ra). 

c c 

(22) If a particle is projected vertically in vaxsuo with a velocity 
of Sg, find the time in which it will rise through the height 14g, 

Ans. 2 sec. and 14 sec. 

(23) A body falling in vacuo is observed to describe 144.9 ft, and 
177,1ft, in ttvo successive seconds. Find g and the time from the 
beginning of the motion. 

Ans. ^ = 82.2 ft.-per-sec. per sec. ; t = 4 sec. to the beginning of the first of 
the two seconds. 

(24) Ay B, C D are points in a vertical line, the distances AB, 
BC, CD being equal. If a particle fall from A, prove that the times 
of describing AB, BC, CD are (^ _ __ 

1 : V2 - 1 : i^3 - 4/2. 

(25) A particle describes in successive intervals of 4 seconds each 
spaces of 24 and 64 feet in the same straight line. Find the accelera- 
turn ana the velocity at the beginning of the first interval. 

Ans. 2.5 ft.-per-sec. per sec; one foot per sec. 

(26) A particle moves 7 ft, in the first second, and 11 and 17 ft. 
in the third and sixth seconds respectively. Show that these facts 
are consistent ivith the supposition of a uniform acceleration. 

(27) A falling particle is observed at one portion of its path to 
pass through nft. in s seconds. Find the distance described in the 
next s seconds. 

Ans. n-|-flr^, 

^ (28) If s, ms, are the spaces described by a body in times t, nt, 
respectively, determine the acceleratum and the velocity of projection. 

Ans. .?<^I1^, and i^illi^. 
«(;i-l)<« nil — rCit 
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(29) If thefociLS of the path of a projectile he as much below the 
horizontal ptane through the point of projection as the highest 
point of the path is above it, to find the angle of prqjection. 

Ans. If a 1 is the angle of projection, ai = tan-i( — -=-\' 

(30) Particles are projected from the same point in the sam/e di- 
rection with different speeds. Find the locus of the foci of their 
paths, 

Ans. A str&ight line througli the point of projection malfing an angle with 

the horizontal equal to — — 2ai , where ax is the angle of projection. 

(31) If a particle is projected in a direction inclined to the hori- 
zon, show that the time of moving bettoeen two points at the eoctrem- 
ities of a focal chord of the parabolic path is proportional to the 
produet of the velocities of the particle at the two points. 

(32) Two pcirticles are projected from tvx) given points in the same 
vertical line in parallel directions and with equal speeds. Prove 
that tangents drawn to the path of the lower will cm off from the 
path of the upper arcs described in equal tim,es. 

(33) If a particle is projected from a given point so as to strike 
an inclined plane through that point at right angles, prove that 

ton («! — e) = —co^ 0, where ai is the angle which the direction of 

2 

projection makes with the horizon, and 6 is the inclination of the 

plane to the horizon. 

' I (34) A particle is projected from a given point with a given 

velocity. Pind the direction of projection in order that its path 
may touch a given plane. 

Ans. Let ofi be the angle of projection with the horizontal and /3 the angle 
of the given plane with the horizontal, «i the velocity of projection and d the 
distance from the point of projection to where the given olane cuts the hori- 
zontal through the point of projection. Then 



cos (90 — p — ai) = -^-^ J—. 

(35) To find the least velocity with which a body can be projected 
from a given point so as to hit a given mark, and the direction of 
projection in this ca^e. 

Ans. Let d be the horizontal distance from the point of projection to the 
mark, Vi the velocity of projection, ai its inclination to the horizon and fi the 
angle of elevation of the mark above the horizon. Then 

(36) If two circles the jolanes of which are vertical touch each 
other internally at their highest or lowest points, and if any chord 
be drawn within the larger circle, terminating respectively at its 
highest or lowest point, prove that the time of descent down that por- 
tion of the chord which ts exterior to the smaller circle^is invariable. 

(37) AP, PB are chords of a circle, AB being the 'vertical di- 
ameter. Particles starting simultaneously from A, P, fall down 
AP, PB, respectively. Prove that the least distance between them is 
equal to the distance PB, 
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(38) Two circles lie in the same plane, the lowest point of one 
being in contact with the highest point of the other. Prove that the 
time of descent from any point of the former to a point of the lattery 
along a straight line jotmng these points and passing through the 
point of contact y is constant. 

(39) A particle slides from rest down a smooth sloping roof and 
then falls to the ground. Find the point where tt reaches the 
ground. 

Ans. Let I = the length of the slope, a its inclination with the horizontal, 
h = the height of the lowest point of the slope from the Rround. Then the 
distance of me point where the particle reaches the ground from the foot of 
the wall is 

2cosa i/lsma{ i^^sin'a + A — 4/^ sin* a). 

(40) Two equal inclined planes are placed back to back, and a 
particle projected up one flies over the top and comss to the ground 
just at the foot of the other. Find the velocity of prqjectiony a being 
the inclination of each plane and h their common altitude. 

Ans. jr^gh(S + coB»o*ay' 

(41) A particle is projected from a point A with the velocity ac- 
quired by falling down a height a, up an inclined plane of whim the 
base ana height are each equal to o, and after quitting the plane 
strikes the horizontal plane AB at the point B, Find AB. 

Ans. AB is equal to a + (a* — M)*. 

(43) A particle slides down a smx>oth inclined plane. Determine 
the point at which the plane is cut by the directrix of the path 
described by the particle after leaving the plane. 

Ans. The directrix intersects the plane at the point where the particle 
began its motion. 

(43) A particle is projected up a rough plane^ inclined to the 
horizon at an angle of 60', unth the velocity which it would have 
acquired in falling freely through a space of 12 ft., and just reaches 
the top of the plane. Find the altitude of the plane, its roughness 
being such that if it were inclined to the horizontal at an angle of 
30^, the particle would be on the point of sliding. 

Ans. 9 ft. 

(44) A ring slides down a straight rod whilst the rod is carried 
uniformly in oneplanCy at a given angle to the horizon. Find the 
path described by the ring. 

Ans. A parabola. 

(45) A given circle and a given point are in the same vertical 
plane, the point being within the circle. Find the straight line of 
quickest descent from, the point to the circle. 

Ans. The required straight line is the distance between the given point and 
the lower end of that chord of the circle which passes through the given 
point and terminates at the highest point of the circle. 

(46) A given point and a given straight lithe are in the same 
vertical plane. Determine the straight line of quickest descent from 
the given line to the point. 

Ans. From the given point P draw PX horizontally to meet the given line 
at X Draw upwards along the line a len^h XF equal to PX. The straight 
line joining P and Y is the required strai^t Une. 
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(47) To determine the straight line of slowest descent from a given, 
point to a given circle^ the point being without the circle and both in 
the same vertical plane^ the highest point of the circle being lower 
than the given point. 

Ana. Let P be the given point and Q the highest point of the circle. Joia 
PQ and produce It to cat the circle at B. Then PJR is the line required. 

(48) Determine the straight line of slowest descent from a given 
circle to a given point without ity the point and circle being in the 
same vertical plane^ and the point being lower than tlie lowest point 
of the circle, 

Ans. From the given point draw an indefinite straight line catting the 
circle at its lowest point, and the second intersection of the indefinite line and 
the circle is the required line. 

(49) Find the straight line of slowest descent from one given 
circle to another^ both circles being in the same vertical j^ne, and 
each exterior to the other ^ the highest point of the latter circle being 
lower than the lowest of the former, 

Ans. Produce the line which joins the lowest point of the first circle and 
the highest point of the second, to meet both circles again. The distance be- 
tween the second intersections is the required line. 

(50) A smooth tube of uniform bore is bent into the form of a 
circular arc greater than a semicircle^ and plaeed in a vertical 
plane with its open ends ujavmrds and in the same horizontal line. 
Mud the velocity with which a ball that fits the tube must be pro- 
jected along the interior from the lowest pointy in order that it may 
pass out at one end and re-enter at the other, 

Ans. If r is the radius, h the depth of the centre of the circle below the 
horizontal through the two ends, Oi the required velocity, 

«.« = |(r» + 2Ar + 2A«). 

(51) A particle slides from rest down a smooth tube in the form 
of the thread of a screw the axis of which is vertical. Find the 
time in which it will make a complete revolution about the axis. 

Ans. If r is the radius of the cylinder on which the helix is described, and 
a the angle which the thread makes with the generating line of the cylinder^ 
the required time is 



/ 8?rr \^ 



9 

(52) A particle falls to the lowest point of a cycloid down any arc 
of the curve, the axis of the cycloid being vertical and its vertex 
downwards. Prove that the vertical velocity is greatest when it has 
completed half its vertical descent. 

(53) Also prove that it describes half the path in two thirds of 
the whole time, 

(54) If a clock pendulum lose 5 sec, a day, determine the altera-- 
tion which should he made in its length, 

Ans. It should be diminished by nearly the ^^^^ part of its length. 

(55) A seconds pendulum was too long on a given day by a quan- 
tity a. It woe then over-corrected so ae to be too short by a during 
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the next day. Prove that^ I being the length of the eeconds pendulum^ 
the number of minutes gained in the two days tvas nearly 

1080-J. : 

(56) A seconds pendulum carried to the top of a mountain is 
found to lose there 43.2 sec. a day. Find the heighiof the mountain^ 
supposing the radius of the earth to he 4000 miles, 

Ans. Smiles. 

(57) Find the time of vibration of a pendulum 20 feet long, 
Ans. Approximately 2.5 seconds. 

(68) A body dropped from the top of a uxdl falls to the ground 
while a pendulum B inches long makes 5 beats. Find the height of 
the waM. 

25 

Ans. -r-w* feet. 
4 

(59) A seconds pendulum is lengthened one hundredth of an inch. 
Find how many seconds it will lose daily. 

Ans. About 11 seconds. 

(60) If the length of a seconds pendulum is 39.1386 inches^ what 
will be the length of one which vibrates 40 times a minute. 

Ans. 88.06185 inches. 

(61) If the length of a seconds pendulum is 39.1393 inches^ find 
the valve of g, 

Ans. g = 83.190 feet-per-sec. per sec. 

(62) A pendulum which beats seconds at the equator gains 5 
minutes a day at the pole. Compare polar and equatorial gravity, 

Ans. 144 to 145, approximately. 

(63) Two pendulums the lengths of tvhich are h and U vibrate at 
different points on the earth's surface. The number of vibrations 
which they make in the same time are in the ratio mi to m%. Find 
the ratio of g at the two places, 

Ans. r-— J. 

(64) A seconds pendulum is carried to the top of a mountain of 
which the height is 1 mile. Find the number of seconds it vnll lose 
daily, gravity being supposed to vary inversely as the square of the 
distance from the centre of the earth, and the radius of the earth to 
be 4000 miles. 

Ans. Aboat 21.6 seconds. 

(65) A body revolves uniformly in a circle of 4 ft, radius in 10 
sec(ynds. Firui the angular velocity and the velocity at the circum- 
ference. 

Ans. 0.628 radian per sec.; 2.5 ft. per sec. 

(66) A body revolves uniformly in a circle of 4 ft radius vnth a 
velocity of 8 ft. per sec. Find the normal acceleration. 

Ans. 16 ft.-per-sec. per sec. 

(67) A body revolves uniformly in a circle of 18 ft. radius. The 
normal acceleration is ^ft.-per-sec. per sec. Find the velocity. 

Ans. 9.5 ft. per sec. 
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(68) A body whoae velocity is 10 ft. per 9ee. is made to tnove uni- 
formly in a circle by a normal acceleration of 2 ft.-persec. per sec. 
Find the radius, 

AoB. GO ft. 

(69) Two points have velocities V\ and v% and are mcuie to move in 
a circle by reason of central accelerations inversely proportional to 
the square of the distance from the centre. The disiance of one 
point is ru i%nd the distance r% of the other. 



Ans. — : — = r,* : n'; • r, =( - J n. 



(70) Find the relation between the distances n and rt and the 
times of revolution ti and tt. 






»:«.* = r.» : r,» 
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RIGID SYSTEM WITH ONE POINT FIXED. 



BOTATION. ANGULAB DISPLACEMENT. lilNEAB DIBFLACEMEKT IN TERMS OF 
ANGULAR. LINE BEFRE8ENTATIVE OF ANGULAB DISPLACEMENT. RESO- 
LUTION AND COMPOSITION OF ANGULAR DISPLACEMENTS. ANGULAB 
VELOCITY. INSTANTANEOUS AXIS OP ROTATION. ANGULAB ACCELERA- 
TION. BESOLUTION AND COMPOSITION OP ANGULAB VELOCITIES AND 
ACCELEBATIONS. EQUATIONS OP MOTION OF A POINT OF A BOTATING 
SYSTEM. MOMENT OF ANGULAB VELOCITY AND ACCELEBATION. GENEBAL 
ANALYTICAL DETEBMINATION OF BESULTANT FOB CONCUBBING ANGULAB 
VELOCITIES AND ACCELERATIONS. 

Botation. — When a rigid system moves so that all its points 
describe circles in paralleT planes about a common straight une or 
(ixis passing through the centres of the circles and perpendicular to 
their planes, the system is said to rotate or have a motion of rotation 
about that axis. Any plane parallel to the planes of the circles is 
the plane of rotation. 

Since the system is rigid, every point must describe its circle in 
the same time, or the angular speed (page 72) of every point is the 
same. 

If the angular speed does not change and the plane of rotation 
does not change, the rotation of the system is uniform. If either 
the angular speed changes or the plane of rotation changes, the 
rotation is variable. 

Motion of a Eigid System with One Point Fixed. — We have de- 
fined translation (page 13) as motion of a system such that every 
straight line joining every two points remains always parallel to 
itself during the motion. In such case the motion of the system is 
the same as that of any one of its points, and the study of the trans- 

* The advanced student should read this portion of the work in connection 
with the analogous portions of Statics referred to in the text. The student new 
to the subject would do well to omit this portion of the work and take it in 
connection with Statics later. 

169 
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lation of a system is the same as the study of the translation of a 
point. In the preceding Chapters we have treated of the kinematics 
of a point or translation. 

If one point of a svstem is fixed, the motion of which it is capa- 
ble will tie more or less complex according as its points can or can 
not move relatively to each other. We restrict our d^ussion to 
rigid systems^ that is, systems whose points can not move relatively 
to each other. 

If one point of such a system is fixed, there can be no translation 
and the only motion of wmch it is capable is one of rotation aa just 
defined. 

In such motion it is evident that all straight lines in the system 
must remain straight lines of unchanged length and mutual inclina- 
tion, and all planes must remain planes of unchanged form, area 
and mutual inclination. Also the motions of any two points indefi- 
nitely near must be indefinitely nearly the same. 

Angular Displacement of a Bigid System. — Let AB be the sjob 
of rotation of a rigid system. Then, since everjr point miist com- 
plete its circle in the same time, the angle de- 
scribed by all points in any given time must 
be the same as the angle described by any 
one point P. 

The angle between the initial and final 
positions, in any given time, of the perpendic- 
ular PO from any point Pto the axis, is called 
the angular displacement of the system. 

Since the angle B is measured in radians, it is independent of 
the length PO (page 5). 

Linear Displacement in Terms of Angular.— Let OPi = OP* = r 
be the radius for any point P which moves in a circle perpendicular 
to the axis at O, through the cm^lar displace- 
ment PiOPfl = By from the initial position Pi 
to the final position Pa. Then the triangle 
PiOPa is isosceles, and if we draw ON per- 
pendicular to PiPs we have the linear dis- 
placement 

PiP, = 2r sin |. 

o 
Line Bepresentative of Angular Displacement of a Bigid System. 

— An angular displacement of a rigid system is given when we 
know not only its magnitude and the direction of rotation in the 
plane of rotation, but also the direction of that plane in si>ace. 
It is therefore a vector quantity having not only magnitude and 

sign, but also direction, and it can 

be completely represented by a 

straight line, like linear displace- 

^Q ment (page 34). 






Thus the length of the straight 
line AB denotes the magnitude of 
the angular displacement PiOP« 
= 0. The plane of rotation is at 
right angles to the line AB, which is there/ore coincident with the 
axis of rotation. The direction of rotation is always clockmse 
when we look along this line in the direction indicated by the 
arrow. 

By direction of an angular displacement we mean always the 
direction of its line representative as denoted by the currow. 
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Composition and Resolution of Successive Angular Displacements. 
— Let a rigid system with one point fixed undergo sucoessive angular 
displacements. It is required to determine the resultant angular 
displacement. 

Evidently the successive angular disx)lacements mav be about 
the same or about different axes, and in either case may oe finite or 
indefinitely small. 

(a) About the Same Axis — Finite or Indefinitely Small. — If the axis 
of all the angular displacements is the same, the plane of rotation 
does not change, and the magnitude and sign or direction of the 
resultant displacement in that plane is given oy the algebraic sum 
of the magnitudes of the successive displacements, whether they 
are finite or indefinitely small. 

Inversely, any angular displacement about a given axis may be 
resolved into any number of successive displacements about the 
same axis, whether finite or indefinitely small, provided the alge- 
braic sum of their magnitudes is equal to the magnitude of the given 
displacement and the same in sign. 

(b) About Different Axes— Displacements Finite. — The axes must 
pass through the fixed point of the system. First let the displace- 
ments be finite. 

Let O be the fixed point of the system, and ORi , OR9 the initial 
positions of the two given axes. Take OJRi = OR^, and let us sup- 
pose first a displacement Oi of the system about ORi and then a dis- 
placement 69 about the new position of the other axis. During this 
motion Rt and Ri will move on the surface of a sphere. 

When the system is rotated an angle Qi about ORi, the axis OR^ 
moves from OJxa to OR^'. 

Now join RiR^y RiRi and RtR^' by 
great circles of the sphere. Then the 
an^e RuRiRt' = Oi . 

Bisect this angle by a great circle 
meeting R^'Rt at D. Draw a ^reat 
circle through i^a' inclined to Ri\Ri at 

the angle » ^^d meeting RiD at R, 

Then draw R^'Ct, making the same 

6s 
angle ^ with Ri'Ri on the other side, 

and make A'Ca = RiR. Then RiC^ will equal BiJ?, and the angle 

R9 XVlC/t ^ 5". 

When then the system is rotated about ORi , and the axis OR^ 
moves to ORt through the angle RaRiR^ = Gi, the line OR will 
move to OCi through the angle RRid = Gi. 

If now the system is rotated about OR9 through the angle 
CiR'i'R = 62, the line Od moves back to OR. 

Hence tho line OR has the same position before and after the 
rotations. The resultant displacement is then a displacement about 
OR. 

Hence, the resultant of two aticcessive rotations 61 abotd ORi and 
6» about OR9 , when the axes intersect in a point O, is a single rota- 
tion B about the axis OR passing through O. 

In order to find the position of this axis OR and the magnitude 
of 6, we have in the spherical triangle RiRRi the angle lUtiR^ -= 

-61, the angle RRtR = ^6a and the exterior angle DRRt = ^^6- 
Hence 
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cos~0:=coB-9, coB~0s--sin--6i Bing^tOoeAijBs; . (1) 

sinRiR sin RRt sini^tA ,«.. 

1~ = —- i — (* 

sin -$t sin -Bi sin —9 

2 2 )e 

Since ORi and 0R% are lines of a rigid body and ORi coincides 
with the position of the first axis of rotation in space, the second 
axis of rotation in space has the position 0R%' and not 012s. Hence, 
in general, the order of the ttvo successive rotations is not indifferent. 

Example. — The telescope of a theodolite, originaMy horizontal 
and pointing north, is first turned into an cutitticle of 60"* and then 
turned towards the west into the prime verticcU, Find the resultant 
rotation* 

Ans. We haye Oj = W, 6, = 90% RxBt = 90*. Hence 



For the position of the axis we have 

|/I - 1 

BinJB.i2= ^=8i/4, sinJ?^,= — L-rri/f.. 

If we invert the order of the two rotations, we have 9i = 90**, Oa = 60% 
BiBt = 90% Hence 

^l® = iv|' ""^ 8in|©=l/J.asbefore 
For the position of the axis 

i a/1 

sin JBiiJ = _1^ = i/l, siniJ&==-l-l- = 2i/I. 

2r 2 2r 2 

(c) About Different Axes— The Displacements Indefinitely Small. — 

A — sre S®^^^^ 1®* *^® rotations be indefi- 

K jT Z-^-^"/^ nitelv small. Let OA = © and OB 

^ / = ^ be the line representatives. Com- 

/ plete the parallelogram and draw 

^  ^' OC. Let P be any point of the sys- 

*^ s B tern in the plane of OA and OB, and 

draw the perpendiculars FQ, PR, PS. When rotation occurs 
about OA, the point P will move perpendicularly to the plane of the 
paper through a very small distance represented by rO or OA x PQ 
(page 5). 

When rotation occurs about OB, the point P moves perpendic- 
tdarly to the plane of the paper also, through a very small distance 
represented by OB x PS. Since both these displacements are very 
small they comcide in direction, and the resultant is 

OAx PQ + OB X PS=OCx PR, 

Hence the resultant displacement is given by OC. 
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We should have the same result if the rotation about OB occurred 
first, also if the point P had been taken within the angle AOB. 
Also whether OA and OB are axes fixed in the body or in space. 

If we have more than two successive rotations, the third may be 
compounded with the resultant of the first two in like manner. 

Hence if a rigid system with one point fixed undergo any num-' 
her of successive indefinitely small angular displacements about 
different axes either fixed in the system or fixed in space, the 
resultant angular displacement is obtained by treating the line 
representatives precisely like linear displacements (page 36). We 
have thus the parallelogram and polygon of angular displace- 
ments. 

Composition and Besolution of SimultaneouB Angular Displace- 
ments. — ^The simultaneous angular displacements may be finite or 
indefinitely small and must be either about the same axis or differ- 
ent axes. 

(a) About the Same Axis. — If the axis of all the angular displace- 
ments is the same, the plane of rotation does not change and the 
magnitude and sign or direction of the resultant displacement in 
that plane is given by the algebraic sum of the magnitudes of the 
simultaneous angular displacements, whether they are finite or in- 
definitely small. 

(b) About Different Axes. —If the rotations OA, OB are indefi- 
nitely small, we see from the figure, page 171, that it makes no differ- 
ence whether they are successive or simultaneous. We can resolve 
and combine them, therefore, by their line representatives just like 
linear displacements (page 35). We have then the parallelogram 
and polygon of angular displacements. 

If the rotations OA, OB are finite, we can divide each up into a 
number of indefinitely small rotations and treat each pair as before. 
We have then the parallelogram and polygon of angulcu* displace- 
ments in this case also. 

Composition and Besolution of Angpilar Displacements in gen- 
eral. — We see then that in all cases except finite successive angular 
dispku^ements about different axes we can combine and resolve 
any number of angular displacements whether simultaneous or 
successive, finite or indefinitely small, about the same or about 
different axes by means of the hne representatives, just like linear 
displacements. 

Simultaneous angular displacements are usually called com- 
ponent angular displacements. Ck)mponent angular displacements 
must then oe understood to always mean simultaneous angular dis- 
placements, unless otherwise specified. 

Sign of Components of Angiuar Displacement. — The sign of the 
line representatives of the components along the axes X, r , Z of an 
angular displacement follows the same rule as for linear displace- 
ment (page 36). Hence if we look along the line representatives 
towards the origin, the radius vector wul always be seen to move 
counter-clocktmse. 

Axis of Rotation. — In every possible dis- 
placement of a rigid system with one point 
fixed, there is one Ime fixed in the system pass- 
ing through the fixed point, called the axis of 
rotation, which has the same position in both 
the initial and final positions of the system. 

Let O be the fixed point of the system, and 
let Ai , -Bi be the initial and Aa, J5a the final positions in space of 
two points of the system. 
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Since the system is rigid, OAi = OAt , and OBi = OBt. Let Ai 
be brought to At by rotation about an axis through O perpendicu- 
lar to the plane of AxOA%, By this rotation B\ moves to o, and since 
the system is rigid, Ob ^ OBi =OB%j and A^h = AtB^. The triangles 
OAiO and OA^Bt are then equal in all respects, and h can be 
brought to Bi by rotation about 0A%. The given displacement can 
always then be produced by two successive rotations about two 
axes passing through O. As we have seen (page 171), two such 
successive rotations give as resultant a single rotation about an 
axis through O, This is the axis of rotation. 

CoR. 1. Hence any angular displacement of a rigid system with 
one point fixed is completelv specified by the line representative of 
the resultant angular displacement, which coincides in direction 
with the axis of rotation. 

OoR. 2. Any angular displacement of a rigid system with one 
point fixed may be resolved into three angular displ£icements about 
the co-ordinate axes through the fixed pomt taken as origin. 

CoR. 3. Every line in the system parallel to the axis of rotation 
remains imchanged in direction. 

Mean Angnlar Velocity of a Rigid Syitem. — ^The ma^tude of 
the angular displacement during a given time of a rigid system 
with one point fixed, divided by the number of units of time, gives 
the magnitude of the mean awgnlar velocity of the system. 

It is represented by a line just like angular displacement (page 
170). By direction of mecui angular velocity we always mean direc- 
tion of the line representative. 

Mean angular speed then is mean time-rate of angle described 
(page 72). Mean angular velocity is mean time-rate of angular 
displacement. 

Instantaneoni Angular Velocity of a Bigid SystesL — ^The limit- 
ing magnitude and direction of the mean angular velocity when 
the interval of time is indefinitely small is the mstantaneons angu- 
lar velocity. 

The term angular velocity alwavs signifies instantaneous angu- 
lar velocity unless otherwise specified. 

It may DC represented by a straight line just like angular dis- 
placement (page 170). 

By direction of an angular velocity we always mean the direc- 
tion of its line representative. 

We see then that angular displacement and angular velocity 
are vector quantities like linear displacement and linear velocity. 
Angular velocity is directed angular speed, just as linear velocity 
is directed linear speed. Speed is magnitude of velocity, whether 
linear or angular (page 43). 

Instantaneons Axis of Rotation* — The instantaneous angular 
velocity of a rigid system is then given by its line represent^ttive. 
This line representative coincides m position with the axis of rota- 
tion at the mstant. This axis is then the instantaneous axis of rota- 
tion. 

Unit of Angular Velocity. — Since the ma^tude of the angular 
velocity at any instant is the angular speed m a given direction at 
that instant, tne unit of angular velocity is the same as for angular 
speed, or one radian per sec. We denote the magnitude then by 
the same letter, oo, and we have the same numeric equations as for 
angular speed (page 73). 

Thus for mean angtilar velocity 

09 = — I — 9 Cl) 
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and for instantaneoua angular velocity 

^=m- <^ 

TTniform and Variable Ang^ilar Velocity. — ^Angular velocity is 
uniform when the line representative has the same magnitude and 
direction whatever the interval of time. Uniform angular velocity 
is then uniform angular speed in an imchanging plane, just as uni- 
form linear velocity is uniform linear speed in an unchanging 
direction (page 43). 

In such case angular velocity is the same as the mean angular 
velocity for any interval of time. 

When either the magnitude or direction of the angular velocity 
changes it is variable. 

When the magnitude alone chants we have variable angular 
speed in an iinchanged plane of rotation. When the direction only 
changes we have uniform angular speed in a changing plane of 
rotation. When both change we have variable angular speed in a 
changing plane of rotation. 

Mean Angular Acceleration of a Bigid System. — If OA = ooi and 
OB — CO are the line representatives of the initial and final angular 
velocities of a rigid system with one point fixed, 
during any time t^ then AB is the line represent- 
ative of tne integral angular acceleration of the 

AB 
system during the time f, and —7- gives the 

magnitude of the mean anen'lfti' acceleration whose direction is AB, 
(Compare page 48.) 

Mean angular acceleration then is time-rateof change of angular 
velocity y whether that change takes place in the direction of the an- 
gular velocity or not. 

Instantaneous Angular Acceleration of a Rigid System. — The 
limiting magnitude and direction of the mean angular acceleration 
when the interval of time is indefinitely small is the instantaneous 
angular acceleration. It is the limiting time-rate of change of an- 
gular velocity whether that change takes place in the direction of 
the angular velocity or not. 

Angular acceleration always signifies instantaneous angular 
acceleration unless otherwise specified. 

It may be represented by a straight line just like angular dis- 
placement (page 170). By direction of an angular acceleration we 
mean the direction of its line representative. 

Instantaneous Axis of Angular Acceleration. — ^The instantaneous 
angular acceleration of a rigid system is then given by ite line rep- 
resentative. This line representative coincides in position with 
the axis of angular acceleration at the instant. This axis is then 
the instantaneous axis of angular acceleration. 

Angular acceleration may be zero, uniform or variable. When 
it is zero, the angular velocity is uniform and we have uniform 
angul£ir s^eed and an unchanging plane of rotation. 

When it is uniform, it has the same magnitude and the same 
direction whatever the interval of time. In such case the accelera- 
tion is equal to the mean acceleration for any interval of time. If 
the direction coincides with that of the initial velocity, we have 
uniform rate of change of angular speed and an unchanged plane 
of rotation. If it makes an angle with the velocity, we have a 
changing plane of rotation and variable velocity. 



176 RIGID SYSTEM WITH OKE POIHT FIZBD— BOTATIOK. [CHAP. I. 

When it is variable, either direction or magnitude changes or 
both change. 

If the angular acceleration is always at right angles to the an- 
gular velocitjr, it only changes the direction but not the magnitude 
of that velocity. 

Hence, just as on page 53 a normal linear acceleration has no 
effect upon the linear speed, but only changes the direction of mo- 
tion, so, if a rigid svstem rotating with given angular speed about 
an axis has an angular acceleration about an axis always perpendic- 
ular to the first, there is change of direction of this axis out no 
change of angular speed about it. 

The gyroscope is an illustration of this principle. 

Besolution and Composition of Angnlar Velocity and Accelera- 
tion. — Since for an indefinitely small time the angular displace- 
ment is indefinitely small, we see from page 171 that we can com- 
bine angular velocities and accelerations, whether simultaneous or 
successive, bv means of their line representatives just like linear 
velocities ana accelerations (page 43). 

Sign of Components of Angular Velocity and Acceleration. — The 
sign of the line representatives of the components along the axes 
X, Yy Z of an angular velocity or acceleration follows the same 
rule as for linear velocities and accelerations (pages 44, 50). 

Unit of Angular Acceleration. — Angular acceleration is meas- 
ured in terms of the same unit as rate of chcmge of angular speed 
(page 73), or one radian-per-sec. per sec. We denote its magni- 
tude then by the same letter, ex, 

Belations between Angular and Linear Velocity and Accelera- 
tion, — ^We have also the same relations between angular and linear 
acceleration and velocity as for a point moving in a circle (page 

76). 

Thus we have, for any point of a rigid system whose distance 
from the axis of rotation at any distance is r, 

V* 

roi) = v, ra=ft, voo =/» = rw" = - , fp=:ftr^r^a, vr = f^eo. 

T 

Equations of Motion of a Rotating Bigid System under Different 
Angular Accelerations. — Since angular velocities and accelerations 
are represented by straight lines, just like linear velocities and ac- 
celerations, we have the same equations for motion of a rotating 
rigid system as on page 50. We nave only to substitute oo for t?, fr 
for «, a for /. 

With these substitutions equations (1) to (14), page 60, hold good 
and it is unnecessary to repeat them here. 

Moment of Angular Displacement. — Just as we called the prod- 
uct of the magnitude of a linear displacement by the magnitude 
of the perpendicular let fall from any given point upon its direc- 
tion the moment of tiie linear displacement (page 60), so for 
angular displacement we call the product of its inagnitude by 
the magnitude of the perpendicular from any point upon the 
direction of the line representative the moment of the angular 
displacement. 

We take its sign just as for moment of linear displacement, page 
62. Since the line representative is coincident with the axis, the 
perpendicular is the distance of the point from the axis. 

Thus if AB = 6 is the line representative of an angular dis- 
placement OiOO« = of a rigid system, the axis has the position 
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AOB, If then d is the initial position of any point of the sys- 
tem and 00\ =p is the perpendic- 
ular from 0\ upon the axis or direc- 
tion of the line representative AB, the 
moment is ± p6 according to direction, 
just as for moment of linear displace- 
ment (page 62). But pfi is the length/^ | o 1 B 

of the arc OiOa described by the point 
Oi in a plane perpendicular to the 
plane of AB and OOi. 

Hence, the moment pB of the angular ^ 

dispUicement B of a ngia system rela- 
tive to any point of the system gives 
the length of the arc 0x0% described by ^t 

that point in a plane perpendicular to the plane of the axis AB 
and me radium vector p. 

The corresponding linear displacement of Oi is evidently 

!r = 2psin| (1) 

Since the angle OOiOa equals the angle OOsOi, we have for the 
direction of the linear displacement relative to OOi , 

angle OOiO. = 90** - OiOT = ^^ (2) 

We have also, just as on page 62, the algebraic sum of the 
moments of any number of comx>onent angular displacements, rel- 
ative to any point, equal to the moment of the resultant. 

Also, just as on page 60, the line representative of an angular 
displacement may be laid off from any point in its line of direction 
witnout affecting its moment. 

Moment of Angular Velocity or Acceleration. — Just as we 
called the product of the magnitude of a linear velocity or accelera- 
tion by the maj^tude of the i)erpendicular from any given point 
upon its direction the mxyment of the linear velocity or acceleration, 
so for angular velocity or acceleration we call the product of the 
magnitude by the magnitude of the perpendicular from any point 
upon the direction of the line representative the moment of the 
angular velocity or acceleration. 

we take its sign just as for moment of linear velocity or accele- 
ration (page 60). Since the line representative is coincident with the 
€kxis, the perpendicular is the distance of the point from the axis. 

Thus if AB = a> is the line representative of an angular 
velocity of a rigid system, the instantaneous axis has the 

position AOB. If then Oi is any point of 
the system and OOi = p is the perpendicu- 
lar from Oi on the axis or direction of the 
line representative, the moment is ±pao 
according to direction, just as for moment 
of linear velocity (page 60). But this is 
'^ the linear velocity v of Oi at the instant, 
in a direction perpendicular to the plane 
of AB and OOi. 

Hence, the moment poo of the angular 
velocity ooofa rigid system relative to any 
point of the system gives the linear velocity 
V of that point in a direction perpendicu- 
lar to the plane of the instantaneous oms 
of rotation AB and the instantaneous radtve vector p. 
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In the same way, the moment pa of the angular acceleration a of 
a rigid system relative to any point of the system gives the linear 
tanaentiaJ acceleration ft of that point in a dtrection perpendicular 
to the plane of the instantaneous ojcis of angular acceleration and 
the instantaneous radius vector. 

We have also, iust as on page 62, the algebraic sum of the mo- 
ments of any number of component angular velocities or accelera- 
tions, relative to any point, eaual to the moment of the resultant. 

Also, just as on page 60, tne line representative of an angular 
velocity or acceleration may be laid on from €uiy point in its line 
of direction without affecting its moment. 

Concurring Angular Displacements^ Velocities or Accelerations. — 
We see then that angular displacements, velocities or accelera- 
tions are represented bv straight lines, called line representatives, 
which coincide with tne axis of rotation. We deal with them 
entirely by means of these line representatives. When we speak 
of their ** direction," we mean the direction of the line representa- 
tives. We resolve and combine them by means of their Ime repre- 
sentatives, and in the same way we have their moments just as for 
linear displacements, velocities or accelerations. Following the 
same analogy, we can speak of them as ** applied " or ** acting " at 
certain points. When tney all intersect at tne same point, we may 
call them concnrring, just as if they were linear. When they do 
not intersect at the same point they are non-concnrring. When they 
act in the same direction in the same line thev are conspiring. 
When in the same or opi>osite directions in parallel lines they are 
parallel. When in opposite directions in the same line or in paral- 
lel lines they are opposite. When they lie in the same plane they 
are co-planar. 

Condition for Rotation only. — If a rigid system has one point 
fixed, it can have no translation but only rotation, and therefore 
all the component angular displacements, velocities or accelerations 
must reduce to a concurring system, so that we have a single result- 
ant angular displacement, velocity or axsceleration about an axis 
through this point, which is therefore at rest. 

General Analytical Determination of Resultant Angular Dis- 
placement, Velocity or Acceleration for any Kumber of Concnrring 
Components. — We see then that all the equations of pages 63 to 65 
hold good for angular displacements, velocities or accelerations, as 
well as for linear. 

For angular displacements we have only to substitute G in place 
of v. The moments Mx, My, Mz then g^ve the arcs of displacement 
about the axes of X, F, Z of the origin, considered as a point of 
the rigid system, rotating about the resultant axis. 

For angular velocities we have only to substitute oo for v. The 
moments Ifx, My, Mz then give the component linear velocities ««, 
Vy, Vz along the axes of X, jT, Z of the origin, considered as a point 
of the rigid system, rotating about the resultant axis. 

For angular accelerations we have only to substitute a for v. 
The moments MxyMy, Mz then give the component linear tangential 
accelerations ftx, fty, ftz along the axes of X, F, Z of the origin, 
considered as a point of the rigid system, rotating about the re- 
sultant axis. 

To make our notation consistent we should also replace cos a, 
COS&, cose, pa^ 66, by cosd, cose, cos/, and replace cosd, cose, 
cos/ page 66, Dy cos a, cos 6, cose. 

We have then from page 65, equation (4), for the component 
linear velocities Vx, Vy, Vz along the axes of X, Y, Z of the origin. 
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conBidered as a point of the rigid system, rotating about the re- 
sultant axis, 

Vx = ttJzy — oiiyZ ; 

Vy = Gl>xZ — aozX'y \" ..••••• (1) 



We have also in the same way 

ftx = ctaiy — ayZ ; 
fiy = ocxZ — aaO? ; 
ftz = ocyX — axy. 



(2) 



Equations (2) give the component linear tangential accelerations 
along the axes of X, Y, Zoi the origin, considered as a point of the 
rigid system, rotating about the resultant axis. 

If we multiply the first of equations (1) by qdx , the second by 
ooy^ the third by ooz and add, we obtain 



VxOOx + VyGOy + VzOOz = 0. 



(3) 



Equation (3) is the c(yndition for rotation only. When it is ful- 
filled, we know that the motion of the system is that of rotation 
only about the instantaneous axis. 

Resultant of Two Concurring Component Angular Displacements, 
Velocities or Accelerations.*— It will 
be of profit to specially discuss the 
case of two conciu'ring component 
angular displacements, velocities or 
accelerations. 

Let the two angular velocities (»i, 
ooa be in the same plane and pass 
through the points A and -B of a 
rigid system, so that they intersect 
at O. Then the resultant oor must 
pass through O and be in the plane 

of OOl, (»3. 

Take any point P in this plane 
and draw the perpendiculars Prii = 
p,, Pnt=pii, Pn=pr. Then, since 
the moment of the resultant is equal 
to the algebraic sum of the moments 
of the components, 

QOrPr = OOipi + OOiPi , . (1) 

where regard must be paid to the 
signs in any case. Thus we have in 
the figure 

Draw the line AB, intersecting the 
resultant oor at the point C Let ai 
be the angle of (»i, and aa the angle of 
a>3 with AB. If we take moments 
about C, we have 

ooi.ACsiaai = oot .JBCsinaa. 




* Ck>mpare Statics— Non-concurring Forces. 



;*'} (3> 
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Bat AC -^ BC ^ AB. Hence 

AC ^ ^* ' ^^ ^^ ^* SC — <»i . AB BJn gi ^ft. 

a>i sin ai + oat sin ai' 09i sin ai + »« sin a«* 

We thus know the positicn of the resultant 09r in the plane of 
a»i and off 

Magnitade and Direction of the Resultant.*— If we lay off in 
Fig. 2, 0)1 and a>9, then, just as for linear velocitieB, OC = oor gives 
the magnitude and direction of the resultant. 

Take rectangular axes OX, OT^ Fig. 1, in the plane of coi, <»«, 
and let OX be parallel to AB. Let ooi make the an^e ai with OX 
and /Ji with Or, and 001 make the angle at with OX and (St with 
OT, Denote the algebraic sum of the components parallel to OX 
by tax and parallel to OFby o»y. Then we have 

(Ox = 001 COS ai + o>i COS at 
«)y =s oil COS fix + 09a COS /i\ 

where we must pay regard to signs. Thus components in the 
direction OJf, OYare positive, in the opposite directions negative. 

If the resultant <or makes the angles d and e with the axes of X 
and F, we have 

cos d = ^ cos e = ^ (4) 

Squaring and adding, 

QDr = V^x + aV. (5) 

The magnitude and direction of the resultant are thus deter- 
mined. 

Also if 61 is the angle of v 1 with the resultant, and 9s the an^le of 
tt>i with the resultant, and 6 tiie angle between ooi and tot , we nave 
directly from Fig. 2 

sin Oi = — sin 0, sin ©t = — sin 0, (6> 

and 

(Or = Vwi* + (»«• ± 2a>iG9s COS 0, (7)' 

where the (+) sign is used when is less than 90°, and the (*) sign 
when is ^eater than 90"". 

The tangent of the angle d which the resultant makes with AB 
or OX is 

tand = ^». (8) 

(Ox 

From (6) and (7) we can find the magnitude and direction of the 
resultant directly if d is known. If ai and at are known, (3) and (5) 
give fi>r, and (4) or (8) the direction. 
From (1) we have also 

a,.p. + «>.l>. (j^ 

where regard must be had for the sims of anpi and o^tpt in any 
case. From (9) for any given point !P for which pi €ui<i pt are 
known, we can locate the resultant by describing a circle with 
centre P and radius pr and drawing oor tangent to tiais circle in the 
direction given by (6). 

* Compare Statics. 
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The same formulas hold good for two concurring angular ac- 
celerations. We have only to replace oohy a, [The student will of 
course not confuse- this a, which stands for angular acceleration, 
with ai , aa in the formulas, which stand for angles.] 

The same formulas hold good also for two concurring component 
angular displacements. We have only to replace » by d. . 

when the Angular Displacements, v elocities or Aocelerati<«8 are 
ParalleL — In this case ai and a% are equal, 6 = 0, the intersection O 
is at an infinite distance, oh- = o^i + c^a , and we have from (2) 

^C=-.AB, J?C=-.AB; (1) 

asfr (Or 

and hence, multiplying the first by <»i and the second by 00% , 

00 BC 
001 . AC = <»« . BC, or — = -— :,. ..... (2) 

(09 AC 

To iHrove this independently, take C as the point of moments. 





09 r 



Then whether the line representatives act in the same or in oi^K)site 
directions, we have 

ooipi — floaps = 0, or COipi = COspi. 

But from similar triangles 

pi AC - 091 BC 

— = -=571, nence — = -r-?*- 

Pa BC 09. AC 

The same holds for angular displacements or accelerations. 

We see from (1) that the distances AC and BC depend only upon 
the magnitudes of 071 and 009 and the distance ABy and not at all 
upon the common direction of ooi and ta^. Therefore if a>i and c^a 
always pass through the points A and B no matter what their 
common direction, the resmtant o^r always passes through C. The 

Soint C is then the point of application 01 the resultant <Or for all 
irections. 
Hence, the resultant of two parallel component angular dis- 
jfktcements, velocitiea or accelerations is in tfCeir plane and equal 
tn magnittide to their algebraic sum. It acts parallel to the com- 
ponents in the direction of the greater. If the components always 
pass through two given points A and jB, the resultant always passes 
through a point C no matter what the common direction. This 
point C is then the point of application of the resultant. It is on 
the straight line AB or this line produced^ and divides it into seg- 
ments inversely as the components. Or the products of the com- 
ponents into their adjacent segments are equat. (Compare Statics— 
"Parallel Forces.) 
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Cor. 1. When the components act in the same direction, the 
resultant lies within the components and nearest the lai^r. When 
the components act in opposite directions, the resultant lies without 
tiie components and on the side of the larger. 

CoR. 2. When the components are opposite and equal in magni- 
tude, c0r = 0. Also from (1), AC =ao , BC = qo , or the resultant is 
zero and CLcts at an infinite distance. 

That is, equal and opposite parallel components cannot have a 
single resultant. 

Buch a system is called a couple. (Compare Statics— Parallel 
Forces.) 



EXAMPLEa 

(1) A rigid system has two component rotations of 2 and 4 
radians about aoees inclined 60"". Find the resuUant rotation. 

Ana. Component rotations are understood to be simnltaneoas nnless other- 
wise specified (page 172). Hence magnitade of resoltant rotation is 2 ^7 
radians; Bjda inclined at an angle with the greater component whose sine is 

2i/7 

(2) A sphere vnth one of its superficial points fixed has two com- 
ponent rotations — one of 8 radians about a tangent line and one of 
15 radians about a diameter. Find the axiscf the resultant dis- 
placement and the number of complete revolutions made about it. 

Ans. Inclination of axis to greater component at an angle whose tang is 

8 17 

rir> Resultant displacement 17 radians, number of complete revolutions ^r-. 

10 toft 

(3) A sphere is rotating uniformly about a diameter at the rate 
of 10 radians per min. Find (a) the component angular velocity 
about another diameter inclined 30** to the former, and (b) the com- 
ponent rotation produced in 2 min. about a diameter inclined 46° to 
the first. _ 

Ans. (a) 5 ^3 radians per min. ; (b) 10 4/2 radians. 

(4) A pendulum suspended at a point in the j^lar axis of the 
eaHh oscillates in a vertical plane. Find the motion of this plane 
relative to the earth. 

Ans. The plane of the pendulum is fixed in space, and the motion of the 
earth with reference to this plane is a rotation from west to east at the rate of 
one revolution per day. The motion of the plane relative to the earth is then 
from east to west at the same rate of one revolution per day. 

(5) A pendulum is hung at a place of latitude A and oscillates in 
a vertical plane. Find (a) the angular velocity of the plane of the 
pendvluni/s motion relative to the earth, and (b) the time in which 
this plane will make one complete revolution at a plaice in latitude 

60' Jv: 

Ans. The angular velocity of the earth about its axis is 2;r radians per day. 
The component of this in the direction of an axis through the centre of the 
earth and the point of suspension of the pendulum is 27e sin A radians per day 
from west to east. This is the motion of the earth relative to the plane of the 
pendulum. Hence — 

{a) The motion of the plane of the pendulum relative to the earth is 2it sin \ 
radians per day from east to west; 
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(b) The time of revolution is ^ — : — 5- = . an = — := <i»ys- 

2]r sin A sin 60 1/3 ' 

(6) A cube rotates about a vertically-upward axis throuah one of 
its edges. At a given instant at which the diagonal of the upper 
surf a^e passing through the a>ocis points north the cube has an an- 
guCar velocity of 40 rcuiians per sec,, and begins to have a uniform 
angular acceleration about an aocis verticauy downwards through 
the same edge of 6 rad.-per-sec, per sec. Find (a) the direction in 
which the diagonal u)ill point after 20 sec. ; (b) the number of revolu- 
tions made by the cvbe. 

Ans. From the equations of motion page 73 we have (0 = ooj — a^, d — Gi 
= a)it — oT^^- ^® ha.Ye coi = 40 radians per sec., a = 6 rad.-per-8ec. per 

sec., t = ao sec., fii = 0. 

oDi 20 
In the time ^1 = — = -^ sec. the cube comes to rest and has the angular 

a Q 

400 
displacement 61 = -^ radians towards the east. 

o 

It then moves in the opposite direction towards the west during the time 

20 40 1 

< =: 20 — Q = ^ '^^^ ^^^ undergoes the angular displacement B = ^at* = 

1600 

—3— radians. Hence (a) the angular displacement from the north point to- 
o 

wards the west is 400 radians or 63.661 revolutions, or 63 revolutions and 

237^96 W. The direction of the diagonal is then S. 57^96 E. (b) The total 

2000 
angular displacement is ^ radians, hence the number of revolutions is 

333.8 
It 

(7) A sphere is rotating at a given instant about a given diameter 
ACB with an angular velocity of 4 rod. per min. It has an angular 
acceleration of 2 rad.-per-min, per m,in. about a diameter inclined 
30** to ACB, Find (a) the angular velocity , and (6) the angular dis- 
placement after 20 min. 

Ans. (Page 174.) (a) 4-v/lOl + 10 ^S rad. per mm. inclined to C® at an 

angle whose tangent is j= ; (6) 80 v 26 + 5 V^ radians inclined to CB 

, ^ 6 

at any angle whose tangent is 7=. 

^ 2 + 54/3 

(8) A rigid system has one point fixed. The coordinates of this 
point tvith reference to any point of the system taken as origin are 
at any instant x = + S ft,, y = + 4 ft., z = 0. The component an- 
gular velocities at this instant are gji = 40, 033 = 50, <»» = 60 radians 
per sec,<, the line representatives making the angles ai = 60% fix = 150°, 
yi = 90' ; a« = 120% /?, = 30% y^ = 90° ; a. = 120% fi^ = 150% yt = 90°. 
Find the resultant angular velocity, 

Ans. (See Example (1), page 67.) The component angular velocities are in 
one plane and 

Q9x = — 35 radians per sec., coy = — 43.3 radians per sec. 

The resultant is oir = 55.67 radians per sec, its line representative or the 
instantaneous axis of rotation making with the hnrizontal the angle d = 128° 
67' 17", and with the vertical the angle e = 141° 2' 43''. If we look along this 
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line representative wMch passee throogh the fixed point, towards the origin, 
the rotation will be seen as ooiinter-cl<xkwiseu 

The moment of the resultant ^ngni^r velocity ov with reference to the 
pcrini gives us the linear velodtj of rotation at O abont the instantaneous 
axis, e» = -{- 10 ft. per see. in a direction through perpendieiUar to the plane 
XTt or along Z, from O towards Z. 

The distance of O from the axis is p = aboat 0.18 ft. 

The equation of the axis is y = l^SHm + 0.260. Ite intercepts on the axis 
aie f" s -4- 0.886 ft., «" s - 0.282 ft. 

(!S\ EocpresB and aolve the same example far eamponent angviar 
acceleraitons and dispLacemenU, 



(10) A rigid system hae one point iixed. The eo-crdincUes of this 
point wUh reference to any point of the system taken as an origin 
are at any instant a? = + 3 jr., y = + 4/^., « = + 5/t. The compo- 
nent angular vdodties at this instant are ooi = 40, «0t = 60, <»• = 60 
radians per sec.y the line representatives making the angles loith the 
axes ay = 60°, fix = 100% yx obtuse ; a, = 100% /J, = 60% yt acute; at 
= 120", fit = 100% y% acute. Find the resultant angular velocity. 

Ans. (See Example (2), page 67.) We have 

«a; =- 18.6824, a9y=: + 7.685, a>s = + 69.891 radians per sec. 



The resultant angular velocity is tt>r = 62.78 radians per sec., Its line rep- 
BBeentative making with the axes the angles 

d = 118* 17' 88", «=85'6'12", / = 12' 80' 24". 

This line representative passes through the fixed point and gives the in- 
stantaneous axis of rotation. If we look uong this line towards the origin, the 
rotation will be seen as counter-clockwise. 

The velocities of rotation at along the axes are 

fte =s + 97.6846, Ite = +199.889, «^ = - 871.686 ft. per sea 

The resultant velocity of rotation at is f^ = 407.6 ft. per sec., making 
with the axes angles 

« = 60' 42*67', 6 = 181' 46* 24", c = 76" 8* 81". 

The equations of the projections of the axis upon the co-ordinate planes are: 

on plane XT, y = - 0.408aj + 6.226 ; 



<< «« 
<< <* 



rZ, z =+ 7.778y - 26.116 ; 
ZX, « = - 0.8148 + 4.672. 



The axis pierces the plane XT at a^ = -f 4.672 ft., y* = + 8.867 ft.; 
«' " •• " " TZ " y* = -f 6.226 ft., «' = - 14.66 ft.; 
'• •• " " •* ZX '* 2f rz ^ 26.116 ft., «' = + 12.809 ft. 

(11) Eocpress and solve the same example for component angular 
accelerations and displacements. 

(12) Let the axes of two concurring angular velocities of a rigid 

fMem. floi =r 20, floa = 30 radiansper sec,, pass through the points A, 
of the system^ the distance Ab^ 2ft.y and the angles ai = 60**, a* 
= 30^ Find the point C on the line AB through which the resultant 
axispasseSy and the magnitude and direction of the resultant angu- 
lar velocity. 
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Ans. AG = 0.928 ft., a9« = + 16.08 radians per sec., <»y = — 82.82 radians 
per sec. The angle of the resoltant with AB is given by 

tand = -^^= -2.022, or d = 68* 41' = BC7<»r. 

The resultant is 

not = 86.05 radians per sec. 

We hare also for the angle of the resultant with eai , since = 90^, 

M»®i = 0^^ = 0.882, or ei = 56M9'. 

00.00 

(13) Eatress and solve the same eooample for component angular 
acceleratums and displacements. 
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MOMENT OF A COUPLE. 



DI8FLACBMBNT OF A BIGID 8TSTBM. RIGID PLAIOS STBTEM. COKFOSITION 
AND RBSOLUTION OF TRANSLATION AND ANGULAR DISPLACEMENT. COM- 
POSITION AND RBSOLUTION OF TRANSLATION AND ANGULAR VELOCITY. 
CENTRAL AXIS. SCREW MOTION. ROTATION AND RECTILINEAR TRANS- 
LATION. COMBINED PARALLEL ROTATIONS, ONE AXIS FIXED. INTER- 
SECTING AXES, ONE AXIS FIXED. ANALYTIC DETERMINATION OF RE- 
SULTANT ANGULAR VELOCITY AND VELOCITY OF TRANSLATION FOR NON- 
CONCURRING ANGITLAR VELOCITIES. 

Homent of a Conple.* — We have just seen in the preceding 
Chapter, page 181, that two parallel equal and ox)po8ite components 
acting at different points of a rigid system constitute a couple. We 
j^oj ™^y have then an angular-displace- 

ment couple or angular- velocity cou- 
ple or angular-acceleration couple. 
Let + 00, — GO, acting at the points 
B A, Boia, rigid system, constitute an 

angular- velocity couple. 

If we take any point C between 
the components, or any point Ci, Cs 
on either side, in the plane of the 
components, we have in the first 



Ci 



— GO 



case, denoting the distance AB by p, for the moment about C, just 
as for linear velocities (page 60), 

— 00 . AC -- oo.BC = — oo{AC + BC) = —poo. 
In the second case, for the moment about Ci we have 

GO . CiA — GO. CiB = — oo{CiB — CiA) = —poo. 
In the third case, for the moment about Ca we have 

— 00. CiA + a>. CaB = — ooiCiA — dB) = —poo. 

Hence the moment about every point in the plane of the couple is 
constant and equal to ±poo, the (-f) or (— ) sign denoting direction 
just as for moment of linear velocity (page 60). 

For an angular-acceleration couple we have in the same way 
± pa, for an angular-displacement oouple ± p9. 

We see then that the moment of a couple is the 8am/e for eoery 
point in its plane and equal to the product of either of the compo- 
nents by the distance between them. 

* Compare Statics— Parallel Forces. 
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Compoflition and Resolution of Translation and Angnlar Displace- 
ment. — Let a rigid system have a rotation of 0x00% = 6 radians 
about an axis AOB through the 
point O, and AB = 6 be the line 
representative . 

If we take any other point of 
the system, as Oi , and at this point 
apply the two equal and opposite 
angular displacements Ota = — 
and Oih = + 0, both parallel to ^"^ 
AB, it is evident that the motion 
of the system is not affected. We 
have then the angular displace- 
ment about the axis AOB reduced to an equal angular displace- 
ment Oib about a parallel axis through Oi and a couple AB and 

Oxa. 

The moment of this couple is the s€tme for every point in its 
plane and equal to p9, where p is the perpendicular distance be- 
tween the components AB and Oia of the couple. 

But we have seen (page 177) that the moment pB corresponds to 
a linear displacement in a plane perpendicular to the plane of the 
couple of 

T = 2psin^, : • • ^^> 

making an angle OOiOt withp given by 

00x0, = ^^ (2) 

Hence, an angular displacement B about any given ononis can be 
resolved into an equal angular displacement about a parallel axis 
through any j}oint of the system and a linear translation in the 
plane of rotation of the system whose magnitude and direction are 
given Iry (1) and (2). 

Conversely, the resultant of the rotation of a rigid system about 
a given axis and a translation in any given direction, is an equal 
rotation about a parallel aocis, whose position with reference to the 
first can be determined by (1) and (2). 

CoR. 1. Two non-concurring angular displacements can be re- 
duced to a resultant angular displacement about a resultant axis 
at any point and a couple which causes translation. 

CoR. 2. Hence if we have any number of component angular 
rotations about any axes, whether these axes intersect or not, we 
can reduce each to an equal rotation about a parallel axis through 
some one point of the system and a translation of the system. 

The resultant translation can then be found as on page 35, and 
the resultant rotation as on page 173, for simultaneous angular dis- 
placements. 

Cor. 3. Therefore any number of component translations and 
rotations can all be reduced to a single translation and a single 
rotation about any given point. It is evident that this single rota- 
tion is not affected oy the position of the point, which affects the 
translation only. 

Displacement of a Rigid System. — ^Any displacement of a rigid 
system may be produced by a translation and an angnilar displace- 
ment. 
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•C, 



Let ^ , £i , Ci be the posilioiis of any three points wfakli determi^^ 

the initial position of the ri^^ ^yntem. 

Let At • & , C« be the final position of 

these jpoints after any displacement 

iirst let the system be translated, so 

that At comes to its final position At. 

Then Bi and Ci will take the positions 

h and e, the lines BJ> and C»c being 

equal and parallel to A^A^ We see 

then that As is a fixed point in the 

i^stem so far as the two positioDS 

AiBiCt , AtBtCn are oonoemed. 

But we have seen (page 173) that in every possible displacement 

of a rigid system with one point fixed there is an axis of rotation 

fixed in the system whidi remains unchanged^ Hence A^ can be 

brought to the position AtBtCt by rotation about that axis. 

Ck>B. 1. It follows that the oisplaoement of a rij^d system is 
known if the magnitude and direction of the linear displacement of 
any point is known, and also the magnitude and direction of the 
angular displacement of the system about that point. 

OoR. 2. Also, the displacement of a rigid system is known if the 
magnitude and direction of the component linear displacements of 
any point parallel to three rectanguhr axes and of the component 
angular displacements of the e^ystem about axes parallel to the first 
through the point are known. 

Eigid Plane System. — ^Any displacement of a rigid plane system in 

its own plane may be produced by rotation abontBome point in the plane. 

Let AiBi and AtBt be the initial and final positions in the plane, 

of the same line of the system, o 

so that AiBi and AtBt are of \vn. -- — ^ n 

eqiml len^h. Join AiAt and w^^ ^ -^ •« 

BiBt by Imes and bisect these 
lines at C and D. Erect per- 
pendiculars at the pointe of \ x x. ^v^ 7d 
bisection C and D and produce 
them to intersection at O. 

Then by construction OAi = j^\^ ^,pj 

OAt , and OBi ^ 0B% , €uid AlB^ 
= AtB%. Hence the two triangles OAxBi and OA%B% are in all 
respects equal and the line AiBx ma,j be brought to coincide with 
A%Bt by rototion about the point O. 






If A%Bt is parallel to AiBi , we have translation only and the 
point O is at an infinite distance. 
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Since the angle AiOBi = the angle AtOB^ , if we take the angle 
AtOBi from both we have AiOAt = BiOB%, If then the displace- 
ment is such that At falls on OBi or on OBi produced, At must be 
on OB2 or 0B» produced. 

In both cases OC and OD coincide and do not intersect, but it iis 
evident that in such case the point O in which AiBi and A^Bi inter- 
sect is the point about which rotation would produce the given dis- 
placement. 

If in any case A1A9 and BiB^ are indefinitely small, the point O 
is called the instantaneous centre of motion. 

Any Displacement of a Rigid System. — ^Any displacement of a 
rigid system may be produced by rotation about an axis and a trans- 
lation in the direction of that axis. 

Let AB and BC represent the resultant 
translation and rotation to which the compo- 
nent translations and rotations of the system 
can be reduced (page 187, Cor. 3). 

Draw AD and DB parallel and perpendic- 
ular to BC, Then the translation AJa is re- 
solved into the two components AD and DB. 

But the resultant of DB and BC (page 187) is an equal rotation 
about an axis parallel to BC, Hence the translation AD and the 
rotation BC are reducible to the translation AD and a rotation 
about an axis parallel to AD, 

Composition and Resolution of Translation and Angular Ve- 
locity or Angular Acceleration. — Let a rigid system have an 
\ an^ar velocity ) ^ S « radians per sec. Ubout an 
( angular acceleration y ^'' (a radians^er-sec. per sec. [ 

axis AOB through the point O, and 

let AB = j ^ ^ V be the linear rep- 
resentative. 

If we take any other point of the 

system, as Oi, and at this point 

apply two equal and opposite 

_ S angular velocities ) a = 

g ^ ^^ — n\^ — ±3 — ^^ ( angular accelerations s ' 

jl-|and0.6=j::}.itisevi- 
•^ dent that the motion of the system 

is not affected. We have then the { ar^^^Klon [ ^^^^^ 

the axis AOB reduced to an equal j an^^ac^^aon \ <>* 

about a parallel axis through Oi and a couple represented by AB 
and da. 

The moment of this couple is the same for every point in its 

plane (page 186) and equal to ] ^^ I , where p is the perpendicular 

distance between the two axes. 

But we have seen (page 177) that the moment ] -^^ [ gives the 

linear \ acceleration f [ ^ * direction perpendicular to the plane of 

the couple. Since the moment of the couple is the same for every 
point in its plane, we have then translation of the entire system in 
a direction perpendicular to the plane of the couple, as well as 
simultaneous rotation about the axis through Ou The direction 
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and mag^tude of this translation will depend upon the point d , 
but the rotation will be the same wherever the point Oi may be 
taken. 

axis can be resolved into an eqwd j a^fS^^^&m \ °^* « 
parallel axis at any distance p, and a \ a^^a^iofi ( ^f translation 

1 f = o^ [ *** ^ direction at right angles to the plane of the oases. 

conversely. tKe resvUant of an \ „,JSCw^& a \ of- 
rigid system about a given axis and a j Q^^^!Q^iQ^ \ ^f translation 

\}\in any direction is an eciual \ ^^^^J^l^ \ a^a 



parallel cuds distant 



v^ 
P = - 

00 



in a direction perpendicular to the 



plane o/ ] / [ ^*^ ^^ given aads. 

This parallel axis is the instantaneous axis. 

Cor. 1. Hence if we have €uiy number of component ] ^f}J{^ 

accelerations 1 ®'^^* ^^^ Bs\a^ each can be reduced to an equal 

1 an^^wSon \ ^"^^^ ^ P*™"«» ^^ ^^^ ^^ o^« 
point of the system, and a j accel^tion [ ^^ translation of the 

system. We can then find the resultant | acceleration [ ^^ t'*^"^- 
latioa as on page j «[ and the resultant j ,,^^-Sy^ } as 
on page 176. 

Cor. 2. Therefore €uiy number of component j ^JSfJJj^ ac- 

ceSon8}-<i)a«IlEti?ns [ of tomslation, can all be reduced 
to a single resultant j acceleratwn [ ^^ translation and a single re- 
s^te^* I aS^i^rlnslat^n ( ^^^* ^ "^ through any one point 
of the system. The | acceleration [ ^^ translation will vary in di- 
rection and magnitude with the point chosen. The j ^f^^ 

acceleration C ^'^^ ^ *^® same no matter what point is chosen. 

Central Axis. — ^Any number of component angular velocities of 
a rigid system can be reduced to a single angular velocity about a 
determinate axis and a simultaneous velocity of translation of the 
system along that axis. Such an axis is called the central axis, and . 
such motion is called sc r ew motion. 

* Ck>mpare Statics — ^Non-ooncurring Forces. 
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Thus let OA and OC represent the resultant linear velocity of 
translation Vr and the resultant angu- 
lar velocity cwr, to which, as we have 
lust seen, all the angular velocities can 
De reduced. 

Draw AD and OD parallel and per- ^ 
pendicular, to OC Then the velocity of 
translation OA = Vr is resolved into the two components AD and 
OD. But the resultant of OC and OD is an equal angular velocity 
ahout an axis parallel to OC (page 190). 

Hence the velocity of translation OA = Vr and the angular ve- 
locity OC = GOr are reducible to an equal angular velocity about an 
axis parallel to OC and a linear velocity of translation AD along 
that axis. 

This axis is called the central axis, and may be located by the 
following geometric construction. 

At any point O of the system taken arbitrarily let the velocity 

of translation be Vr and the ro- 
tation axis through O be c»r, 
making the angle 0. Through 
O draw a line OD =p perpen- 
dicular to the plane of Vr and 
GOr, SO that poor = Vr sin 0, or 

Vr sin <p 
p = . 

cOr 

Then a line through D parallel 
to the rotation axis at O will be the 
central axis. (Compare Statics — Non-concurring Forces. 

Screw Motion. — Let Urr denote the resultant velocity of trans- 
lation along the central axis. This is called the velocity of advance. 
The distance d advanced during one complete rotation of the sys- 
tem is called the pitch of the screw, and the distance advanced dur- 

ing a rotation of one radian, or — -, we call the nnit pitch of the 

screw. 

If oor is the resultant angular velocity of rotation, the time of a 

2'Jt 
complete rotation is f = - — 

GOr 

We have then for the value of the pitch 

d = urt = ^^^, hence wr=^, . . . . (1) 

oor «^ 

and for the unit pitch 

± = ^ (2) 

2ie (Or 

If r is the radius vector of any point of the system, then the 
lineal* velocity of that point due to rotation about the axis is 

v = roor (3) 

in a direction perpendicular to the plane of the central axis and the 
radius vector. 

The resultant velocity at that point is then 




Vr = 4/wr» + rf= GOri/-^^ + r» (4) 
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The inclinatioii of the path at that point to the plane of rotation 
is given hy 

W 



tan» = !ir = 



2jrr' 



or the tangent of the angle of inclination at any point is equal to 
the ratio of the pitch to the circumference of we cirde described 
by the point relatively to the axis ; or it is equal to the ratio of the 
unit pitch to the radius vector of tlie point. 

Centre of Parallel Angular Velocities.* — Let vi, aHttt>s>etc., be 
any number of parallel angular velocitieB passing through the points 
Ai, Am^ At, etc., of a rigid system. 




Then the resultant a>r must be parallel to the components and 
equal in magnitude to their cJgebraic sum, or 

Take any two comi>onents ooi and ooi, and produce the line Ai , 
At to intersection K with the plane ZX. Drop perpendiculars AiBi, 
AtBt to this plane €uid draw tne line KBiBt m this plane. 

Now, from page 181, the resultant of a>i and on is oh = an + «i 
' and its point of application is at A on the line AiAt , so that 

ogi _^ AtA 

00% AiA' 

Drop the perpendicular AB to the plane ZX. Then we have by 
similar triangles 

AtA _ BtB 

AiA " BiB' 

Denote the distance AiBi , AtBt by yi , ytj respectively, and the 
distance AB, or the ordinate of the point of apphcation of the re- 
sultant ^1 of 001 and QDtf by yu Then we have by similar triangles 

BtB __ yt-yi 

BiB y^ — y^ 

Hence _ 

<»i Vt — yi ^^ — _ ahyi + oDtyt 
' — ^ = » or yi ' . 

09t yi — yi 09 1 + OOt 

In the same way for^ree angular velocities, (»i , a>9 , cos , we can 
combine the resultant o>i of a>i and <ot passing through A, with aot. 

* Oompftre Statics — Parallel Forces. 
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We thus obtain for the ordinate of the point of application of the 
resultant of three forces 

— Goiyi -f oi^yi + oa»y» 

y ^ , ; • 

^ 001 + a>3 + ox 

In general, then, for any number of parallel angular velocities 

we have for the ordinate y of the point of application of the result- 
ant 

»=!?• •  • '» 

In precisely similar manner, if we denote the distances AC and 
AD of the point of^appHcation of the resultant from the planes YZ 

and XYhj x and y^ we have 

«'= 2^5 (2) 

z = =f=- (3) 

Equations (1), (2) and (3) give the co-ordinates of the point of 
application of the resultant for any number of parallel angular 
velocities. This point is called the centre ofparcUtel angular veloc- 
ities. The same equations evidently hold for parallel angular ac- 
celerations, bv replacing go by a. We have then the centre qf 
parallel angular accelerations. 

The position of this centre depends onl^ upon the magnitude and 
position of the line representatives and is independent of their com- 
mon direction. 

If 2? is zero, Zi^ z^, etc., are zero, and the line representatives all 
lie in the plane XY, The centre is then given by (1) and (2). If 

z and y are zero, the centre is in the axis of Xand is given by (2). 

Eotation and Rectilinear Translation Combined. — Let a rigid 
system have an angular velocity Ob = oo about an axis through O, 
perpendicular to the plane of the paper, 
and at the same time a velocity of 
translation v in a straight line. Tnen, 
as we have seen, page 177, v can be re- 

g laced by the couple Oa and ZB, and we 
ave at any instant a resultant rotation 
IB = 00 about a parallel axis though J at 

a distance OI = p = — in a direction 

■^ 00 

perpendicular to that of v. This axis is the instantaneous axis; 
that is, the point / at any distant has the velocity v in one direction 
due to translation, and the velocity v = poo in the other direction 
due to the couple, and is therefore at rest. 

It is evident that every straight line in the system parallel to 
the moving axis at O and at a constant distance nrom O of 

p = — becomes in turn the instantaneous axis when it arrives at 

00 

the position J with reference to O. 

Hence when a rigid system has a velocity of translation in a 
straight line and at the same time an angular velocity oo about a 
given axis 05, the resultant motion of the system is the same as if 
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a cylindrical surface fixed in the system, of radius p = — « rolled on 



a> 



OnrUte Cydoid 




Cycloid 




aplane HIH parallel to the plane of Ob and v. 

The path aescribed by any point in the axis 06 is a straight 
line. The P&th described by any point not in this axis is called a 
trochoid. The special form of trochoid described by anv point in 

the cylindrical surface is called a cycloid. 

Anv internal point describes a prolate 

cycloid ; any external point, a curtate 

cycloid. 
The ^neral form of these curves is 

shown m the accompanying figures. 

A common illostraition of such motion is a wheel rolling in a straight line 
on a plane. If the radias is p, we have |>tf= « and hence — =:p. The in- 
stantaneous axis is at right angles to the plane 
of the wheel and passes through the point of 
contact with the plane. The velocity at the 
centre is «, and at the opposite extremity of the 
diameter through the point of contact 2o in the 
direction of translation. The velocity of any 
point at a distance d from the instantaneous axis is dto in a direction per- 

pendicular to the plane of the instantaneous 
Prolate Cycloid nxjg ^^ the instantaneous radius vector d. 

Combined Parallel Rotations — One 
Axis Fixed. — ^Let a rigid system rotate 
with the angular velocity (»^ about a 
moving axis at Oi, and at the same 
time let this axis revolve with the angular velocity oji about a 
piU'allel fixed axis at Oi. 

Then, as we have seen, page 181, the resultant av is in the 
plane of the components gox and ois, is equal in magnitude to 
their algebraic sum and divides the straight line joining Oi and 
Oa into segments inversely as the components. Also when the 
components act in the same direction the resultant lies within 
the components, and when in 
opposite directions without the 
components and on the side of 
the larger. 

Fi^. 1, then, represents the 
case m which ooi and qo% are in 
the same direction ; Fig. 2, that 
in which ooi and <»a are in op- 
posite directions and oni is the 
greater ; Fig. 3, that in which a>i and oh are in opposite directions 
and (ua is the greater. 

The resultant angular velocity is in all cases then given by 




FIO.L 




KlAS. 






'«i 




09,. = af9i + 001, 



(1) 



where we take 001 and 00^ with their proper signs. 

This resultant rotation oor takes place about the instantaneous 
axis through /, so situated that (page 181) 






10^ 



(2) 



80 that at any instant I has two opposite and equal linear velocities 
and is therefore at that instant at rest. Since then ooi . lOi = 003 . lOtj 
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we see at once that in Fig. 2, 001 is greater than 073, and in Fig. 3, ooi 
is less than oh. 

We have also as on page 181, taking moments about Os and Oi , 



coi. OiOa = cor.JOa, Or lOi = . OiOa; 

a)a . OiOa = GOr.IOi, Or lOi = — . OiOa. 



(3) 



All the lines in the system which successively occupy the position 
of the instantaneous axis are then situated in a cylindrical surface 

described about Oi with the radius lOi = — . OiOa ; and all the 

oor 

positions of the instantaneous axis are contained in a cylindrical 
surface described about Oa with the radius JOa = — . OiOa. 

GOr 

Hence the resultant motion of a rigid system which rotates 
about an axis Oi while at the same time this axis revolves about a 
fixed axis Oa is the same as if a cylindrical surface of raditis Id = 

Gda 

— . OiOa , fixed in the system^ rolls upon a fixed cylindrical surface 
of radius 10% = — ^ . OiOa. 

GOr 

In Fig. 1, a convex cylinder rolls on a convex cylinder; in Fig. 
2, a smaller convex cylinder rolls within a larger concave cylinder; 
in Fig. 3, a larger concave cylinder rolls upon a smaller convex 
cylinder. 

The path described by any point in the moving axis through Oi 
relatively to the fixed axis at C\ is a circle. 

The path described by any point relatively to the fixed axis is 
called an epitrochoid when the rolling cylinder is outside of the 
fixed cylinder and an hypotrochoid when it is inside. The special 
form of epitrochoid or hypotrochoid described by a point in the 
surface of the rolling cylinder is called an epicycloid when the roll- 
ing cylinder is outside and an hypocycloid when it is inside the fixed 
cylinder. 

When the distance OiOa is infinite we have the case of the pre- 
ceding Article, of a cylinder rolling on a straight line. In this case 

<»a = 0. 

When a cylinder rolls externally upon another of equal size, the 
special form of epicycloid described by a point in its surface is 
called the cardioid. in. this case goi and go are equal and in the same 
direction. 

When a cylinder, as -in Fig. 2, rolls within a 
concave cylinder of double its radius, we have / /^"^ ^^ 
Goi = 2a)a. In this case each point in the surface 
of the rolling cylinder moves to and fro in a 
straight line, being a diameter of the fixed cylin- 
der; each point in the axis of the rolling cylinder 
describes a circle of the same radius as that cylin- 
der, and any other point in or without the rolling 
cylinder describes an ellipse of greater or less eccentricity, having 
its centre in the fixed axis at C. This principle has been made 
available in instruments for drawing and turning ellipses. 

Eotation about Intersecting Axes — One Axis Fixed.— Let COa 
be a fixed axis and about it let the plane OaCOi rotate with the 
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angular velocity a?*. Let COi be an axis in the rotating plane, and 
about that axis let a rigid system rotate with the an giiia r velocity 
<M)i relatively to the rotating plane. 




If we lay off from C the line representatives Ca = wt and CO =■ 
ooi along the axes, the diagonal Cft of the paralleloeram gives the 
magnitude and direction of the resultant angular velocity oor . The 
instantaneous axis then occupies the position CL If we denote the 
angles ICO^ and ICOi by aj and ai , we have 



. ooi sin {ai + at) 

tan a« = ^ — ; — r- = 

(Ub + (Ui COS (cci + at) 



. sin (ai + at) 
tan ai= ^^ — 

— + COS (at + at) 

OOt 



— sm (ai + at) 

OOt 

1 + — COB (ai + at) 

00% 



(1> 



(2> 



From (1) and (2) we can find ai and at , when the angle between 



031 



the axes (ai +a «) and the angular velocity ratio — are given. We 

/ OOt 

have also 



and 



Mr* = coi* + OOt* ± 2ooioot COS (cti + at), . . 

oor sin (ai + at) oor __ sin {ai + at) ooi sin at 
003 sin ai ooi sin as (us sin ai 



{3> 



(4) 



All lines which come successively into the position of the in- 
stantaneous axis are in the surface of a cone described by the revo- 
lution of CI about COi ; and all the positions of the instantaneous 
axis lie in the surface of a cone described by the revolution of CI 
about COt. 

Hence the motion of the rigid system is such as would he pro- 
duced by the rolling of the cone CIOi , fixed in the system, about the 
fixed cone ClOt. 

If Vt is the radius OaJof the fixed cone, and Vi the radius OiJof 
the rolling cone, we have 



GOi Vt 

nooi := Vtoot , or — = — . 

OOt ri 



(6) 



For the height COt = hof the fixed cone we have 

ri + r« cos (ai + at) 



ht = Vt cotang at = 



sin {a I + at) 



(6> 
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and for the height COi = hi of the rolling cone 

I. ^ ^^f««.» ^ r» + ri cos (ai -f a t) 

h\ = Tl COtang CCx = ; ; ; r -. 

^^ Sin (ax + at) 



(7) 





9»9i 



The plane through the instantaneous axis and the axis of the 
fixed cone passes through the axis of the rolling cone and turns 
about the axis of the fixed cone with the angular velocity aos. The 
motion of this plane is called the precession and a>9 is tne angular 
velocity of the precession, or, as it is sometimes called, the rate of 
precession. 

If at is zero, the fixed cone becomes a cylinder. If a\ is zero, the 
rolling cone becomes a cylinder. If both are zero, we have the case 
of the preceding Article. 

If at is less than 90" and ax is less than 90'', we have a convex 
cone rolling on a convex cone, and 
looking from C along the axes COt 
and CI the precession and rotation 
about the instantaneous axis are both 
clockwise or both coimter-clockwise. 
This is called positive processional 
rotation. It is the case of a pair of 
bevel-gear wheels, or of a spinnmg top 

whose point is at rest. ^ >^ o, f Oi 

If at is a right angle, the fixed cone 
becomes a flat disk with centre at C. If ai is a right angle, the roll- 
ing cone becomes a flat disk with centre at C. If aa is a right angle 
and a% is zero, we have a cvlinder rolling on a plane. 

It at is obtuse, we have a convex cone 
rolling inside a concave one, and looking 
from C along the axes COt and CI, if the 
precession is counter-clockwise the rotation 
about CI is clockwise or vice versa. This is 
negative precession. It is the case of the pro- 
cessional motion of the earth^s axis. 

If ai is obtuse, the rolling cone becomes 
concave and we have a concave cone rolling 
on a convex cone. This is also positive pre- 
cession, c 
The path described by a point relatively to 
the fixed axis is called a spherical epitrochoid 
or hypotrochoid according as the rolling cone 
is outside or inside of the fixed cone. The 
special form of spherical epitrochoid or I l-r^-oJi 
hypotrochoid described by a pomt in the sur- 
face of the rolling cone is a spherical epicycloid 
or hypocydoid. 

Analytical Determination of Besnltant Angular Velocity and 
Velocity of Translation for a Bigid System with Any Number of 
Non-concurring Angular Velocities.* — (Compare Statics — Non- 
concurring Forces.) Take any point O of tne rigid system as 
the origin of a system of rectangular co-ordinates. Let the com- 
ponent angular velocities be ooi, caa, etc., making the angles (ai, fiiy 
ri\ {at, fit, rs), etc., with the axes of X, F, Z, respectively. 

* Angular accelerations are treated in precisely the same way as angular 
velocities, and every equation in this Article can have cu^replaced by a. 
The student should make such substitution and interpret the results. 
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Besnltant Angnlar Velocity.— We have, just as on page 66, re- 
^acing V by <», for the component angular Telocities parallel to X, 

09x = 001 COS at + (»t cos as + . . . = SojCOB a; 1 
a0^=:fl0iCOS/^i + <UtCOS/^t + . . . =2<»C0B/$; I- * • • 0} 
<Oz = ooi 006 r 1 + OH COS yt + ... = 2o9COS r* J 

The resultant angular velocity is 



fl>r = Vofe' + av' + »«*. (3) 

and its direction cosines are 

cosa= — , cos 6=—, cos/=--^ (3) 

oor oor aor 

The magnitude and direction of the resultant ft^igulftr velocity 
are thus determined. 

Resultant Velocity of Translation.— Let (xi, yi^ Zi), (xi, yt, Zi\ 
etc., be the coK>rdinates of points on the rotation axes of a^i, (09, etc. 
We can resolve each angular velocitv (»i, <»«, etc. (page 190), into an 
equal angular velocity about a parallel axis through the origin O, 
and a velocity of translation of the svstem due to a couple, given by 
the moment of oci, 079, etc., with reference to O. We can thus re- 
duce the given angular velocities to a resultant angular velocity a)r 
ahovt an aocia through the origin O, whose magnitude and direction 
are given by (1), (2) and (3), and a velocity of translation Vr of the 
axis through O. The components Vx^ Vy, Vz of this veloci^ of the 
axis through O, along the axes of X, F, Z, are therefore given by 
(compare Statics — Non-concurring Forces) 

Mx=Vx= Saoy cosy — ^oDZ cos fi; 1 

My=:Vy=2QDZCOBa^2QoxcoBy\ y (*) 

Mz = Vz = 2ooX CO&/3 — Saay COS a. J 

For any other point P whose co-ordinates are (a/, 2/[, z') we have 
simply to put a? — a/, y — y', 2 — 2;' in place of x, y^ zin (4) and we 
have for tne components of the velocity of this point along the 
axes 

Vx^SooycoBy — Sconces /? + (oDyz' — <»«yO; 

Vy = 2<M)Z cos a — 2(ox cos y -h (oozx' — ooixz') ; • • • (5> 

Vz = SooXCOB fi — 2coy cos a + {ooxy' — oi>yX'). . 

Let us write 

Vy = (Oj^ — OOxZ^'y > (6) 

t?«' = <Htey' — Oi>yOC'. J 

Then we can write in general for the components of the linear 
velocity of any point whose co-ordinates are {x^ y', «0 

Vx=^vx + vx; ] 

Vy=Vy + Vy'; I (7) 

Vz=Vz + Vz'; J 
where Vx.Vy^ Vz are given by (4) and Vx\ Vy\ vj by (6). 
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If the reBultant axis of rotation passes through the origin 0, we 
have Vx = 0, Uy = 0, Vz = 0. Therefore equations (6) give the com- 
ponents of the linear velocity of the point P due to rotation about 
an axis through the origin O parallel to the resultant axis. 

The resultant linear velocity for any point is then in general 



Vr=VVx'+Vy'+Vz'; (8) 

and its direction-cosines are 

Vx Vu Vm 

cosa = =-, cos6 = -^, coacs=:~ (9) 

Vr Vr Vr 

The magnitude and direction of the resultant linear velocity of 
any point cure thus determined. 

Conditions of Best.* — If the system is at rest we must have, 1st, 
Vx, Vy, Vz equal to zero, or, from (7), Vx = 0, Uy = 0, Vz = 0; and 
also, 2d, t/x = 0, v'y = 0, v'z = 0. We see from (6) that the second 
condition is fulfilled when a%t; = 0, g^ = 0, (»z = 0, that is, when oor 
= or there is no rotation. In this case all the angular velocities 
must reduce to two equal and opposite resultant angular velocities. 
The first condition is fulfilled when equations (4) are zero. That is, 
the two equ8kl and opposite resultant angular velocities must pass 
through the same pointy so that their moment is zero at any point. 

We have then for the equations of condition of rest, from (1), 



ao) 



(11) 



2a)CO&a = 0; ' 

2oi)CO&r = 0; ^ 
and, from (4) 

5a)j(C0Sr — 2<»«COS/8 = 0; 

2(ozco&a — 2<oXCOBy = 0'^ 

SoaXQOQ /5 — 2ooy COS a = 0. ^ 

If equations (11) only are fulfilled, then the two opposite resultant 
angular velocities pass through the origin, which is therefore at 
rest; but unless (10) is also fulfilled they are not e<}ual, and we have 
rotation about an axis through O, but no translation. 

If equations (10) only are fulfilled, there is no rotation, the two 
resultant angular velocities are opposite and equal, but unless (11) 
is also fulfilled they do not pass through the same point. Hence 
they form a couple, and we have translation and no rotation. 

Condition that the Angular Velocities shall Rednce to a Single 
Angular Velocity. — If the angular velocities, then, all intersect in 
one point of the system, the moment at that point is zero. It has 
therefore no translation and the system rotates about an axis 
through that point. If the angular velocities do not intersect in a 
single point, we have in general translation and rotation. 

There is, however, one case in which the angular velocities may 
not all intersect in one point, and yet we may have rotation only 
without translation. In this case the angular velocities must re- 
duce to three, any two of which intersect y while the other ^ aJth^otigh 
it does not pass through their point of intersection^ yet intersects their 
resultant, 

• Compare Statics — Non-concurring Forces. 
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Thus let the resultant f^ngniRr velocities oo», <oy intersect in a 

point A. We can then take 
uiem as acting at any point in 
their resultant AC. 

Let QOz intersect AC at B, 
Then we can take all three 
acting at B^ and we thus have 
rotation only, about an axis 
throughjB^ _ 

Let a;, 1/, be the co-ordi- 
nates of B. Then, since we 
can take o^r, (uy, ooz at jB, we 
have for the components of 
the velocity of the origin O 




(12) 



y 



= ?^x^ — 



QOX 

x = — z — 
ooz 



QOz Vx 

— y 

QOy OOy 



Mx = t>» = oojty — QoyZ ; 

My = Vy = iX>xZ — OOcX; 

Mz = t?« = oDjfX — onxy* 

If we multiply the first of these by <ox , the second by oay , and 
the third by (»« and add, we have (compare Statics — Non-concurring 
Forces) 

Va; fiJx + t?y cwy + War flo« = (13) 

We should obtain the same result for any other two components 
intersecting and a third passing through a point on their resultant. 

E(][uation (13) then gives the condition tnat all the angular ve- 
locities acting upon the system reduce to a single angular velocity 

at a point whose co-ordinates are ip, ^ and 5, and we have rotation 
only (page 179). 

We have evidently for the equations of the projection of the 
line of the resultant on the co-ordinate planes 

Vy_ 
OOz 

Parallel Velocities. — (CJompare Statics— Non-concurring Forces.) 
If the axes of all the angular velocities are parallel, we have «, A y 
constant and the same for all. Hence from (3) and (1) 

oax = oor cos d = cos a:2<»; 1 

floy = (Or cos e = cos /5:S(»; }. (14) 

OOz = oor COS / = COS r^oo. 

The resultant oor must have the common direction of the paral- 
lel components, or 

d = a, 6 = /?, / = r, and <»r=S«; .... (15) 

that is, the resultant angular velocity is equal to the algebraic sum 
of all the parallel components and is parallel to them. 

For any point of the system whose co-ordinates are a?', y\ 2?', we 
have from (4), by putting {x — a?'), (y — y'\ {z — z!) in place of a?, y, 
z and taking a, /J, ^ as constant, 

Vjc = cos y2»(y - I/O - cos ^2w(^ - z') = cos y[2»y- ySw]- ccw Pl^taz - a/Sw]; 

F „ = cos dSmiz - «0- cos yl^tix - «') = coe a\7fi»z - a'SwJ - COS y[Sway ~ a;'S»] ; I . (16) 

Fy = oce ^Sw(a» - aso - cob a2«(|/ - y') = cos /8[S«« - a'S**] - cos a[2«y- y'S»]. 
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If we substitute (16) and (14) in (13), we see that equation (13) is 
satisfied. We have therefore a single resultant velocity and rota- 
tion of the system about a fixed point. This point is given by the 
values of x', y\ z' which make Vx^ Fy, Vz zero. The point there- 
fore whose co-ordinates are 

is at rest and the resultant axis must pass through it. This point 
is called the centre of parallel velocities (page 193). Any other 
point has a velocity given by (16). If 2 go = 0, the resultant axis is 
at an infinite distance, or there is no rotation, but translation only, 
given by (16). 

Components of Motion of a Eigid System.— In order that the 
motion of a rigid system at any instant may be known, it is suffi- 
cient to know the velocity at that instant of some given point of the 
system, and the rotation of the system at that instant. 

Take the given point always as the origin. Then the velocity of 
this point is known when its components Vx, Ty, Vz along the 
axes are given, and the rotation is Known when the components 
coxi ooyy ooz of the angular velocity along the axes are given. 

The motion of the system at any instant is then Known when 
these six quantities. Fa?, Fy, Vzy ooxy ooy, aoz are given. These six 
quantities are called the components of motion of the system. 

Equivalent Screw.— (Compare Statics — Non-concurring Forces.) 
The motion of a rigid system being thus known, it is required to 
find the screw motion to which it is equivalent. That is, to find 
the central axis, the linear velocity along the central axis, and the 
angular velocity about it. 

Since Vx, Vy, Vz, oox, aoy, ooz are given, we have: 

(1) The angular velocity about the central axis 

GOr = !/<»«' + ooy" + <w«*. (1) 

(2) The direction cosines of the central axis 

cos d = — , cos e = -^, cos/ =  — (2) 

GOr oor oor 

(3) The linear velocity of every point resolved in a direction 
parallel to the central axis must be the same and equal to that 
along the central axis. Let Wr be the resultant linear velocity of 
every point of the system along the central axis, and let its compo- 
nents along the co-ordinates axes heux, Uyj uz* 

Take the point for which Vx, Vy, Vz are given, as the origin, 
and let the co-ordinates of any point of the central axis be oc", y'\ 
z''. Then the components Vx, Vy, Vz of the velocity of the origin 
due to rotation about the central axis are, from equations (1), page 
179, 

Vx= o)zi/" — ooysf'; 



Vy=ooxS^' — oi>gx"; 



Vg = COyX" — OOiffy" 



• 



(3) 



• 



We have then 

Vx=Ux+Vx, Vy = Uy + Vy, F« = W« + t?«, 

or 

Ux^Vx — Vxj Uy=Vy—Vy, Ug = Vz - Vz . . . . (4) 
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Hence 

t*r= (Vx — Vx) COSd + (Fy-- Vy) COS 6 + (F« — t?«) COS/. (5) 

Inserting the values of the direction-cosines of the central azia 
from (2), we obtain 

Ur09r = (Vx — »«)«« -I- (Vy — t^)«y -»• (F« — »«)<»». 

But since Vx^x + tv <»y + t^s <»s = 0, this becomes 

«ra9r= F«<»x-I- FyO>y + F«<»« (6) 

We also have from (4) 

«rCOS<i=t*a;= F«— V«, Ur COS 6 = Fy— tTy, Ur COS/= Fs — Vx. (7> 

Hence from (2) and (3) 

Ur _ Vx+ o^ySf' — oogy" _ Fy + tt>sag" — Qggg" _, Fg -I- <»4^'— Qgyflg" g. 

Equations (8) give the equation of the central axis. 
From «6> and (1) we have 

«>r <»a:' + a'y' -|- ««• 

This we have called the unit pitch (page 191), or the distance of 
advance during a rotation of one radian about the central axis. 

If we substitute (9) in (8) and reduce, we have for the equation 
of the central axis 

1 /^, _ Vz<Oy— VyooA _ J^ / „ _ Vx ooz — VzOOx \ 

VyOSx— Vx^y\ 



00 z\ 



a?,.* 



)' 



(10) 



Therefore the central axis passes through a point whose co- 
ordinates are * 

If we substitute these values of a?", y", z'\ in (3) and (7), we 
have from (2) 

Fc = Wr cos d — fiOrfe" COS 6 — y" COS/), <»« = Wr COS d; 1 

Fy = Wr COS 6 — flO»<a?" COS / — Z" COS d), <»y = <»r COS 6; f- . (12) 

F« = Wr COS / — oi>Ay" COS d — a:" cos e), «« = <»r cos/. 

When, therefore, the components of motion For, Fy, F«, «x, 
<»w , GOz are given for any point, we find <»r from (1), the direction 
of the central axis from (2), and the {)Osition of the central axis 
with reference to that point as an origin from (11). We have 
also the velocity of advance ttr from (9). 

* Since velocity in the hodograph is nonnal acceleration in the path (page 
52), Vzooy — Vyooz is the component in the direction of Xof the normal linear 
acceleration of the origin due to rotation about the central axis. The normal 

linear acceleration is poor^. Hence ^ — % ^ '^ ^^ *hiB projection otp on the 

axis of X. 
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On the other hand, if the position of the central axis {x'\ y'\ z") 
is known together with the hnear velocity Ur along it and the an- 
gidar velocity osh- round it, the components of tiie motion for the 
origin are given by (12). 

The Invariant. — (Compare Statics — Non-concurring Forces.) 
From (6) we see that the quantity 

is always equal to ttra>r, and is therefore invariable no matter what 
point is taken and whatever the values of a%r, co,^ , aoz, that is, what- 
ever the direction of the axes. This quantity is therefore called 
the invariant of the components. Since oor is also invariable what- 
ever point is taken and whatever the direction of the axes, it may 
be called the invariant of the rotation. 

If the motion is such that the invariant is zero, it follows that 
either Ur = or cwr = 0. The condition 

VxQOx + VyGi>y + VzOOz = 

is therefore the condition that the motion is equivalent to either a 
simple translation or a simple rotation. If aor is not zero and this 
condition is fulfilled, we have rotation only (see pages 179, 200). 

Composition and Besolution of Screws. ~ (Compare Statics— 
Non-concurring Forces.) If two screws are given, then by equa- 
tion (12) we can find the six components of motion of each screw. 
Adding these two and two, we have the six components of the 
resultant screw. Then by (1), (2), (6) and (11) the central axis 
together with the linear and angular velocities of the screw may 
be found. 

Conversely, we may resolve any given screw motion into two 
screws in an infinite number of ways. Since a screw motion is 
represented by six components at any point, we have in the two 
screws twelve quantities at our disposal. Six of these are required 
to make the two screws equivalent to the given screw. We may 
therefore in general satisfy six other conditions at pleasure. 

Thus we may choose the axis of one screw to be any given straight 
line we please with any given linear velocity along it and any angu- 
lar velocity round it. The other screw may then be found by re- 
versing this assumed screw and joining it thus changed to the given 
motion. The screw equivalent to this compound motion is the 
second screw, and it may be found in the manner just explained. 

Or again, we may represent the motion by two screws whose 
unit pitches are both zero, the axis of one being arbitrary. We can 
thus represent any motion by two angular velocities, one, a?, about 
an axis which we may choose at pleasure, and the other, «', about 
some axis which does not in general cut the first axis. These are 
called conjugate axes. 

These angular velocities are such that oor would be their resultant 
if their axes were placed parallel to their actual posi- 
tions, so as to intersect the central axis. If then d is the 
shortest distance between the axes, we have Fi- = doo; 
and if is the angle between oo and «»r , and 6 the angle 
between go and qo\ we have 

FrSin^ = tir, or sin^ = =-. 

Vr 

Also 

. . ft . • I tt? sin 
tt>rsm^= a? smO, or sm^ = . 

(Or 
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Hence 

T^ik/ 8in G =urfl^, or dioo^'anB = Ur»r; 

hence 

d = _!^^ (1) 



EXAMPLES. 

(1) A line DE moves^ keeping its extremities in twofioced lines 
ADBf AEC. Find the instantaneous centre and the direction of 
motion of any point O at any infant, 

Ans. From D and JS^draw D^and JSF perpendicular to AB and ACt meet- 
ing at F, Then F is the instantaneooB centre (page 189). Join OF. The di- 
rection of motion of O is perpendicular to OF. 

(2) A line DE moves^ keeping its eoctremities in two fixed lineSy 
one, ADB, vertical and the other. AEC, horizontal, and makes at a 
given instant an angle of 30** with the horizontal. Find (a) the di- 
rection of motion of the middle point of DE at the instant, and 
(6) the point whose motion is inclined at that instant 30° to AC. 

Ans. (o) Inclined 60° to 4(7; (b) -gDEtrom E. 

(3) A line moves so that its extremities remain in a given circle. 
Find the instantaneous centre of motion for any instant. 

Ans. The centre of the circle. 

(4) Find the ratio of the velocity of any point of a screw to its 
velocity of advance. 

Ans. y — -^-3 , where d is the pitch, r the radius of the screw (page 

191). 

(5) Let Ci and Ci be fixed axes about which turn the cranks CAi, 
C%B, whose free ends are connected by the link AB, jointed at A and 
B. The axes are perpendicular and the plane of motion parallel to 
thepa/p&r. If the linear and angular velocities of A are V\, ooi, 

find the linear and angular velocities Vt , 00% of B. 

Ans. Let ACi =ri and BCi = r%. Produce dA and C9B to meet in J. 
Then at any instant the linear velocities of A and B are perpendicular to Ad 





and BO9 respectively. Hence at that instant AS is rotating about the instan- 
taneous axis at /. Let co be the angular velocity of AB about /. From Ci , 
€i, /let fall the perpendiculars CiZ>, dF, IE on the line of the link AB or 
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its prolongation. Also draw the line of centres d d catting the link, pro- 
longed, if necessary, in the point K. Then 



riQOi = AI. 00, or — = — = 



001 
GO 



AI 



IE 
CxD' 

IE 



r%oot = BI, 00, or — = — = ^ ^r 

00 Tt CtP^ 



Since riooi = Vi and r%oot = «t , we have 

«, BI , 009 CiD 

— = -r^ ; also. — = 

AI' ' 00, CuF 



CiK 



Vx ^-t- ooi ViJr' C%K' 

Hence — 

1. The linear velocities of B and A are to each other as their distances from 
the instantaneous axis. 

2. The angular velocities of the cranks are to each other inversely as the 
perpendiculars from their centres of motion upon the line of the link ; or in- 
versely as the segments into which the line of the link cuts the line of 
centres. 

(6) In the case of the crank and connecting rod, since B moves in a straight 
line CiB, we have BI always perpen- 
dicular to CiB, and hence 



«i 



m 

AV 



or «a = 



BI 



AI 



TiOOi. 



Let the distance GiB = s, the length 
of the connecting-rod = I, and the angle 
of the crank ri with CiB = Bi, Then 
we have 



BI= staaBi, AI- 



-n, 



cosOi 

« = ri cos Oi + yj^ — ri'sin'Oij ^i 
or, if I is very long compared to Vi , approximately 

ri' sin' 6i 




^Vt 



Hence 



«« = 



S = Ti COS Bi +1 

standi . ria>i 



21 
«sin6i 



s 



cosdi 



— Ti 



8 — Ti COS Oi 



riOOi. 



When Oi = 90, we have «« =riOOi = «, , or the velocity of A and B are 
equal, and ^Jand AI&Te infinite. When 0i = or 180°, we have «i = and 
« = i + ri or i — ri. These are the " dead paints " of the crank, or the ends 
of the stroke. 




of the movable rod moves vertically. Find the linear velocity of 
its centre when its inclination to the vertical is 6. 

Ans. oolsmB, 

(8) A disk (radius = r) rolls withovi sliding on a plane. Find 
the relation between its angular velocity go ana the linear velocity v 
of its centre. 

Ans. The point of contact with the plane is at rest at any instant, or 
TOO = — «. 
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(9) A rod AB {length == 2) rciaies about a hinge at A and rests 
with its end Bon the surface of a wedge BCD, The wedge advances 

towards A with velocity v. The angles 
BAC = $. BCD = 0. Find the angular 
velocity « of the rod. 




Ana. 09 = -r 



sin 



I oo6(0-Oy 

(10) Two bevel-gear wheels have the angle between their axes TO"". 
The rolling wheel is required to make 3i revolutions about its aans 
while goinq around the axis of the fixed wheel once. Find the angles 
of the bevel. If the inner radius of the fixed wheel is 50 inches^ find 
mat of the rotting wheel and the length of the axes, 

Ans. (See page 196.) The angalar-yelocitjr ratio 



— = s . Hence 



tang at = 



7 Bin 70' 



2 + 7 C06 70" 



or a, = 56*16', 



' and hence at = IS"* 45'. We have also ri = 



100 



100 



inches, and At = 
100 



+ 50 006 70* 
sin 70 



= 88.4 inchei^ 




50 + 



COB 70* 



Ai = 



Bin 70* 



= 58.4 inches. 



(11) The angle between the plane of the earth^s equator and the 
plane of the ecliptic is 23** 27' 28". The earth rotates about its polar 
axis in one sidereal day and makes a revolution about the axis per- 
pendicular to the plane of the ecliptic in 26868 years. Finathe 
instantaneous axis. 



Ana. (Page 196.) We have 
Q9i = 27t radians per day, and 



«, = 



2it 



25868 X865i 

Also the angle OtOOi = ai + a, = 28" 27' 28". Therefore Oil is 

r8in(ai + aj) 



radians per day. 



OiI= rtanai = 



09, 



+ COS (oTi + a,) 



where r Is the polar radius of the earth, or 8950 miles. The radins of the roll- 
ing cone is then Oi J= 5.52 ft. and the angle ai = 0".00867. 

(13) A rigid system has an angular velocity of a>i = 40 radians 
per sec. about an axis parallel to the axis of X, passing through a 
point whose co-ordinates are Xi = 2 ft, yi=sft., Zi = 0, and a 
simultaneous angular velocity of oo^ = 30 radians per sec. about an 
axis coinciding with the axis of T. Find the resultant angular 
velocity and the instantaneous axis. 

Ans. (Page 198.) We have oox=+ 40, ooy = + 80, a>z = 0, a>f = 50 ra- 
dians per sec. The i n s tantaneous axis makes the angles with the axes given 
by 

80 
cos« = ~, cos/=0; 

or d = 86^52', « = 58'' 7', /=0^ 



^ 40 
cos a = — . 
50 
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— X 



The velocity of translation of the system is given by 
ux=0, uy = 0, uti = -- 120 ft. per sec. 

The condition fix<Ox •■{- Uy(Oy -|- uzooz = is sat- 
isfied. Therefore there is rotation only about 
the instantaneous axis which passes through the 
intersection J of oox and ooy. 

The velocity of any point whose coordinates 
are «' = 2, y' = 2, «' = 3 is given by 

Vx = osjfi' = + 96 ft. per sec. ; 

Fy = — oogfif = — 120 ft. per sec. ; 

F« = t4« — 00^' + ^^ = — 100 ft. per sec. 

The resultant velocity of this point is then Vr = 180 ft. per sec. and its 
direction cosines are 

90 - 120 100 

cosa = jg^. cos6 = jg-^, cosc = jQ^; 

or a = 60^ 6 = 13r48', c = 128''46'. 

(18) A rigid system has the angular velocities 

fOx =60, a>i = 30, oot = 10, a>4 = 90, and cds = 120 radians per sec. 

about axes passing through points of the rigid system given by 

aji=+ 6ft., yi= + 10ft.; «, = + 9 ft., y, = + 12ft.; 
a;. = + 17ft.,y, = + 14ft.; aj4 = + 20ft.,y4 = + 18ft.; 
aj. = +15ft.,y.=+ 8ft.; 

and making with the co-ordinate axes the angles 

a, = 70% fii = 20°; a, = 60% /?, = 150'; a, = 120% fit = 0'; 
a* = 150% /?4 = 120% a5 = 90%/?6= 0% 

Find the resultant, etc. (Compare Vol. II, Statics.) 

Ans. (Page 198.) We have for the components of the angular velocities 
parallel to the axes 

ooaj = 50 cos 70° + 30 cos eO** - 70cos60° — 90 cos 80° = — 80.842rad. per sec. ; 

ojy = 50cos20° - 80cos80° + 120 + 70cos30' - 90 cos 60** = +m626 rad. 

092 = 0. 

The resultant angular velocity is given in magnitude by 



[per sec. ; 



oor = ^oox* + <»y' = + 176.259 radians per sec, 
and its direction-cosines by 

oox — 80.842 



COSiJ = — = 



cos 6 = — = 



oor 176.259 • 
(Oy + 156.626 



or <l= 117' 18^1'% 
6= 27°18'1". 



or 



aor 176.259 ' 

We have from equation (4), page 198, 

2fl(MJcosi5 = + 50cos20° X 5-30cos80' X 9 + 70co880° X 17 

-90cos60' X 20 + 120 X 15 = -|- 1931.67 ft. per sec.; 

2ttwcosa = + 60cos70' X 10 + 80cos60° X 12- 70cos60° X 14 

- 90 cos 80° X 18 = - 1152.245 ft. per sec. 
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We have then for the components of the lineftr velocity of the origin 

1^ = 0, «y = 0, «s = 2aiKB cos /S — 2o9yooaa: = 4-8068. 915 ft. per sec. 

Since then equation (18), page 200, 

tbeOD* + f^floy + ««»» = 

is satisfied, the angular velocities reduce to a single resultant angular velocity 
and we have rotation only. 

The moment of this resultant angular velocity relative to the origin gives ub 



«r = VS^H-V + «•* = «»=+ 3068.916 ft. per sec. 

Its lever-arm is 

fv 3083.915 .- ^ ^ 

r = — = <ryfl Attn = 1 ''^ ". 

ODr 176.259 
The equation of the line of direction of the resultant angular velocity is 

y = ^x - ^ = - 1.9&B + 88.14. 

The co-ordinates of the point through which this resultant angular velocity 
passes are given from equations (17), page 201: 

_^2^«co8^^ y=^^^^2L? = + 14.36 ft. 

(14) Find the resultant angular velocity for a number of parallel 
angular velocities given by 

00, = + 33rad. per sec.; aji = -}- 25 ft. ; yi;=4-13ft.; 

00, = + 20 ** " '• «, = - 10 " y« = - 15 '* 

09, = - 35 " " *' xt = + 15 " y« = - 27 " 

<»4 = - 72 " '• *• 054 = - 81 " y4 = + 17 " 

«. = + 120 " " " aj. = -f 23 " yt = - 19 " 

Ans. <»r = + 66 radians per sec.; %:= -f 77.15 ft.; y = — 36.82 ft. 

(15) Find the resultant^ etc,^ for the angular velocities given by 

(Oi = 50, <Ot = 70, oos = 90, oi>4 = 120 radians per sec. 

ai = 60°; fii = 40°; yi acute; Xi =0; yi = 0; e, = 0; 

a, = 65''; /J. = 45''; yt^^^i aj, = +lft.; ya = + 4ft.; 2, = +7ft.; 

a, = 70°; /Js = 50*: r« acute; <c,=:+2" y, = +5" g,= + 8" 

a* = 75"*; /?* = 55*; r* obtuse; a;* = +3 " y4 = + 6*' 84 = +9** 

(Compare Vol. II, Statics.) 

Ans. We find the angles y by the formula, page 12, 

cos' y = — cos (a -f- /?) cos (a — fi). 

Then from page 198 we have 

(War = + 116.423, coy= + 214.480. <»« = - 51.057 rad. per see. 

Therefore the resultant angular velocity is 



aor = Vooaj* + ^v* -f- (»«« = -f 249.825 rad. per sec., 
and its direction-cosines are given by 

(Dx OHy OOz 

cos a = — , cos e = — ^, cos/ = — ; 
COr QOr oor 

a - 62** 9' 48", « = 30** 39' 20", / = lOl** 49'. 
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We also have for the components of the velocity of the origin, from equa- 
tions (4), page 196, 

««= - 1838.604, vy- + 928M7, «« = - 86.903 ft. per sec. 
The resultant linear velocity of the origin is then 

«r = Vfte* + V + «a* = + 2061.789 ft. per sec., 
and its direction-cosines are given by 

cos a =r — , COS 6 = ~, cos 6 = — ; 
Vr ^ ^ 

or 

a = 153* 6^40", 6 = 63M4' 16", c = 92' 24' 56". 

The equations of the projections of the resultant angular velocity on the 
co-ordinate planes are 

y = 1.885aj + 0.746. « = - 2.28sj + 18.19, « = - 0.238y - 8.57. 

We see that '0xoax-\''0yODy -|- f>zODz does not, in this case, equal zero. Hence 
(page 179) the angular velocities do not reduce to a single resultant, but to a 
resultant angular velocity about the central axis and translation along that 
axis due to an angular- velocity couple. 

The resultant angular velocity about the central axis is, as already found, 
oor = -|- 249.325 rad. per sec., and its angles d, 6, /with the axes are already 
found. 

The co-ordinates of the central axis are given by equations (11), page 202 : 

0^' = ''^-""^ =+0.468 ft.; y-'^ o'^'-'o^ = + l.(W8ft.; 

«" = «»»» -'»»«'» = + 8.08 ft. 

The resultant linear velocity tir along the central axis is given by equation 
(6), page 202: 

f>x<Ox + VyiOy + ^zCOz ai aoA ^ 

Ur = — —— = — 41.624 ft. per sec. 

Its direction-cosines are the same as for oor. The components of Ur aro 
given by equations (7), page 202 : 

ux = tir C08 d = — 19.481, Uy = tir cos e = — 35.806, 
Uz = «r cos/ = + 8.5238 ft. per sec. 

(16) In the preceding example find what the co-ordinates a?4 , Vi , 
z* of the angular velocity <W4 must be in order that all the angular 
velocities may reduce to a single resultant angular velocity, (Com- 
pare Vol. II, Statics.) 

Ans. We must evidently have (Oxt ooy, ooz, <Or and the angles d, e, f un- 
changed, since changing the co-ordinates 0^4 , ^4 , £4 without changing the mag- 
nitude or direction of 094 has no effect on the magnitude or direction of the 
resultant oor. 

We have then 

vx=- 659.571 - 93.262^4 - 68.829«4; ) 

f>y = + 369.629 -f 31.05924 +93.262«4; > (1) 

«« = - 107.036 + 68.829a?4 - 31.05^4. ) 
We have as the equation of condition for a single resultant 

VxOOx + VyOOy -|- VzOOz = 0, 

or 

116.423i%r + 214.48vy - 51.057«« = 0. 
or 

«aj + 1.842oy-0.4386©« = (2) 
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(1) 

«r+2.216«y-a008«i = +4BL084. (3> 

From C8) and (8) wta obtahi 

0.874«» - 2.564«i = + 48L0tA. 

If we nrtiln for 9$ its Taloe in the preeeding example^ -f* 288.M7 ffc. per 
aec^ we shall li*Te 

ef=— 52.106, fbr= — 1783.975 ft per aee. 

If we snlMtitiite theee TAlneB in (1), we obtain 

9S.20^« + i».829to« = + 1074.4; 
81.060»« + ft3.20ac« = + 669.806; 
66.82ftr« - 81.069!r« = + 54.984. 



«« = ^ 0.888e« 4- 5.997» ^4 =: — 0.78804 + 11.1 
If dien we asBome 04 = 0, we have z* == + 6.997, jf4 = 4- 11.52 ft. 

(17) tising the values of the precedmg egeampie^find the point 
through which the restUtant angular vdocUy passes. (Compare 
Vol. n, Statics.) 

Ana. We have «« = + 116.428, o»y = + 214.480, ms = - 51.06P7, fl»r = 

+ 249.825 radians per aec.; d = 62' 9' 48", « = 80" 39' 20". /= 101* 49"; 

fiv =- 1788.976, iv = +228.947, es = - 52.106, Vr = + 1907.828 a per sec; 

a = 151Mr, 6 = 61*49' 63", c = 9r81'8". 

The co-ordinates i) y, e are given (page 200) bj 

- 1783.975 = ft>i^ - «»« = - 51.057y - 214480tei 
+ 928.947 = fioj^ ~ fi}2d^ = + 116.42^ + 61.057^; 

- 52.108 = wj^ - wj^ = + 214.480^ - 116.42S(y. 
Henoe we obtain 

i'=- 2.28020 + 18.194; 

y =- 4.2OO80 + 83.961. • 

If we assume = 0, we haTe^= + 18.194, y = +83.961 ft. 

If we should introduce then a fifth angular Telocity, 004= + 249.325, whose 
direction makes with the axes the angles 

a* = 117" 50' 12", /S^4 = 149* 20' 40", r» = 78' 11', 

passing through a point whose co-ordinates are x^ = -\- 18.194, ^4 = -(- 83.961 
and 04 s= 0, the conditions for rest (page 199) woold be satisfied, and we should 
have flOr = 0, er = 0. 

(18) A point of a rigid system rotates about an axis at a distance 
of i feet. The linear displacement of the point is Sft Find the 
angular displacement ana the direction of the linear displacement 

Ans. sin7r= — ==-. 9 = angular displacement = 106" 14' = 1.868 ra- 
2 2r 5 

dians. The linear displacement makes an angle of 86" 53" with the radius of 

rotation* 
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(19) A point of a rigid system has at any instant the component 
linear velocities Vx = + 6, Ky = — 18, Fi = + 40 ft.persec.^ andthe 
system at the same instant rotates about an axis perpendicular io 
the plane of XY with an angular velocity of 6 radians per sec, in the 
direction from X {awards Y. Find the tquivalent screw motion of 
the system. 

Ana. (Page 201.) We take tbe^iven point as the origin. Since the axis is 
perpendicular to the plane of X7\ we have oax=0, ooy = 0, q9« = oor = + 6 
radians per sec. 

Since the condition Vxo^x -|- VyODy -\- Vzoo « = is not fulfilled, we have 
rotation and translation combined, or screw 
motion. 

From equation (2) we have cos d = 0, 
cos e = 0, cos/ = 1, or the central axis is 
parallel to the axis of Z, 

The position of the central axis is from 




■^V»-+8i 



equation (11) given by ^ * 

a;" = + 3ft., y"= + lft., «"=0. /^, 

It is therefore at /as shown in the figure 
with recfpect to the given point 0. 

Substituting these values in equation (8) 'i ^* 

we have for the components along the co-ordinate axes of the velocity of due 
to rotation about the central axis 

«« = + 6, «!/ = — 18 ft. per sec., Os = 0. 

Therefore from (4) we have for the components along the axes of the trans- 
lation of 0, 

ux = 0, uy = 0, tte = + 40 f t. per sec 

The system, therefore, at the instant in question rotates about an axis 
through /perpendicular to the plane of XT, in a direction from X towards T, 
with the angular velocity of 6 radians per sec. , and at the same time moves 
along this axis in the direction OZ with a velocity of translation of 40 ft. per 
sec. 

If the axis of rotation and angular velocity do not change in direction or 
magnitude, the system advances alonfi^ the central axis during a rotation of one 
radian, a distance equal to the unitpUeh, given by equation (9), viz., 6f ft. In 
one complete rotation then it advances a distance of 2^ X 6| = 20.9 ft. This 
is the pitch of the screw motion (page 191). 

The velocity at any point, as Pi or Pa , due to rotation about the central axis 
is equal to IPi . coz or iPa . aoz , where IPi or IP9 is the radius vector or per- 
pendicular from the point upon the central axis. If then we take Pi as origin 
and the co-ordinates of / are a? = + 2 ft., y = + 5 ft., e = -|- 8 ft., we have 
from (3), for the components of the velocity of Pi due to rotation about the 
central axis, 

«x =r -|- 80 ft. per sec., «y = — 12 ft. per sec., Vz = 0; 

and since 1^ = 0, i«y = 0. t^ = -{-40 ft. per sec., the components of the total 
velocity of Pi are, from (4), 

Vx = + BO ft. per sec., F» = — 12 ft. per sec., F« = + 40 ft. per sec. 

In the same way for the point Ps , if we take It as origin and the co-ordi- 
nates of /are a? = 0, y = -|- 5 ft., 2 = 0, we have 

VjB = -|- 80 ft. per sec., «y = 0, «a = 0; 

Fa; = + 80 ft. per sec., Fy = 0, F« = + 40 ft. per se(v 

If the velocities Vx and Vz of the point Pt do not change in direction or 
magnitude, we have the case of a system translated in the direction 0? and 
rotating about an axis through Pa , while at the same time this axis haa a ve- 
locity of translation in a straight line (page 198). 
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The motion of the system would then be the same as if a cylindrical surf aoe 
of radios P%I=i 6 ft., fixed to the system with its axis passing through Pi at 
rif ht anffles to the plane of XF, rolled on the plane HIH parallel to the plane 
XF with the angular yelocitj ooc = -{-^ radians per sec., while at the same 
time the cylinder is translated parallel to OZ with the yelocity Fs = + 40 ft. 
per sec. 

(20) A base-ball rotates about an axis through its centre in a 
horizontat plane with an angular velocity a>s = — 60 radians per 
sec,, and its centre has a horizoTital velocity of translation of V= 50 
ft per sec. in a direction making an angle of 36** 52^ vnth the axis 
of rotation. Find the motion of the ball. 

Ans. Let the plane of ZX be horizontal and take the centre as origin. Then^ 

since F is in this plane, we haye 

F« = + 80 ft. per sec., Vy = 0, 
Vg = +40 ft. per sec. 
Also, 

lox = 0, G0y = 0, <»£ = — 60 rad. per sec* 

The rotation is then clockwise, or from 
F towards X, as shown in the figure. 

Then, last as in the preceding example, 
the central axis is parallel to the axis of Z, 
and the position of the central axis is, from, 
equation (11), page 202, giyen by 

»"=0, y'=0/=-i-ft., e"=0. 

If then we neglect the acceleration due to the attraction of the earth, the 
motion of the ball is a screw motion consisting of a yelocitj uz = -\- 40 ft. per 
sec. along the axis of rotation OZ through the centre O of the ball, and a rota- 
tion of ODe = — 60 radians per sec. about this axis, together with a translation 
of this axis of Fa; = + 40 ft. i)er sec. 

Or, neglecting the acceleration due to grayity, the motion is the same (page 

108) as if the ball were part of a cylinder of radius 01= -^ ft. whose axis OZ 

is the axis of rotation of the ball, and this cylinder rolls on the horizontal plane 
^Z£r with angular yelocity 002; = — 60 radians i)er sec., while at the same time 
the cylinder is translated along OZ with the velocity 4* 40 ft. per sec. 

The centre of the ball moyes then in the resultant of Vx and Vz , or along 
the straight line OF in the horizontal plane XZ, with a yelocity F= 50 ft. per 
sec., at an angle of 3Q° 52' with the axis of rotation OZ. 

If now, owing to gravity, the ball falls vertically while the centre moves 
along V, then we must consider the plane HIH as tailing vertically with the 
ball. The centre moves then in a curve Oab, the projection of which upon the 
plane XZ is a straight line Oc, 

(21) Ball-players assert that the prqjection of this curve Oab 
(preceding example) upon the plane xZ is not a straight line bid a 
curve. Explain now this can be. 





V--2 



Ans. We have seen in the preceding example that if the centre of the 
ball has a velocity Fand at the same time the b^l has an angular velocity ODg 
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around an axis OZ^ the centre moves with the velocity Vz along the axis and 
at the same time the axis itself moves with the velocity Vxt Vz and Vx being 
the components of F along and perpendicular to the axis. At the same time 
the ball rotates about the axis OZ, The motion of is then in the straight 
line OV. 

But no account has been taken of the resistance of the ai/r. The air acts to 
<»use a retardation of Vz and Vx . 

If the retardation in each case were proportional to the velocity, we should 
«till have motion of in the straight Une OV, But the retardation in each 
case is not proportional to the velocities but more nearly proportional to the 
squares of the velocities. Hence the greater component is retarded propor- 
tionally more than the less. 

If then the rotation axis OZ makes an angle less than 45"* with the direc- 
tion of F, F^ is greater than Vx and is therefore retarded proportionally more 
than F». The centre moves then in an " out-curve " OB, 

If, however, the axis of rotation OZ 
makes an angle greater than 45° with tiie 
direction of K, ^ is greater than Vz and 
is therefore retarded proportionally more 
than Vz» The centre moves then in an 
**in-curve." 

In either case the velocity is retarded 
least in the direction of least resistance 
and the centre swerves in the direction of 
thi9 smallest component of F. 

Thus by ''twisting " the ball the pitcher is able to make it curve slightly by 
either to right or to left according as the axis of rotation makes an angle with 
the velocity of projection greater or less than 45*. 

If the axis of rotation makes an angle of 45** with the velocity of projection, 
there should be no curve. If it is at right angles to the velocity of projection, 
there should be no curve. 

The cause of curvature is thus due to the resistance of the air, but it is not, 
as is generally supposed, due to the ball rolling upon a cushion of compressed 
air in front of it, since in that case we should always have curvature in one 
direction for one direction of rotation. 

In the first of our figures preceding, such action tends to increase the ** out- 
curve. " But in the second it tends to decrease the * * in-curve. " The * * in-curve" 
would not be possible if this action were the only cause of curvature. It 
ought to be less than the out-curve, so far as this action is effective, in the 
figures given. 

If we have rotation in the opposite direction from that in the figure, or if the 
line representative of co« is positive instead of negative, the rolling of the ball, 
if any, upon a cushion of compressed air in front of it would act to decrease 
the * * out-curve " and increase the ** in-curve." 

Eelative Motion of a Body. — ^When a body at any instant has 
two simultaneous motions we can consider the body itself as having 
one of these motions and the S'pojce occupied hy the body as having 
the other. The first motion is then that which the body would 
appear to have to an observer in space moving with space and 
unaware of his own motion. We call it therefore the relative 
motion of the body with reference to moving space. 

We have thus far seen how to determine the actual motion when 
we have given the relative motion and the motion of space. We 
have now to consider the inverse problem of how to determine the 
relative motion when we have given the actual motion and the mo- 
tion of space. 

We can solve the problem in two ways. We can resolve the 
given actual motion mto two component motions one of which 
coincides with the given motion of space. Then the other must be 
the relative motion required. Or we can add to the actual motion, 
composed of these two component motions, a third motion equal 
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and opposite to the given motion of space. This will counteract 
one of the components and leave as a r^ult the relative motion. 

Relative Motion of a Body with Reference to Space Transla- 
tion. — If the actual motion of a body and the motion of the space 
occupied by it are both motions of translation, the relative motion 
-will be one of translation also. In such case we can treat the body 
and the space occupied by it as points, and thus have simply to 
find the relative motion of a particle with reference to the point of 
moving space occupied by the particle. 

The relative velocity of the particle is then the resultant of the 
actual velocity of the particle and the velocity of the point of mov- 
ing space occupied by the particle, taken as acting with reversed 
direction. 

If then the actual velocity of the particle is zero, the relative 
velocity at any instant is always equal and opposite to that of the 
point of moving space occupied by the particle at that instant. 

Thus if the particle P de- 
scribes an ellipse with reference 
to the fixed point O at one 
focus, the relative velocity of 
O with reference to P will be 
always equal and opposite to 
the velocity of P at any in- 
stant, and me apparent path of 
O as seen from P will be a 
similar ellipse with P at a 
focus. 

Relative Motion of a Body 
with Reference to Moving Space 
in OeneraL — Any motion of si- 
body at any instant can be re- 
solved into a translation of any point, and a rotation about an axis 
through that point (page 190). If we take for this point the point 
of space occupied by any particle of the body, we have translation 
only of this point and particle, and the relative velocity is found 
as in the precedine Article. 

The relative velocity of the particle is then, as before, the result- 
ant of the actual velocity of the particle and the velocity of the 
point of moving space occupied by the particle, taJxn as ax^ting 
with reversed direction. 

We obtain then the relative 
path by giving to the actual path 
the reversed motion of space. 

For example, let the actual 
velocity of a particle P. be imi- 
form and equal to c, and its con- 
stant direction be in the direc- 
tion AB, Let the line AB be 
the diameter of a circular disk 
which rotates clockwise with 
constant angular velocity oo 
about the axis at C. We obtain 
the path relative to the disk by 
supposing rotation of the actual 
path AB coimter-clockwise. 

Thus at the end of any time 
t the particle has traversed the distance AN=ct and the disk 
has turned clockwise through the angle oot. The corresponding 
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reliitive position P of' the particle is then the point which N 

would occupy if the line AH were turned 

counter-clocKwise through the angle (at. 

Repeating the construction for successive 

values of t we ohtain t^ relative pathf 

APCD. The end D corresponds to the' 

rotation angle ooTy where T is the time of 

the actual motion from AioB. If gjT = ;r, 

the pointD would coincide with A. Let r 

be tne radius of the disk. Then from the 

two equations cT==2rj and odT^tt, we 

have for the condition of this coincidence 

of i> and A, 



00 



2r' 





If the actual path AB makes an acute 
angle with the axis of rotation through C, 
the relative path lies on the surface of a cone. 

Aoeeleration of Eelative Motion. — Let a particle deseribe the 
path MN with any motion, and at the same time let this path have 

a motion of translation* Then we can 
regard the first motion as relative 
with reference to the second, and its 
acceleration /i is the relative accelera- 
tion. Besides this relative acceleration 
at any instant,^ the particle has the' 
acceleration /« of the motion of trans- 
lation at that instant. The actual 
acceleration of the particle is then the 
resultant of the two accelerations /i 
and/t. 
It is, however, different when the path MN has any motion in 
general, because such motion may be resolved into a motion of 
translation of any point of the path and a motion of rotation 
about an axis through that point. 

Take for this point the point of 
space occupied by the particle at any 
instant. 

Then we have besides the accelera- 
tion /i of the particle in its path, and 
the acceleration fa of the point of 
space occupied by the particle, a 
third acceleration, /«, due to the 
rotation, which we can determine as 
follows: 

Let V be the relative velocity of the particle. Then in an in- 
definitelv small time dt, vdt will be the element MN of the relative 
path. ThjB element in the time dt is translated to PQ and at the 
same time has the angiilajr velocity <» about the point of space oc- 
cupied by P. 

Let tne axis OP through this point make the angle B with PQ, 
Then at the end of the time dty Q will be at R. If ft is the accelera- 
tion in the direction QR^ then the distance QR will be 




QR^^fM\ 
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The radius of rotation is OQ = vdt sin 0. Hence the distance QB 
is also given by 

QR=:: OQ . oDdt = vdtmnB . oodt. 

Equating these two values of QR^ we obtain 

ft = 2vai> sin 6. 

Hence we see that the actual acceleration of the particle in 
general is the resultant of three accelerations: 

The first, /i, is the acceleration of the relative motion of the 
particle. 

The second, ft . is the acceleration of the point of space occupied 
by the particle. 

The third, /t, is equal in magnitude to twice the product of the 
relative velocity v of the particle, the angular velocity od of the 
point of spa<^ occupied by the particle, and the sine of the angle S 
which the element of the relative path makes with the axis through 
the point of space occupied by the particle. Its direction is at 
right angles to the plane of this axis and element, and it acts in the 
direction given by the rotation. 

If then /i,/t, /s, Fig. 1, represent these accelerations, we have 
by completmg the polygon in tig. 2 the actual acceleration /. 



Fig. 1. 



Fig. 2. 





Inversely, if/, /« and /« are given and it is required to find the 

relative acceleration /i, we must take /a and/» reversed in direction, 

Bliutrations. — Let a i)article P move at any instant with the 

velocity t; in the direction of a diameter of a circular disk. Let the 

disk at this instant have an angular 
velocity go about its axis at C, and 
the distance OP of the particle from 
the axis be x. 

Then the relative acceleration is 
dv 



f^ = -3T along the diameter. The 

acceleration of the point of space 
occupied by the particle is /a = xgd^, 
along the diameter. This is the 
central acceleration of the point P 
due to rotation about C. we have 
also fa = 2vgo^ acting at right angles 
to the plane of the element of the 
relative path and the axis through 
P parallel to the axis at C, and it acts in the direction given by the 
rotation as shown.- The angle B which the element of the path 
makes with the parallel axis at P is 90% and hence sin = 1. The 
actual acceleration is the resultant of these three accelerations. 
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Let a particle P move at any instant with the velocity v in the 
circumference of a circle of radius ri about the centre d, and at 
the same time let the centre Ci revolve about the point Cs with the 
angular velocity oo. Let the distance of Pfrom C% be rs. 




Then the relative acceleration /i is the resultant of the tangential 

acceleration -^r- and the central acceleration — acting towards Cu 

at Vi 

The acceleration /a of the point of space occupied by the particle 

is r«<»" acting towards C«. We have also /» = 2va} acting at right 

angles to the plane of the element of the relative path and the axis 

tlirough P parallel to the axis at d, and it acts in the direction 



^-roosA.. 




4-2VfO«fllA 



given by the rotation as shown. The actual acceleration is the 
resultant of these three accelerations. 



^18 BIGID SYSTEM— TBAK8LATI0K AKD BOTATIOlir. [OHAP. II. 

Let a particle P move on a meridiaa of the earth aend hove at 

/f ft • 
any instant the velocity v and the tangential acoeleratioa ^. If r 

if 
is the radius of the earth, the central acceleration is — and the 

r 

relative acceleration /i is the resultant of -^ and -. 

If A is the latitude of P, rcos A is the radius of rotation; and if g» 
is the angular velocity of the earth, the acceleration ft of the point 
of space occupied by the pcuiicle is/i = rcosA . cd*. 

We have also/t = ^co sin A acting at right angles to the plane of 
the element of tiiie relative path and the axis through P parallel to 
the earth^s axis, that is, tangent to the latitude circle at P. It acts 
towards tihe east. The actiml acceleration is the resultant of these 
three accelerations. 



CHAPTEIt in. 



GENERAL ANALYTICAL RELATIONS FOR A POINT OF A 
RIGID ROTATING SYSTEM. EULER'S GEOMETRIC 
EQUATIONS. 

General Alnalytical Selations for a ^bint of a Sigid Botating^ 

System. — Let a rigid system rotate at any instant about the axis 
IC with the angular velocity oo and the angular acceleration a. 
Take any point O of the system as origin, and let the direction- 
cosines of 00 be cos a, cos ft, cos y. 




(Off 

Then we have for the components of oo and a 
osjx= (o cos a, 09]/ = 09 COS /Sj 092 = 00 COS X ; 
ax= oc COS a, ay=: a COS ^, a^ = a COS y ; 

cosa: = — =^ = -^, COS /J = —^ = -2^, cosr = — = — ; 

09 a 09 a 09 a 

and since cos* a + cos* + cos* r = 1, 



(1) 



09 



= V<Ox* + oi>y^+ ooz^j a= Votx^ + ay* + ot,f, . 



(2) 



Let (a;, y^ z) be the co-ordinates of any point on the axis IC, and 
(x\ y\ z') the co-ordinates of any point P whose distance from the 
axis is PC = r. Then, as we have seen (page 190), we can resolve 
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the rotation about IC into an equal angular velocity about a paral- 
lel axis through the origin O and a velocity o = oop of the origin O* 
where p is the distance lO of the origin from the axis. 

The components of this velocity of O are as on page 179, equa- 
tion (1): 






(3) 



The components of the linear velocity t?' of P due to rotation 
about the parallel axis through the origm O are as on page 198, 
equations (6) : 






(4) 



We have thus the total components of the velocity P, just as on 
page 198, equation (7): 



Vx=Vx + v^x;] 

Vy=Vy+V'y; V 

F, = V, + v'z. J 



(6) 



The components of the linear tangential acceleration of P due 
to rotation about the parallel axis through O, we see from (4), are 
given by 

ftx=ocyZ''-azy'; 1 

fty = agPCi' — axZ'; I (6) 

ftz = axj/ — ayX'. J 

Since p<» = t? and pW = t;* = t?x' + V + Vz\ we have from (3) 

, _ (oozy — flOyg)* (goxZ ~ ojzxy (ooyX — osxyf f^ 

00* or CO* 

letfn be the normal linear acceleration of the point P due to 
rotation about the parallel axis through the origin O. Then f'n = 
v'oo ; and since velocity in the hodograph is the normal acceleration 
in the path (page 52), we have directly from the figure, for the com- 
ponents otf'n, 



fnx = V'zfOy — tyyfOz *, 

fny = v'xCOz — f/zOOx ; 
fnz = V'yODx — V'xOSy, 



(8) 



We have then for the components of the acceleration/' of the 
point P, from (8) and (6), 



fx = fnx + fix = Wz 00 y — v'yooz) + {ayz^ — agfy') ; ' 
fv =fny + fty = ip^xQOz — v'zoox) + (a«a? — axS^\ 
fz —fnz + /<z = WyOOx — v'xOOy) + {(Xa^ — ayZO. . 



(9) 
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If we put for vfx^ vfyy r'« their values as given in (4), we have 



fy — {(OinsQCf + <oyy' + a)zz')oi)y — ooV + (a^oj' — axZ') ; 



(10) 



Equations (10) give the values of the components of the linear 
acceleration/ of any point P of the system whose co-ordinates are 
(of, y\ sf)y in terms of these co-ordinates and the components of a? 

and a. 

The moments of the component linear accelerations with refer- 
ence to the origin O are 



fxVy''^2r, fy Vaf' + 2r, fzVx" + y'\ . . . (11) 

For the moments about the axes of the components of t/ and/' 
we have: 



about X parallel to plane TZ, Mx = ifzy — v^yz^, or fzy' —fyZ^ ; 

" Y " " *' ZX,My = lfx2f-V'zX\0TfxZ'-'f^'', 

*' Z '* ** " XY.Mz^V'yXf-V'^'.OT fyX'-fxl/.] 

The resultant moment in both cases is given by 



.(12) 



Mr=VMx^ + My^-^Mz^ (13) 

Its line representative has the direction-cosines 

Mx My Mz 



Mr' Mr' Mr 



(14) 



Looking along the line representative towards the origin the rota- 
tion is counter-clockwise. 

[We can deduce equations (9) directly by the Calculus. Thus if we dif- 
ferentiate the values of v'x, t/y, v'z given by (4), then, since 



and 






doox dooy dooz 



we have at once 



/* = -^ = (f/zCOy ~ V'yOi>z) + {pCffi' - a«y'); 

d/n' 
fy = -^ = (t^xOi>z — 'o'zGOx) + {ocsOt' — agaf)\ 

fz = -^ = {fiyoox - ^'xooy) + (aa^ - ayz*). 

Elder's Oeometrical Equations. — To determine the geometrical 
equations between the motion of a rigid system in space and the 
angular velocity of the system about an axis in the system. 
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Let OXu OTiy OZi be rectangular oo-ordinate axes, fixed in the 
systein and therefore rotating with it, and let the system rotate 
about some axis fixed in the system, and therefore making in- 
variable angles with these axes, 
so that the component angular 
velocities in the co-ordmate 
planes are <oxx, ooy^, o^'z,. We 
take direction of rotation as al- 
ways 

positive, 
tne op- 
posite oi- 
rection 
negative. 




about X from Z to F 

.* y 4* ^ .« ^ 



Let now OX, OY, OZhe rect- 
angular co-ordinate axes whose 
directions in ^ooe are invariable. 
For instance, the axis OZ may 
^^ be alwavs directed towards the 

North Pole, then XFis the plane of the celestial eauator. 

Let the point O be taken as the centre of a spnere of radius r. 
Let X, y, Z and X , Fi , Zi be the points in which this sphere is 
pierced by the fixed and moving axes. 

Let the axes OXi , OFi , OZi have the initial positions OX, OT, 
OZ. First turn the system about OZ as an axis through the angle 
XZP = ^, so that OX moves to OP, and. OF to OD. Then turn the 
system about OD as an axis through the angle ZOZi = 6, so that OP 
moves to OE, and OZ to OZi. Fmally turn the system about OZi 
as an axis through the angle EZXx = 0, so that 0& moves to OXi , 
and OD to OF. 

It is required to find the geometric relations between 6, 0, ^ and 
(»j;. , (0», , (0z. as the system rotates. These geometric relations are 
called Enler s Geometric Equations. 

Let the angular velocity of Zx perpendicular to the plane ZOZi 

at any instant be denoted by -^. This is called the angular velocity 

of precession. Let the angular velocity of Z\ along ZZi at the same 

do 
instant be denoted by -^-. This is called the angnlar velocity of nn- 

tation. Let the angular velocity of Xx with reference to ^at that 

instant be denoted by •—-, 

at 

Draw Zi-y perpendicular to OZ, Then Zi^=rsinG, and the 

linear velocity at any instant of Zx perpendicular to the plane ZOZi 

is r sin 9 . ^, and along ZZi at the same instant it is r— . The linear 
at at 

velocity at the same instant of Zx along FiZi is ro^x, , and along ZxXx 

it is ra}»,. 

We have then directly from the figure 

r-trr- = rony. COS + rtoxy sm 0: 
dt 



di> 
r sin© . -^ = r<»yj sm — r<Ox^ cos 0. 
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Since tihe radius r cancds out, 



— = floy, COS <t> + <»«, sm 0; 
sin 6 ^T- =5 <»y, sin — <»a?, cos 0. 



(1) 



Ck)mbining these two equations, 



09aj, = ^sm — ^amScos0; 






ojy, = ^^ COS + ;3i- sin 6 sin 0. 



dt 



i») 



In the same way by drawing a perpendicular from E to OZOE 
we have the linear velocity of E perpendicular to ZOE equal to 

y cos e 3^, and of Xx relative to E along EXi , r^. 

The whole velocity of Xi in space along Xi Fi is rcD^j. Hence 






(3) 



Equations (1), (2) and (3) are Euler's Geometric Equations. 



EXAMPLES. 



(1) Deduce the angular velocities oox^ ooy^ ooz about the fixed axis, 
in terms of 6, 0, ^. ^ 

Ans. Let oor be the resultant angular velocity about the fixed axes. If 
we impress on space and also on the system, in addition to its existing 
motion, an angular velocity equal to — cor about the resultant axis of rotation, 
the axes OXi, OF,, OZi will become fixed and OX, OT, OZwill move with 
angular velocities — 09a; , — oify, — ooz* Hence in the equations already 
f oundN^e have only to replace by — ^, 6 by — 6, ^ by — 0, and «x, , <»y, , 
tozi ^"^ become — <ox, — ooy, ^ <oz, and wehave 



dO . . , dip . ^ , 
<»« = — ^ am ^ 4" -^ sm e cos ^; 

dO dd> 

coy = -^ COB ^ + -^ sin G sin ^; 

«».= ^C08© + ^. 



(4) 



(2) Eefer the a^oces fixed in space to the a^esfioced in the system. 

Ans. We have simply to interchange in the figure Xi, Ti, Zi with X, T, 
Z, each with each. If then the angles 6, 0, ^ are still measured as indicated 
in the figure, the relations connecting them with the angular velocities are ob- 
' tained by changing <»»,, <»y,, ojz^ into — cox, — ^, — ooz. 

If we measure 6 in the direction opposite to Uiat indicated in the figure, the 
expressions for oox, ooy are identical with those already found for ooxi, a>y,. 
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axes 



(3) Ifp, qur, are the direction-coeinea of OZ with regard to the- 
OXi , OTi, OZi, show that 



^ - ra^, + potoi = 0; 

^^ I A 

— - p«y, + qtox, = 0. 



(5> 



Ans. Any one of these may be obtained by differentiating one of the ex- 
pressions 

p = — sin 6 cos 0, 9 = 8inO8in0, r = cos G 

(4) Show that the directton-cosines of either eet of Euterpe axes 
with regard to the other are given by 

cos XXi = — sin ^ sin ^ + cos ^ cos cos 0; ^ 

cos YXi = COS iff an -}- a\n if cos <p cos 0; V . • . (6> 

cos ZXi = ~ sin 6 cos <p, j 

cos XTi = — sin^coB0 — cos^ shi0 cos 0; 1 

cos YTi = co6^cos0— sin^sin^cosO; > . . . (7> 

cos ZFi = sin 6 sin 0. j 

cos XZi = sin cos ^; | 

cos JZi = sin e sin ^; > (8> 

cos ZZi = cos B, J 

Ans. We have from the figure the following spherical triangles for which 
we know two sides and the included angle : 



Triangle. Sides. Angle. 

DXiX 2>Xi =90-0 XDXx^B 



Triangle. Sides. Angle. 



7) TXT TiD =<p 



Zijs:a=90 



ZZiXi^lOO-tpZiZTi Ji^i=90 

^z =e 



r,2>r=i80-e 
riZiZ=90- 



Triangle. Sides. Angle. 

PX^i 1^=^-0 Z.PX=90- 

PFZi py^ Z 9Q Z ^ FPZi = 90 

Solving these triangles we have at once equations (6), (7), (8). 
(5) Prove in the same way the following : 

cos XiX = — sin ^ sin 4" cos ^ cos cos 0; 

cos YiX= — sin ^ cos — cos iff sin cos 6; 

cos ZiX = sin 6 cos ^. 

cos XiY= cos ^ sin + sin ^ cos cos 6 ; 
cos Fi F = cos ^ cos — sin ^ sin cos 0; 
cos Zi F = sin sin ^. 



(9) 



(10)> 
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^iZ = — sin 6 COS 0; \ 
\Z = sin sin 0; > 
\Z =cosO. j 



COB XiZ = — 

oosFiZ = 
cobZ] 
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(11) 



(6) Find ths relations between the co-ordinates x, y, z^ of the 
fixed system of axes and the co-ordinates Xi^yx^Zi of the moving 
system, 

Ans. If we multiply the first of equations (6) by a;, the second by y, the third 
by e and add, and do the same for (7) and (8), we have at once, as we see from 
the figure, 

Xi = (— sin ^ sin -f- cos ^ cos cos 0>D 

+ (cos ^ sin -f- sin ^ cos cos 6)^ — sin COB 0.e; 

yi = (— sin ^ cos — cos ^ sin cos 0>b r • • (12) 

-}- (cos ^ cos — sin ^ sin cos 6)^ -f* sin 9 sin 0.«; 

ei = sin cos ^.x -{- sin 6 sin '^.y -j-cos . z. 

In the same way we have from equations (9), (10), (11), 
a; = (— sin ^ sin + cos ^ cos cos ^x 

-f- (— sin ^ cos — cos ^ sin cos 0)yi -{- sin cos i>.Zi\ 
y = (cos ^ sin 4- sin ^ cos cos B)Xi > . (18) 

4- (cos ^cos0 — 8in^sin0cos B)yi -{- sin 9 sin if.Zi; 
z = — sin G cos 0,Xi -|- sin sin 0.yi -f cos B,Zu 
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KINEMATICS. 

Abfiolate — amotion, 13; position, 10; rest, 13. 

Acceleration — angular, 175; composition and resolution of, 176; concurring 
angular accelerations, 178; couple, 181; instantaneous axis of, 175; line 
representative of, 175; moment of, 177; uniform and variable, 175; unit 
of, 176; and translation, composition and resolution of, 189; in terms of 
linear, 75, 176; in terms of moment of linear, 76. 

Acceleration — linear, 48, 92; of gravity, 9; of relative motion, 216; in terms of 
angular acceleration, 75, 176; central, 86, 92, 99, 103; centre of, 92; line 
representative of, 49; mean and instantaneous, 48; moment of, 60; moment 
of, in terms of angular, 76; normal, in terms of angular, 76; proportional 
to force, 91; paracentric, 87; resolution and composition of, 49; resultant 
of, 50, 63; sign of components of, 50; tangential and normid, 52; triangle 
and polygon of, 49; unit of, 49; uniform and variable, 49; uniform, in- 
clined to direction of motion, 117. 

Amplitude of an oscillation, 104. 

Analytical relations for a rigid rotating system, 219. 

Angle, conical, unit of, 6; solid, 7; unit of, 5. 

Angular — displacement, 171; composition and resolution of, 171; concurrine^ 
angular displacements, 178; couple, 181; line representative of , 170; rigid 
system, 170; in terms of linear, 170; and translation, composition and reso- 
lution of, 187. 

Angular revolution of a point, 71. 

Angular — speed, 72; mean and instantaneous, 71; numeric equations of, 72; 
sign of, 72; unit of, 72; in terms of linear velocity, 74; in terms of moment 
of velocity, 75; in terms of normal acceleration, 76; rate of change of, 73; 
numeric equations of rate of change of, 73; sign of rate of change of, 73; 
equations of motion under different rates of change of, 73; rate of change 
of, in terms of linear speed, 75; rate of change of, in terms of moment 
of tangential acceleration, 76; graphic representation of rate of change 
of, 77. 

Angular — ^velocity, 174; mean and instantaneous, 174; unit of, 174; uniform 
and variable, 175; of a rigid system, 174; composition and resolution of, 
176; in terms of linear velocity, 176; moment of, 177; concurring angular 
velocities, 178; resultant of, 178; couple, 181; and translation, composition 
and resolution of, 189; centre of parallel angular Velocities, 192; result- 
ant, tor a rigid system, 197. 
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Area, meuxutes of, 0. 

Axis, of earth, length of, 6, 9; of rotation, 178; of instantaneons rotation, 174; 
instantaneous, of angnlar acceleration, 175; central^ 190; intersecting, ro- 
tation abont, 196. 

Blackburn's pendulum, 187. 

Body, material, 1; projected up or down, 98; rigid, 170; relative motion of, 213. 

Brachistochrone, 158. 

Cartesian co-ordinates, 11. 

Centimeter, value of, 9. 

Central, acceleration, 86, 99, 99, 108; a^ 190. 

Centre, of acceleration, 92; of moments, 60; of angular velocities, 192. 

Circle, curvature of, 7; motion in, 76, 154, 159. 

Coefficient of resistance in resisting medium. 111, 118. 

Combined rotation and translation, 18. 

Components, of displacement, 86; of motion of a rigid system, 201; of veloc- 
ity, 44. 

Composition and resolution, of accelerations, 49; of displacements, 86; of an- 
gular displacements, 171; of angular velocities and accelerations, 176; of 
translation and angular displacements, 187; of translation and angular 
velocities or accelerations, 189; of moments, 62; of screws, 208; of veloci- 
ties, 43. 

Compound harmonic motion, 181; resolution and composition of, 131; graphic 
representation of, 185; application of calculus, 187. 

Concurring velocities, accelerations and displacements, resultant of, 37, 45, 50, 
63-67; angular displacements, velocities and accelerations, 178. 

Configuration, 12. 

Coni^ an^le, 6. 

Constrainea motion of a point, 88, 151. 

Co-ordinates, Cartesian, 10. 

Cosines, direction, 12. 

Couple, angular displacement, velocity, acceleration, 181; moment of, 186. 

Curvature, 7; unit of, 8; of a circle, 7. 

Curved path, motion in, 153. 

Curvilinear translation, 130. 

Cycloid, motion in, 155; application of calculus, 157. 

Definition, of kinematics, 1, 15; of statics, 1; of mechanics, 1. 

Degree, 5. 

Derived unit, 2; dimensions of, 8. 

Differential equations of motions of a point, 81. 

Dimensions, of a derived unit, 8; of space, 12; of unit of speed, 15; of unit of 
rate of change of speed, 24. 

Direction cosines, 12. 

Displacement, 34; line representative of, 84; relative, 34, 35; triangle and poly- 
gon of, 35; composition and resolution of, 36; rectangular components of, 
36; sign of components of, 36; resultant, 37; moment of, 60; angular, of a 
rigid system, 170; line representative of, 170; linear in terms of angular, 
170; angular, composition and resolution of, 171; angular, concurring, 178; 
resultant of, 178; couple, 181; of a rigid system, 187; composition and 
resolution of translation and angular displacement, 187. 

Dyne, value of, 9. 

Earth's polar axis, length of, 5. 

Epoch, in harmonic motion, 105. 

Equations, homogeneous, 3, 17; of speed, 16; of rate of change of speed, 25; 
of motion under different rates of change of speed, 27, 71; of motion of a 
point under different accelerations, 50; numeric, of angular speed, 72; nu- 
meric, of rate of change of angular speed, 73; of motion under different 
rates of change of angular speed, 73; differential, of motion of a point, 81; 
for falling body, 93; of rotating rigid system, 176; geometrical, of Euler, 
221 

Euler, geometrical equations of, 221. 
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Torce proportional to acceleration, 91. 
Falling body, 98. 

Geometrical equations of Euler, 221. 

Gram, value of, 9. 

Graphic representation of rate of change of speed, 29. 

Gravitation, law of, 99. 

Gravity, acceleration of, 9, 92. 

Harmonic motion, simple, 108; amplitude, epoch, period, phase, 105; com- 
pound, 181; composition and resolution of, 181; graphic representation of, 
185; application of calculus, 187. 

Hodograph, 52. 

Homogeneous equations, 8, 17. 

Inclined plane, motion on, 151. 

Instantaneods acceleration, 48; axis of rotation, 174; ads of angular accelera- 
tion, 175; rate of change of speed, 24; speed, 15; angular speed, 72; ve- 
locitji 42. 

Integral curvature, 7. 

Intersecting axes, rotation about, 195. 

Invariant, 208. 

Isochronous oscillation, 104. 

Kepler's laws, 140. 

Kilogram, value of, 9. 

Kinematics, definition of, 1, 15; of a point, 91; of a rigid Gfystem, 169. 

Law of gravitation, 99. 

Laws of Kepler, 140. 

Length, of meridian, 5; measures of, 8; of x>olar axis of earth, 5; unit of, 4, 8; 
displacement, 84; velocity, 42; acceleration, 48. 

Linear, displacement in terms of angular, 170; acceleration in terms of angu- 
lar, 176; velocity in terms of angular, 176. 

Line representative, of displacement, 84; of velocity, 48; of acceleration, 49; of 
angular displacement, 170; of angular velocity, 174; of angular accelera- 
tion, 175; of moment of displacement, velocity or acceleration, 61, 177. 

Mass, measure of, 4, 9; unit of, 4, 5. 

Material, body, 1; particle, point, 14; system, 14. 

Matter, states of, 1. 

Mean, curvature, 7; speed, 15; rate of change of speed, 24; velocity, 42; accel- 
eration, 48; angular speed, 72; rate of cnange of angular speed, 78; angu- 
lar velocity, 174; angular acceleration, 175. 

Measurement, 2; unit of, 2. 

Measures, table of, 8; of length, 8; of area, volume, mass, 9. 

Mechanics, definition of, 1. 

Medium, resisting — ^motion in. 111; coefficient of resistance in, 111, 118; mo- 
tion of projectiles in, 127. 

Meridian, length of, 5; relation of, to meter, 5. 

Meter, relation of, to meridian, 5; value of, 9. 

Moment, of displacement, velocity or acceleration, 60; line representative of, 
61; composition and resolution of, 62; sign of, 62; centre of, 60; linear ve- 
locity in terms of angular speed, 75; of tangential acceleration in terms of 
rate of change of angular speed, 76; of angular velocity or acceleration, 
177; of a couple, 186. 

Motion, 13; of translation, 18; of rotation, 13; equations of , under different rates 
of change of speed, 27; equations of, under different accelerations, 50; equa- 
tions of, under different rates of change of angular speed, 73; in a circle, 
76, 154, 159; of a point, differential equations of, 81; constrained, of a 
point, 88, 151' rectilinear, 92; simple harmonic, 103; in resisting medium, 
111; of projectiles, 117, 127; compound harmonic, 131; planetary, 139, 141; 
on an inclined plane, 151; in a cfurved path, 153; in a cycloid, 155, 157; 
equations of, for rotating rigid system, 176; screw, 191; components of, for 
a rigid system, 201; relative, of a body, 213; relative acceleration of, 215. 
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Newton's law of gravitatioii, 99. 

Normal, acceleration, 62. 

Numeric, of a quantity, 2; equations of speed, 16; equations of angular speed, 

72; equations of rate of change of speed, 25; equations of rate of change of 

angular speed, 73. 

Oscillation, amplitude of, 104; isochronous, 104. 

Paracentric acceleration, 87. 

Parallel angular Telocitlee, centre of, 192. 

Particle, material, 14. 

Path, of a point, 13; curved, motion in, 158. 

Pendulum, Blackburn's, 137; simple, 154, 159. 

Per, meaning of, 3. 

Period, in harmonic motion, 105. 

Phase, in harmonic motion, 105. 

Physical science, 1. 

Plane, polar co-ordinate, 10; inclined, motion on, 151. 

Planetary motion, 139; path of, 189; application of calculus, 141. 

Point, 10; position of, 10; of reference, 10; path of, 13; material, 14; constrained 

motion of, 88, 151; kinematics of, 91. 
Polar, axis of earth, length of, 5, 9; co-ordinates, 10; equations for motion of a 

point, 88. 
Polygon, of displacements, 85; of velocities, 48; of accelerations, 49. 
Position, 10; of a point, 10. 
Poundal, value of, 9. 
Projeclile, motion of, 117; motion of, in resisting medium, 127. 

Quantity, statement of, 2; vector, 84. 

Radian, 5; square, 7; solid, 7. 

Radius vector, 11. 

Range of projectiles, 119, 127. 

Rate of change of speed, 24; mean and instantaneous, 24; a scalar quantity, 25; 
dimensions of, 24; unit of, 24; numeric equations of, 25; sign of, 25; equa- 
tions of motion under different rates of change of, 27; graphic representa- 
tion of, 29. 

Rate of change of angular speed, 78; mean and instantaneous, 78; unit of, 72; 
numeric equations of, 73; sign of, 73; equations of motion under different 
rates of change of, 73; in terms of linear speed, 75; in terms of moment 
of tangential acceleration, 76; graphic representation of, 77. 

Rectangular co-ordinates, 11. 

Rectilinear motion, 92; translation and rotation combined, 198. 

Reference, point of, 10. 

Relative, displacement, 34; motion of a body, 218; acceleration of motion, 216. 

Relation of vertex to meridian, 6. 

Resistence, coefficient of, ,in resisting medium. 111, 113. 

Resisting medium, motion in. 111; coefficient of resistance in. 111, 113; motion 
of projectiles in, 127. 

Resolution and Composition, of displacements, 86; of velocities, 48; of acceler- 
ations, 49; of moments, 62; of angular displacements, 171; of angular 
velocities and accelerations, 176; of translation and angular displacement, 
187; of translation and angular velocity or acceleration, 189; of screws, 208. 

Rest, 12; absolute and relative, 12. 

Resultant, angular displacement, velocity or acceleration, 178; angular velocity 
and velocity of translation for a rigid system, 197. 

Rigid system, 12; kinematics of, 169; angular displacement of, 170; line repre- 
sentative of angular displacement of, 170; angular velocity of, 174; equa- 
tions of motion of rotating, 176; displacement of, 187; resultant angular 
velocity and velocity of translation of, 197; components of motion of, 201; 
general analytical relations of rotating, 219. 

Rotation, motion of, 13, 169; and translation combined, 18, 193: axis of, 173; 
instantaneous axis of, 174; equations of motion for, 176; condition for, 178; 
about Intersecting axes, 195. 
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Science, physical, 1. 

Screw motion, 191; composition and resolution of, 203. 

Sign, of speed, 16; of rate of change of speed, 25; of components of displace- 
ment, 36; of components of velocity, M, of components of acceleration, 50; 
of components of moments, 62; of angular speed, 72; of rate of change 
of angular speed, 73; of angular displacement, 173; of angular velocity, 
176; of angular acceleration, 176; of moment of angular velocity or 
acceleration, 177. 

Simple pendulum, 154; application of calculus, 159. 

Solid angle, 7; radian, 7. 

Space, dLnensions of, 12; polar co-ordinates, 10. 

Standard units, 4; yard, 4; unit of length, 4; unit of mass, 5; unit of time, 4. 

States of matter. 1. 

Statement of a quantity, 2. 

Statics, definition of , 1. 

Speed, 15; mean and instantaneous, 15; dimensions of unit of, 15; numeric equa- 
tions of, 16; sign of, 16; a scalar quantity, 16; rate of change of, 24; mean 
and instantaneous rate of change of, 24; dimensions of unit of rate of 
change of, 24; numeric equations of rate of change oif, 25; sign of rate of 
change of, 25; angular, 72; mean and instantaneous angular, 72; numeric 
equations of angular, 72; sign of angular, 72; rate of change of angular, 
73; mean and instantaneous rate of change of angular, 73; numeric equa- 
tions of rate of change of angular, 73; sign of rate of change of angular, 
73; linear in terms of angular, 74; angular in terms of moment of linear 
velocity, 75; angular rate of change of, in terms of linear, 75; angular in 
terms of normal acceleration, 76; angular* rate of change of, in terms of 
moment of tangential acceleration, 76; graphic representation of rate of 
change of angular, 77. 

Square radian, 7. 

System, 12; rigid, 12; material, 14; kinematics of rigid, 169; angular displace- 
ment of rigid, 170; line representative of angular displacement of rigid, 
170; angular velocity of rigid, 174; equations of motion of rotating rigid, 
176; displacement of rigid, 187; resultant angular velocity and velocity of 
translation of rigid, 197; components of motion of rigid 201; general 
analytical relations of rigid rotating, 219. 

Table of measures, 8. 

Tangential acceleration, 52. 

Time, unit of, 4; standard unit of, 4. 

Trajectory, equation of, 118; velocity at any point of , 119; time of flight, 119; 

horizontal range, 119; greatest height, 120', displacement in any direction, 

120; angle of elevation, 120; envelope of trajectories, 121. 
Translation, motion of, 13, 91; and rotation combined, 13, 193; curved path, 

130; and angular displacement, 187; and angular velocity, 189; resultant 

for a rigid system, 197. 
Triangle and polygon, of displacements, 35; of velocities, 43; of accelerations, 49. 

Unit, derived, 2; of measurement, 2; of length, 4, 8; of time, 4; of mass, 5, 9; 
of angle, 5; of conical angle, 6; of curvature, 8; of speed, 15; of rate of 
change of speed, 24; of velocity, 43; of acceleration, 49; of angular ve- 
locity, 174; of angular acceleration, 176. 

Vector, quantity, 34; radius, 11. 

Velocity, 42; mean and instantaneous, 42; unit of, 43; uniform and variable, 43; 
line representative of, 43; resolution and composition of, 48; rectangular 
components of, 44; sign of components of, 44; resultant, 45, 63; moment 
of, 60, 177; moment of, in terms, of angular, 75; couple, 81; unit of 
angular, 174; angular, in terms of linear, 176; composition and resolution 
of angular, 176; concurring angular, 178; composition and resolution of 
translation and angular, 189; centre of parallel angular, 192; resultant 
angular for a rigid system, 197. 
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Merriman & Jacoby's Text-book of Roofs and Bridges. Part 

IL, Graphic Statics 8vo, 2 50 

Merriman & Jacoby's Text-book of Roofs and Bridges. Part 

IIL. Bridge Design 8vo, 5 00 

Merriman & Jacoby's Text-book of Roofs and Bridges. Part 

ly., Continuous, Draw, Cantilever, Suspension, and 

Arched Bridges {In preparation), 

Crehore's Mechanics of the Girder 8vo, 5 00 

Du Bois's Strains in Framed Structures 4lo, 10 00 

Greene's Roof Trusses 8vo, 1 25 
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Warren's Drafting Instruments 12mo, $1 25 
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" Machine Construction 2 vols., 8vo, 7 50 
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Holman's Precision of Measurements .- 8vo, 

Tillman's Heat 8vo, 

Gilbert's De-magnele. (Mottelay.) 8vo, 

Benjamin's Voltaic Cell 8vo, 

Reagan's Steam and Electrical Locomotives 12mo 

ENGINEERINQ. 

Civil — Mechanical— Sanitary, Etc. 

* Trautwine's Cross-section Sheet, 25 

* " Civil Engineer's Pocket-book. ..12m o, mor. flaps, 5 00 

* " Excavations ami Embankments 8vo, 2 00 

* '• Laying Out Curves ".12010, morocco, 2 50 

Hudson's Excavation Tables. Vol. II 8vo, 1 00 

6 



25 00 


7 50 


2 50 


4 00 


75 


1 50 


4 00 


2 00 


2 00 


1 50 


2 50 


3 00 


2 00 



Seaiies's Field Eugineering 12mo, morocco flaps, 
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Cranduirg Earthwork Tables 8vo, |1 50 

Piittou's Civil Engineering 8vo, 7 50 

Foundations 8vo, 5 00 

Carpenter's Experimental Engineering 8vo, 6 00 

Webb's Engineering Instruments 12mo, morocco, 1 00 

Black's U. 8. Public Works 4to, 5 00 

Merriman and Brook's Handbook for Surveyors 12mo, raor., 2 00 

Merriman*8 Retaining Walls and Masonrj I>ams 8vo, 2 00 

" Geodetic Surveying 8vo, 2 00 

Kiersted's Sewage Disposal 12mo, 1 25 
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West's American Foundry Pi-actice 12mo, $2 50 

*• Moulder's Text-book 12mo, 2 50 

8peucer*8 Sugar Manufacturer's Handbook. . . .12mo, tnor. flap, 2 00 

Wiechmann's Sugar Analysis 8vo, 2 50 

Beaumont's Woollen and Worsted Manufacture 12mo, 1 50 

* Reisig's Guide to Piece Dyeing 8vo, 25 00 

Eissler's Explosives, Nitroglycerine and Dynamite 8vo, 4 00 

Reimann's Aniline Colors. (Crookes.) 8vo, 2 50 

Foi(J's Boiler Making for Boiler Makei-s 18mo, 1 00 

Thurston's Manual of Steam Boilers 8vo, 5 00 

Booth's Clock and Watch Maker's Manual 12mo, 2 00 

Holly's Saw Filing 18mo, 75 

Svedelius's Handbook for Charcoal Burners 12mo, 1 50 

The Lathe and Its Uses 8vo, 6 00 

Woodbury's Fire Protection of Mills .8vo, 2 50 

BoUand's The Iron Founder 12mo, 2 50 

** •* •* " Supplement 12mo, 2 50 

*' Encyclopaedia of Founding Terms 12mo. 8 00 

Bouvier's Handbook on Oil Painting 12mo, 2 00 

Steven's House Painting 18mo, 75 

MATERIALS OF ENGINEERING. 

Strength — EiiASTiciTY—RESisTANCE, Etc. 

Thurston's Materials of Eugiueering 3 vols., 8vo, 8 00 

Vol. I., Nonmetallic , .8vo, 2 00 

Vol. II., Iron and Steel 8vo, 3 50 

Vol. III., Alloys, Brasses, and Bronzes 8vo, 2 50 

Thurston's Materials of Construction 8vo, 5 00 

Baker's Masonry Construction 8vo, 5 00 

Lanza's Applied Mechanics 8vo, 7 50 

'* Strength of Wooden Columns 8vo, paper, 50 

Wood's Resistance of Materials .8vo, 2 00 

Weyrauch's Strength of Iron and Steel. (Du Bois.) 8vo, 1 50 

Burr's Elasticity and Resistance of Materials 8vo, 5 00 

MeiTiman's Mechanics of Materials 8vo, 4 00 

Church's Mechanic's of Engineering— Solids and Fluids 8vo, 6 00 
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Beardslee and Eeot*8 Strength of Wrought Iron 8vo, $1 50 

Hatfield'i Transverse Strains Swo, 5 00 

Du Bois's Strains in Framed Structures 4io, 10 00 

Merrill's Stones for Building and Decoration 8yo, 5 00 

Boyey's Strength of Materials 8to, 7 50 

Spalding's Roads and Pavements 12mo, 2 00 

Rockwell's Roads and Pavements in France 12mo, 1 25 

Byrne^s Highway Construction 8vo, 5 00 

Pattou's Treatise on Foundations 8vo. 5 00 

MATHEMATICS. 

Calculus— Geomstrt—Triqonomktrt, Etc. 

Rice and Johnson's Differential Calculus 8vo, 8 50 

Abridgment of Differential CaTcuIus....8vo, 1 50 

Differential and Integral Calculus, 

2 vols, iul, 12mo, 2 50 

Johnson's Integral Calculus 12mo, 1 50 

Curve Tracing 12mo, 1 00 

Differential Equations — Owlinury and Partial 8vo, 8 50 

Least Squares 12mo, 1 50 

Craig's Linear Differentinl Equations 870, 5 00 

Merriman and Woodward's Higher Mathematics 8vo, 

Bass's Differential Calculus 12mo, 

Halsted's Synthetic Geometry 8vo, 1 50 

•' Elements of Geometry 8vo, 175 

Chapman's Theory of Equntioiis 12mo, 1 50 

Merriman's Method of Least £ iiares 8vo, 2 .00 

Compton's Logarithmic Computations 12mo, 1 50 

Davis's Introduction to the Logic of Algebn\ 8vo, 1 50 

Warren's Primary Geometry 12mo, 75 

Plane Problems : . . . . 12mo, 1 25 

Descriptive Geometry 2 vols., 8vo, 8 50 

** Problems and Theorems ; .8vo, 2 50 

** Higher Linear Perspective 8vo, 3 50 

•• Free-hand Drawing 12mo, 100 

•* Drafting Instruments 12mo, 1 25 

10 



it 



i< 



<( 



< < 



<4 



ft.-«l 



t ( 



<< 



Wanen's Projection Drawing 12mo, |1 50 

Linear Perspective 12mo, 1 00 

Plane Problems 12mo, 1 35 

Bearles's Elements of Geometry 8yo, 1 50 

Brigg's Plane Analytical Geometry 12mo, 1 00 

Wood's Co-ordinate Geometry 8vo, 2 00 

Trigonometry 12mo, 100 

Maban's Descriptive Geometiy (Stone Cutting). 8vo, 1 60 

Woolf s Descviptive Geometry Royal 8vo, 3 00 

Ludlow's Trigonometry with Tables. (Bass.) dvo, 3 00 

Logarithmic and Other Tables. (Bass.) 8vo, 2 00 

Baker's Elliptic Functions 8vo, 1 50 

Parkers Quadrature of the Circle 8vo, 2 50 

Totten*8 Metrology 8vo, 2 50 

Ballard's Pyramid Problem 8vo, . 1 50 

Barnard's Pyramid Problem 8vo, 1 50 

MECHANICS-MACHINERY. 

Text-books and Practical Works. 

Dana's Elementary Mechanics 12mo, 1 50 

Wood's •' ** 12mo, 125 

** Supplement and Key 1 25 

Analytical Mechanics 8vo, 3 00 

Michie's Analytical Mechanics 8vo, 4 00 

Merriman's Mechanics of Materials 8vo. 4 00 

Church's Mechanics of Engineering 8vo, 6 00 

" Notes and Examples in Mechanics 8vo, 2 00 

Mosely's Mechanical Engineering. (Mahan.) 8vo, 5 00 

Weisbach's Mechanics of Engineering. Vol. IIL, Part I., 

Sec. L (Klein.)-. .8vo, 5 00 

Weisbach's Mechanics of Engineering. Vol. III., Part I. 

8ec.IL (Klein.) 8vo, 5 00 

Weisbach's Hydraulics and Hydraulic Motors. (Du Bois.)..8vo, 5 00 

Steam Engines. (Du Bois.) 8vo, 5 00 

Lanza's Applied Mechanics 8vo, 7 50 
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Orehore's Mechanics of the Girder • Svo, $5 00 

MacOord's EiDematics 8vo. 5 00 

Thurston'fl Friction and Lost Work 8vo, 8 00 

" The Animal as a Machine 12nio, 1 00 

Hnll's Car Lubrication 12mo, 1 00 

Warren's Machine Constraciion 2 vols., 8vo, 7 50 

Ohordal's Letters to Mechanics 12mo. 2 00 

The Lathe and Its Uses Svo, 6 00 

Cromwell's Toothed Glaring :12mo, 1 50 

Belts andPuUeys 12mo, 1 50 

Du Bois's Mechanics. Vol. I.» Kinematics 8vo, 8 50 

Vol. IL, Statics 8vo, 4 00 

Vol. IIL, Kinetics 8vo, 3 60 

Dredge's Tmns. Exhibits Building, World Exposition, 

4to, half morocco, 15 00 

Flather's Dynamometers 12mo, 2 00 

Rope Driving 12mo, 2 00 

Richards's Compressed Air 12mo, 1 50 

Smith's Press-working of Metals 8vo, 8 00 

Holly's Saw Filing 18mo, 75 

Fitzgerald's Boston Machinist ... .18mo, 1 00 

Baldwin's Steam Heatiug for Buildings 12mo, 2 50 

Metcalfe's Cost of Manufactures 8vo, 5 00 

Benjamin's Wrinkles and Recipes 12mo, 2 00 

Dingey's Machinery Pattern Making .12mo, 2 00 

METALLURQV. 

Iron— Gold— Silver — Allots, Etc. 

Egleston's Metallurgy of Silver 8vo, 7 50 

Gold and Mercury 8vo, 7 50 

Weights and Measures, Tables 18mo, 75 

Catalogue of Minerals 8vo, 2 50 

O'Driscoll's Treatment of Gold Ores 8vo, 2 00 

* Kerl's Metallurgy— Copper and Iron 8vo, 15 00 

* '* ** Steel, Fuel, etc 8vo, 15 00 
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Thurston's Iron and Steel 8vo, |d 50 

Alloys 8vo, 2 50 

Troilius'a Chemistry of Irou .8vo, 2 00 

Knnhardt's Ore Dressing in Europe 8vo, 1 50 

Weyrauch's Strength of Iron and Steel. (Du Bois.) 8vo, V 50 

Beardslee and Kent's Strength of Wrought Iron 8vo, 1 50 

Compton's First Lessons in Metal Working 12mo, 1 50 

West's American Foundry Practice 12mo, 2 50 

" Moulder's Text-book 12mo, 2 50 






MINERALOGY AND MINING. 

Mine Accidents— Ventila-tion—Oke Dressing, Etc. 

Dana's Descriptive Mineralogy. (E. S.) 8vo, half morocco, 

Mineralogy and Petrography. (J. D.) 12mo, 

Text-book of Mineralogy. (E. S.) 8vo, 

Minerals and How to Study Them. (E. S.) 12mo, 

American Localities of Minerals 8vo, 

Brush and Dana's Determinative Mineralogy 8vo, 

Rosenbusch's Microscopical Physiography of Minerals and 

Rocks. (Iddiugs.) 8vo, 

Hussak's Rock forming Minerals. (Smith.) 8vo, 

Williams's Lithology 8vo, 

Chester's Catalogue of Minerals 8vOj 

** . Dictionary of the Names of Minerals 8vo, 

Egleston's Catalogue of Minerals and Synonyms 8vo, 

Goodyear's Coal Mines of the Western Coast 12mo, 

Eunhardt's Ore Dressing in Europe 8vo, 

Sawyer's Accidents iu Mines 8vo, 

Wilson's Mine Ventilation 16mo, 

Boyd's Resources of South Western Virginia 8vo, 

" Map of South Western Virginia Pocket-book form, 

Stockbridge's Rocks and Soils 8vo, 

Eissler's Explosives — Nitroglycerine and Dynamite 8vo, 
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*DriDker*8 TuDUelling, Explosives, Compounds, aud Rock Drills. 

4to, half morocco. $25 00 

Beard's VentilatioD of Mines 12mo. 2 50 

Ihlseag's Manual of Mining 8vo, 4 00 

STEAM AND EL ECTRICAL ENGINES. BOILERS, Etc. 

Stationary— Marine— Locomotive— Gas Engines, Etc. 

Weisbach's Steam Engine. (Du Bois.) 8vo, 5 00 

Thurston's Engine and Boiler Trials 8vo, 5 00 

Philosophy of the Steam Engine 12mo, 75 

Stationary Steam Engines 12mo, 1 50 

Boiler Explosion 12mo, 150 

Steam-boiler Construction and Operation 8vo, 

RefleotioQ on the Motive Power of Heat. (Carnot.) 

12mo, 2 00 

Thurston's Manual of the Steam Engine. Part I., Structure 

and Theory 8vo, 7 50 

Thurston'^ Manual of the Steam Engine. Part II., Design, 

Construction, and Operation 8vo, 7 50 

2 parts, 12 GO 

ROntgen's Thermodynamics. (Du Bois. ) 8vo, 5 00 

Peabody's Thermodynamics of the Steam Engine 8vo, 6 00 

Valve Gears for the Steam Engine 8vo, 2 50 

Tables of Saturated Steam 8vo, 1 00 

Wood's Thermodynamics, Heat Motors, etc 8vo, 4 00 

Pupin and Osterberg's Thermodynamics 12mo, 1 25 

Kneasss Practice and Theory of the Injector 8vo, • 1 50 

Keagtm's Steam and Electrical Locomotives 12mo, 2 00 

Meyer's Modern Locomotive Construction 4to, 10 00 

Whitham's Steam-engine Design 8vo, 6 00 

Constructive Steam Engineering 8vo, 10 00 

Hemenway's Indictitor Practice 12mo, 2 00 

Pray's Twenty Years with the Indicator. Royal 8vo, 2 50 

Spnngler's Valve Gears 8vo, 2 50 

♦Maw's Marine Engines .Folio, half morocco, 18 00 

Trowbridge's Stationary Steam Engines 4to, boards, 2 50 
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Ford's Boiler Making for Boiler Makers 18mo, $1 00 

Wilson's Steam Boilers. (Flather.) 12mo, 2 50 

Baldwin's Steam Heating for Buildings 12mo, 2 50 

Hoadley's Warm-blast Furnace 8vo, 1 50 

Sinclair's Locomotive Running 12mo, 2 00 

Clerk's Gas Engine 12mo, 

TABLES, WEIGHTS, AND MEASURES. 

For Engineers, Mechanics, Agtuabibs — Metric Tables, Etc. 

Crandall's Railway and Earthwork Tables 8vo, 1 50 

Johnson's Stadia and Earthwork Tables 8vo, 1 25 

Bixby's Graphical Computing Tables Sheet, 25 

Compton's Logarithms 12mo, 1 50 

Ludlow's Logarithmic and Other Tables. (Bass.) 12rao, 2 00 

Thurston's Conversion Tables 8vo, 1 00 

Egleston's Weights and Measures 18mo, 75 

Totten's Metrology ,. .8vo, 2 50 

Fisher's Table of Cubic Yards Cardboard, 25 

Hudson's Excavation Tables. Vol. II 8vo, 1 00 

VENTILATION. 

Steam Heating — House Inspection — Mine Ventilation. 

Beard's Ventilation of Mines 12mo, 2 50 

Baldwin's Steam Heating 12mo, 2 50 

Reld's Ventilation of American Dwellings 12mo, 1 50 

Motl's The Air We Breathe, and Ventilation 16mo, % 00 

Gerhard's Sanitary House Inspection Square 16mo, 1 00 

Wilson's Mine Ventilation 16mo, 1 25 

Carpenter's Heating and Ventilating of Buildings 8vo, 3 00 

niSCELLANEOUS PUBLICATIONS. 

Alcott's Gems. Sentiment, Language Gilt edges, 5 00 

Bailey's The New Tale of a Tub 8vo, 75 

Ballard's Solution of the Pyramid Problem 8vo, 1 50 

Barnard's The Metrological System of the Great Pyramid. .8vo, 1 50 

15 



f« 



* Wiley's Yosemite, Alaska, and Yellowstone 4to, |3 00 

EmmoD's Geological Guide-book of the Rocky Mountains. .8yo, 1 50 

Ferrel's Treatise on the Winds 8vo, 4 00 

Perkins's Cornell University Oblong 4to, 1 50 

Ricketts's History of Rensselaer Polytecbnic Institute 8yo, 8 00 

Mott's The Fallacy of the Present Theory of Sound . . Sq. 16mo, 1 00 
Rothcrham's The New Testament Critically Emphathized. 

12mo, 1 50 

Totteu's An Important Question in Metrology Svo, 3 50 

Whitehouse's Lake Moeris Paper, 25 

HEBREW AND CHALDEE TEXT-BOOK5. 

For Schools and Theological. Sehinakies. 

Gesenius's Hebrew and Chaldee Lexicon to Old Testameut. 

(Tregelles.) Small 4to, half morocco, 5 OO 

Green's Grammar of the Hebrew Language (New Edition ).8vo, 3 00 

Elementary Hebrew Grammar 12mo, 1 25 

Hebrew Chrestomathy 8vo, 2 00 

Letteris's Hebrew Bible (Massoretic Notes in English). 

8vo, arabesque, 2 25 
Luzzato's Grammar of the Biblical Chaldaic Language and the 

Talmud Babli Idioms 12mo. 1 50 

MEDICAL. 

Bull's Maternal Management in Health and Disease 12mo, 1 00 

Mott'ft Composition, Digestibility, and Nutritive Value of Food. 

Large mounted chart, 1 25 

Steel's Treatise on the Diseases of the Ox 8vo, 6 00 

" Treatise on the Diseases of the Dog 8vo, 3 50 

Worcester's Small Hospitals — Establishment and Maintenance, 
including Atkinson's Suggestious for Hospital Archi- 
tecture 12mo, 1 25 

Hammarsten's Physiological Chemistry. (Maudel.) 8vo, 4 00 
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